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The landmark’ computation of the regularized’ incomplete gamma function (RIGF) provides a novel, innovative,
new, and significantly improved understanding of the regularization of the IGF by means of new integral expressions
and describes (or gives a very detailed account) on the scale of validity of the range of several already known closed
form expressions of the computation of the RIGF. The lack of the convergence range on the computation of the IGF
is the root cause of the computational issues that were described in the quantitative evaluation of the generalized
Bessel function distribution of the first kind (GBFD1K). The landmark computation of the RIGF depicts that the
landmark RIGF is in fact an integration of the exponential function with a more complicated exponent; therefore, the
convergence of the power series expansion of the exponential function integration for negative exponents has directly
impacted the computation of the RIGF. In order to compare (or collate and contrast) the computation of the RIGF
with the available literature approaches we used three methods: analytical, graphical, and numerical (or
computationally numerical via MATLAB simulations). As a result of this work, we provided a well-defined range of
convergence for the closed form expressions of the computation of the RIGF in the literature and we have significantly
improved the understanding of the computation of the RIGF.

Index Terms—Exponential function, Gamma function, incomplete gamma function, regularized incomplete gamma

function, Progri RIGF integrals, hypergeometric series, Kummer First transformation, landmark computation.

Masterpiece marvels in landmark analytical derivations and computational mathematics series
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1 Introduction

In 2016, in Progri (2016, [1]), I began the investigation of the
computation of the incomplete gamma function (IGF). I was
under the impression that all I needed to do is plugin some
already known series expansion formulas and that should have
been enough. Since then, I produced a remarkable number of
publications which required the computation of the IGF is some
ways Progri (2016, [1]) until Progri (2022, [13]). However,
while I was investigating the landmark computation of the
generalized Bessel function cumulative distribution functions
(cdf) of the first kind (GBFDI1K) for integer values of the
parameter p in Progri (2022, [13]-[15]) I understood for the
first time that there was something not right (wrong, imperfect,
erroneous, misleading) that was directly linked to the
computation of the IGF based on the closed form expansions of
the IGF from the literature [18], [21], [24].

It is well known that the computation of the IGF is based in
part due to the power series expansion of the exponential
function [18], [21], [24].

First, is it possible to have the computation of the IGF is such
as manner that it will be obvious that it will depend entirely on
the power series expansion of the exponential function? This
issue is analytically investigated in Sect. 2.

The IGF has been studied for a few centuries since, Gauss,
Euler, Taylor, etc.

It was the works of Legendre (1826, [16]) for the logarithm
of the Gamma function that initiated a serious study of the
computation of the IGF.

The works of Kummer ([17], 1837) enabled the study of the
confluent hypergeometric functions (CHFs) and much of the
needed transformations that improve their region of
convergence.

Nielsen ([18], 1906) developed a handbook on theory of the
Gamma functions based on the works of Legendre (1826, [16]),
Kummer ([17], 1837), and others.

Pearson ([19], 1922) provides tables of IGF for non-integer
values of the parameter and then he uses the method of
interpolation for the integer and non-integer values of the
parameter that are not found in the tables with up to six or seven
decimal points. While Pearson ([19], 1922) builds upon the
works of Legendre (1826, [16]) for the logarithm of the Gamma
function; however, in Pearson ([19], 1922) I did not see any

mention of the CHF or even of the Kummer’s first
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transformation.

Nevertheless, it was not until the Second World War (WWII)
that it became obvious that the accurate computation of the
regularized IGF (or RIGF) was required on may radar, signal
processing, inertial navigation, or other communications
systems engineering problems.

The three volumes of Batman on Higher Transcendental
([20]-[22], 1953-1955) provide the

comprehensive account of closed form expressions of the

Functions most
computation of the IGF that are employed in many other
textbooks. Even in the case of the Batman’s three monumental
volumes, many important details of the computational
convergence are missing.

As it is been reported from Arfken and Weber, ([23], 1995,
pg. 351), an expansion of the IGF diverges because it fails the
d’Alembert ratio test or any other absolute convergence tests
described in (see Gradshteyn, Ryzhik, 2007 [24] pg. 6 ex. 0.22
0.222).

Even in the case of Gradshteyn, Ryzhik, ([24], 2007 p. 899-
902) as it relates to the content of the RIGF, although the
biggest contributors are Nielsen ([ 18], 1906) and Batman ([20]-
[22], 1953-1955), it is obvious that the computational region of
convergence for several closed form expressions of the RIGF
are lacking.

Due to the accumulation and the wealth of wisdom,
knowledge, and understanding I came to the realization that
computation of the RIGF needed to be revisited, investigated,
and assessed.

As aresult, I produced an original, landmark, quantum leap
expression of the RIGF and I have demonstrated that the
computation of the RIGF is nothing more but the integration of
an exponential function with a more complicated exponent and
that its computational accuracy can only be improved further
by means of transformations similar to the Kummer’s first
Transformation [17], [18], [20], [21].

It was not easy to come to this realization. It took a lot of
computational work that gave me more tools and perfected my
prediction and the ability to reason based on the numerical
results. Further details of how I came to this realization are
given in Sects. 2 and 4.

This paper is organized as follows: in Sect. 2 landmark
integral expression of the RIGF is discussed. The landmark
computation of the RIGF for non-integer values of a parameter
is presented in Sect. 3. Landmark computation of the derivative

of the RIGF for non-integer values of a parameter is derived in
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Sect. 4. Integration of the RIGF for non-integer values of a
parameter is discussed in Sect. 5. Section 6 contains numerical,
theoretical results; Conclusion are provided in Sect. 7 along
with Acknowledgement in Sect. 8 and a list of references in
Sect. 9. Finally, the identity of Kummer’s first transformation
is discussed in Appendix A. The problem of the CHF inverse is
presented in Appendix B.

2 Landmark Integral Expression of the RIGF

The computation of the RIGF is important and it turns out it is
worth the reader’s attention, because certain closed form
expression in [24]-[26] lack important information on the
region of convergence, which is the main reason why I was
searching for a suitable integral expression of the RIGF.

From the Euler integral definition of the (real numbers) IGF,
y'(a, x), [19]-[26] for the variable of interest, x > 0, and a
parameter a > 0, we have

Y (a,x) = fox t* e tdt; I'(a,x) = fxoo t* e tdt (1)

It is worth considering a few limit properties of the IGF,

¥ (@, x):

Y(a,x=0)=[t*"efdt=0,a>0 )

Y (a,x > ) = [t e tdt

0 MNa), 0<a<w 3)

y'(@ > 0,x < ) = fox t*le~tdt =0 “4)
y'(@ = o,x > ) = ["t* e tdt = T(a) > oo (5)

The other important property of the IGF is that it is always

positive, and it is monotonically increasing; i.e.,

Y (a,x) = fox tle7tdt = 0 (6)
And for every pair of two variables x; and x, such that
0<x <x, <o (7
The corresponding IGFs satisfy the monotonically
increasing inequality as follows:
0<y'(a,x) =y'(a,x;) < (®)

Since, we are interested in the computation of the normalized
or RIGF then we have from substituting (1) and (3) the
following:

[t e tat

oo ta-1le~tat

X - -
yi(ax) _ Jp t“ e fat
M@ [l tele~tar’

y(a,x) = [(a,x) = )

First, let us examine the limit properties of the RIGF, y(a, x),
as follows:

_ _ f(ft“—le—fdt _
y(a,x =0) = [ ttetar = 0, a>0 (10)
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Joot* le~tat

y(a,x—»oo)zmzl,0<a<oo (11)
_ fyte e tar _
]/(a = 00,x < OO) - f:’ta—le—tdt - (12)
X a-1,-t
y(or—»oo,xeoo)=f°t ¢ =1 (13)

What are the major strengthsi associated with the definition
of the RIGF (9)? The RIGF is
1. monotonically increasing with the variable Vx € R*; i.e.,
it satisfies the monotonically increasing inequality (8) for
every pair of variables x; and x, that satisfy inequality
.

2. always bounded from zero to one; i.e., it always satisfies
(10)-(13) for every positive variable Vx € R™.

What are the major problems® associated with (9)? The
computation of the RIGF requires:

1. a variable (not constant or changing) area of the integral
().
the computation of the product of two functions.
the computation of two integrals (1) and (3).

By examining the strengths and weaknesses we conclude
that although the definition (9) is very useful it still presents a
computation of the RIGF that is complex; i.e., convoluted",
complicated, sophisticated, and/or perplexing to say the least.

If there was a way to get rid of the major weaknesses
associated with the computation of the RIGF, the new closed
form expression of the RIGF will require a computation that is
neither convoluted nor complicated, sophisticated, perplexing;
i.e., it will be more straightforward and it will enable us to see
where the root cause of the sophistications, computation of the
RIGF is.

We can get rid of the variable area of integration if we make

the substitution, assuming that x > 0, we have

U=t t=xt' =t = (xt)o! = x@ 1o (14)
dt' = % S dt=xdt' > et =™ (15)

The substitution (14) and (15) when is applied to (9)
produces

X% fol £1@=1g=xt! g,

00
x4 [° pra=le=xt! g

y(a,x) =

fol £1a=1o=xt! 3¢,

- f(;’° £ra—1o=xt! ¢,

(16)

As seen from (16) the area of the integration from the top

integral is now fixed from zero to one.
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Next, in order to reduce the computation of one function

instead of two functions, we need to make the following

substitution
t = yl/a — a1 = yl—l/a (17)
dt' = iyl/“_ldy = e~X = g=x¥!/® (18)
After applying (17) and (18) into (9) yields
10 = B
by o (19)

As seen from (19) we have reduced the computation of the
RIGF into the computation of just one function, e ™Y Y We
have also provided another stage of regularization or
normalization because both the numerator and denominator in
(19) are smaller than the numerator and denominator in (9)
assuming that the variable x > 1 which is the case of interests
in most applications.

The integration of (19) requires the computation of an
exponential function with a complicated exponent; hence, we
cannot integrate (19) directly. The only option that is left is to
apply the power series expansion of the exponential function.

Equivalently, we find that the upper RIGF would be given by
[ e “ay

M@ = ey

,0<x < (20)

Integrals (19) and (20) produce two new entries in the Tables
of Integrals, Products, and Series similar to (see Gradshteyn,
Ryzhik, 2007 [24]).

It took me six years to finally understand the root cause of
all the computational problems associated with the landmark
computation of the GBFDIK is the lack of many clarifications
on the series expansion of the exponential function, e™%, Vz €
R™*, (see Progri (2022, [14])) which is why in the following

section we will examine this problem in greater detail.

3 Landmark Computation of the RIGF for
Non-Integer Values of a Parameter

The new integral closed form expression (19), (20) of the RIGF
points out that the power series expansion of the exponential
function for negative exponents (see Progri (2022, [14])) is the
root-cause of computational issues associated with numerical
evaluation of the RIGF, y(a, x).

In Progri (2022, [14]) the power series expansion of the e ™,
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vx € R* works well for small values of 0 < x < 1.
Let us compute the first integral based on the power series

expansion of the exponential function Progri (2022, [14]) (19)

as follows:
1
1 _yya g _ (leco (—Dkxkyk/a

[ e dy = [ S, S gy

- (_1)kxk flyk/“dy

= Zk=0k—?

1 k. k(1 k/ad
=1+ Zlew 21)

k!

Solving the integral in (21) for values of k = {1,2,:--} we

have

1
Jo yMedy =

yk/a+1|(1) __* (22)

k/a+1 k+a

Substituting (22) into (21) yields,

fﬁl e—xyédy =1+Y7, ((_klizlf!k
=l+aXpy, ((;f)ik
=adp, E;):)’;:
= S0 T = @la v

~ N CDF@xk,

= Lk=0" (qy1)k! N =200, 0 < x < 1vi (23)

It is no surprise that if we multiply (23) by x*/a we obtain
exactly the same as result as in Batman, ([21], pg. 133 (3) 1953)
and (see Gradshteyn, Ryzhik, 2007 [24] pg. 899 ex. 8.351 2.).
Equation (23) provides up to sixteen digits of precision
accuracy for values of 0 < x < 1. For values of 1 < x < oo,
the CHF oscillates and the much-needed precision is lost.

If we apply the Kummer’s first transformation [8], [17], [18],
[30] (see Appendix A for a detailed proof of the Kummer’s
Identity) we obtain:

fre iy = e 1]

-x \'N

=e k_o—x ix
Y (a+1)g >

N =200, 0 < x < 20x24)

As a result of the Kummer’s first transformation [8], [17],
[18], [30], (24) (see Appendix A for a detailed proof of the
Kummer’s Identity) has a wider range of convergence for 0 <
x <20 for a > 0. Equation (24) is the product of one

monotonically increasing function ®[1,«@ + 1;x] and one
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monotonically decreasing function, e ™. Since the lefthand
side, the integral (24) is in itself a monotonically decreasing
function, it turns out that the Kummer’s first transformation is
a really good transformation for widening the region of
convergence up to sixteen decimal points. The problem of the
inverse of ®[1,a + 1;x] as asked in Appendix B. This is a
very difficult problem but a problem that needs 2 be asked and
perhaps solved.

Next, for large values of the variable x, such that Vx €
20 < x < o0 we propose the following expansion based in
Batman, ([21], pg. 139 1953 based on Nielsen ([18], 1906))
y(e,x +y) —vy(a,x) =T(a,x) —T(a,x +y)

Y retemtar[Fra-1e~tar
I'a)

JEY ratetar

I'a)

_ foy(x+u)“_1e_(x+u)dt

- I'(a)

a-1
_ e Xxa-1 f0y(1+¥) e~ ¥dt
I'a)

atk—-1\u" _
e ¥x%" 1f0 Zk 0( k )x e~ tdt

syl < x|

I'(a)

a+k-1

_x“_lzk 0( K )fo u ki

= pr ( int.)
(a+k—1) »

—1 w00 e

A S S o (25)

e T'(a)

Then we have for Vx €,20 < x < oo, the following is a very

good approximation

e—xxa—le_ (a+k—1)x_kk!
I(a,x) = _l"(a) k s M =20, 20 < x < oo
X a-1vM o Nkrq_ -k
_ e *x Zk:?,((ai) (1-a)px (26)
Substituting (26) into (25) yields,
X a-1vM i \Kkrq_ -k
y(a,X) =1- F(a,x) =1- £x Zk=oCD A= @)pex xii (27)

r(a)
If we compare and contrast (23), (24) and (27) with what is
currently being reported in the literature we have provided a
much-needed region of convergence for up to sixteen decimal
points of precision accuracy for these closed form expressions
so that they may be employed appropriately.
This concludes the discussion on computation of the RIGF

for non-integer values of a parameter.
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4 Landmark Computation of the Derivative of
the RIGF for Non-Integer Values of a
Parameter

Now, that we have produced the range of convergence for all
the major closed form expressions that deal with the
computation of the RIGF, let us do the same with the those that
compute the derivative.

If we apply the Leibniz integral rule [31], or differentiation
under the integral sign rule [32], or Reynolds transport theorem
[33] on the RIGF we obtain a very familiar expression
a8t le~tar

ay(a,x) _ % _x
ax I'(a) I'(a)

a—1e—x

+040=

_ xa—le—x

@ (28)

On the other hand, if we use the righthand side expression of
(23) we obtain

ax“_lfb[af_l;—x]+x
al(a)

axa_lq)[ocf—l; ]

“(%q:[af_l;—x]

Z (-nk (a)kx
k=1""(a+1) k!

aF(a)

(DK@ xk
ax® 12?:0W ke

al'(a)
00 (—1)k(a)kxk(a_+k)
k=1"(a+1) k! a
al'(a)

_nkyk
-t 1+2?:1( 1I)c!x ]

0 ( K@) kxk—1
(a+1) k!

axa—l

1+Y

I'(a)

k. k
a—1woo (-1)%x
x Yk=0 Kl _Xx

() )

a—1e—x

(29)

Next, let us take the derivative of the righthand side using
(24) as follows:

— ax{ a¢[a+1. ]}e_x_xaq)[a+1. ]e—x
al(a)

xa_l{aq)[ail ]

{¢[a+1 x]}_xq)[ail‘x]}e_x
al'(a)

axa—l -

— e *
= @ (see (32))

_ xa—le—x

@ (30)

where we need to compute the derivative and the numerator

separately before we can apply them in (30)
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{ [a+1 }:%Z?ﬂ&

k(gxk—t
(a+1) k!

w[yy gl tagoly s pall el o] =

_ oo (1)kxk
= aXi=o (a+1)gk!

= Yk=1 (€2))

o (Dpxk
— X Y=o £

o k(D)exk
+ Zio (a+1)k!

(a+1)gk!

_ k
= S g (see (25), (31)

(a+1)gk!

(a+k-x)(1)xk

=a—x+ Yo (a+D)gk!

k k
a—x+ aZ}?zl (Dgx _ XZ,? . (Dpx

(@)ick! T (@t Dkt
_ . (1)kxk _J®© xk;
=a—x+ (szzl (@jck! Zk:l (a+1)g
_ . (1)kxk _J®© Lm
=a—x+aXy, (@)k! Zic=1 (@g+1
Wgx*®

a—x+ayi,

@ik! Zk:z@

—q— o Wk oo axt | ax

=@ =X+ @i g~ ke, i,

_ w Wk e Wexk

=a-xtadin (@)ck! o Xicma (a)k!

=a (32)
Equation (30) is important because it illustrated that

Kummer’s first transformation [8], [17], [18], [30] (see
Appendix A for a detailed proof of the Kummer’s Identity) does
not change the answer of the derivative which is a product of
elementary functions, but it improves the region of
convergence in (24).

Next,
differentiation under the integral sign rule [32], or Reynolds

transport theorem [33] on the lefthand side of (24) we obtain

if we apply the Leibniz integral rule [31], or

the following:
ay(ax) _ 1 —xya
ax al"(a) ax ( f € dy)

1 1
__1 a-1 (1 —xya ald ( 1 _xya )]
prm [ax Jo e dy + x| [, e “dy

1 1
__1 a-1 (1 —xya a (1 i( —xyﬁ) ]
prm [ax Jo ey +x* [ e dy

1 1
— 1 a-1 (1 —-xya a (1 —XY¥\ e
o [ax Jo e dy —x* [ ey dy] (33)

Since, we already know that the answer of (33) is then we
equate (33) with (30) and we obtain:

29
1 1
xfole_xy“yady =a (fole_xy“dy - e"‘), 0<x<ow

=a(<l>[ai1;—x]—e_x), 0<x<1

= qe™* (cp[ 1), 0 < x <20 (34)

1 ;x] _
a+1

Equation (34) might be a new integral that may not currently
exist in the Table of Integral, Series, and Products similar to
(see Gradshteyn, Ryzhik, 2007 [24])

This concludes the discussion on landmark computation of

the derivatives of the IGF for non-integer values of a parameter.

5 Integration of the RIGF for Non-Integer
Values of a Parameter

Having computed the new integrals of the RIGF, let us review

them.
From the RIGF (19) and (23) we have
1o—xy 1/a dy (b[ a '—x]
— o€ = a+l’ 35
) = e Ty = ey 3

From the RIGF (9) and Batman, ([21], pg. 133 (3) 1953) and
(see Gradshteyn, Ryzhik, 2007 [24] pg. 899 ex. 8.351 2.)

Feecteta_ xtatol & o6

y(a,x) = @ T(a)

Equating both sides of (35) and (36) yields
fowe_xyl/ady =ax *T(a), x >0 (37
Equation (37) exists in (see Gradshteyn, Ryzhik, 2007 [24]

pg. 365 ex. 3.462 8.) which is a new entry, not found in any of

the previous references

[ e xagy = l:/lnr(%); ReB>0,Ren>0  (38)
If we take

a=0 (39)

B=x (40)

x=y 41)

n=1/a (42)

Substituting (39)-(42) into (38) yields:

aF(a)

[ e ady = [ e dy = T8 = gxeT(a)  (43)

Let us define the new function as T, (a)

—aHk 1( k)

1+

F()—w __Hk 1( 1) =

1+

(44)

Taking the logarithm of both side of (44) yields
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log[[(a)] = —alogx + X7, [alog (1 + %) —log (1 + %)]
= a[5r,log(1+1) ~ logx] - X log (1 +)

=aYpr, [log (1 + %)

Then we go back and utilizing the definition (44) into (36)

we obtain a new definition of the RIGF as follows:

L%y o] 5 -a
_J°€ Y _ “lat+1 <
v(ax) Ix(@) Ty(a@) ’ 0=x<1
e'xd:'[ L ;x]
=_ la+17] <
= e 0<x <20 (46)

Equation (46) is only suitable to identify that the issues with
the region of convergence have to do with the computation of
the numerator because it has simplified even further the
regularization or the normalization of the RIGF. The only way
to improve the computation of the RIGF is by means of
transformations, which will be the subject of future research.

Moreover, in Appendix A I gave a proof and a profound new
understanding of the Kummer’s First Transformation as it
relates to its uniqueness that is further explained in Appendix
B.

At this point we have complete confidence that the new
integrals (19), (20) are in fact valid integrals of the RIGF.

The integration of the RIGF occurs in many cumulative
(CDF)
generalized Bessel function distribution of the first kind
(GBFDIK) [1], [5], [13] or second kind (GBFD2K) [1], [5], [6].

The landmark computation of the GBFD1K and GBFD2K
will contain all the discussion on the landmark integration of
the RIGF.

This concludes the discussion on the integration of the RIGF

probability distribution functions such as the

for non-integer values of a parameter.

6 Numerical, Theoretical Results

Much has been said about the test setup that I began in Progri
(2016, [1]) and I have significantly improved in Progri (2022,
[14]).

The numerical*", computational, theoretical results consist
of four major experiments. The first to the fourth experiments
respectively are designed to compare and contrast the

computation of:
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RIGF: MATLAB BIF gammainc(x.c.lower) vs. integral (19) lower, a=0.1
E—

O mgami | gammainc(xalower)
©  pgami | integral (19) lower

(a) (top) mgmi the truth (see §6.1) and pgmi the estimated (see

§6.1); (bottom) mgmi the truth (see §6.2) and pgmi the
estimated (see §6.2).

- & integral (19) lower - gammainc(x,a lower) @ = 0.1
x

O T T T T T T
ow ° °
poamme o o ®o 00O 0® 0@ 00D

& (pgami)
3 *

O CO®, ® 0 0QO® O OO®  GPOK0O O
0 1 2 3 4 5 6 7 8 9 10

x
o X 107" . : 4§ Giﬁcl‘: ((23), (24),‘& (27) Inwel“) - gummuu‘n'(x.n,lower') a=0.1

L 4
0 1 2 3 4 5 6 7 8 9 10
x

(b) (top) absolute error of pgmi (a) minus mgmi (a) (see §6.1);

(bottom) absolute error of pgmi (a) minus mgmi (a) (see §6.2).

9/6k via (28)-(30), a = 0.1
T T :

T

pgami

1 2 3 4 5 6 7 8 9 10

= 09F
g

Eossf

0 1 Z 3 4 | 6 7 8 9 10

(c) (top) mgmi the truth (see §6.3) and pgmi the estimated (see
§6.3); (bottom) mgmi the truth (see §6.4) and pgmi the
estimated (see §6.4).

§6.1.mgmi (based on MATLAB built in function (BIF)
gammainc 0 < a < 1) with the MATLAB BIF integral in
(9) for ¢ = 1 in pgmi (based on MATLAB BIF integral)
in (19) and (20).

§6.2.mgmi (same as in 1.) vs the MATLAB computation of (23),
(24), and (27) in pgmi.

§6.3.the derivative based on MATLAB BIF exp, and * operator
vs. the (28), (29), and (30) via the pexp Progri (2022, [14])
and the utilization of the power MATLAB BIF.

§6.4.the numerator on (35) based on mgmi (based on Giftet
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0t 3 0y/2x powerta-1)*pex(-0/L (@) - Oy/dk powerta-1)*ep(-)/T(@), a =01

<

& (pgami)

8 (pgami)

(d) (top) absolute error of pgmi (c) minus mgmi (c); (bottom)
absolute error of pgmi (c) minus mgmi (c).

FIGURE 1: (a)/(c) (top) mgmi the truth (see §6.1 (a) & §6.3 (¢))
and pgmi the estimated (see §6.1 (a) & §6.3 (¢)); (bottom)
mgmi the truth (see §6.1 (a) & §6.3 (c)) and pgmi the
estimated (see §6.2 (a) & §6.4 (c)) and (b)/(d) (top) absolute
error of pgmi (a)/(c) minus mgmi (a) ((see §6.1 (a) & §6.3
(c))); (bottom) absolute error of pgmi (a)/(c) minus mgmi
(a)/(c) (see §6.2) & §6.4).for ¢ = 0.1, x = 0: Ax: 10, Ax =

le72.

phypergeom) and then based on the MATLAB
computation of (23), (24) in pgmi.
Detail explanation of the simulation results and the graphical

illustration of these experiments are given below.
6.1 Landmark Integral Expression of the IGF

The first experiment is designed to show how capable is
MATLAB to produce the truth, and how to integrate the
integrals (9) vs. (19) and (20) by means of the MATLAB BIF
integral.

The mgmi (based on MATLAB built in function (BIF)
gammainc 0 < a < 1) (see Figs. 1-3 (a)(top)) or the MATLAB
BIF integral in (9) for a« =1 (see Figs. 4-7(a)(top))) is
considered the truth; pgmi (based on MATLAB BIF integral) is
the function we would like to compare and contrast to mgmi.

The MATLAB function mgami performs comparison of the
above and outputs the results in mgmi and pgmi.

The simulation rest setup has three options:

1. Option 1 is used to compute the /ower RIGF, and it is the
default option.
2. Option 2 is used to compute the upper RIGF.
Option 3 is used to compute the natural logarithm of the
upper RIGF as is the case of §6.1, §6.2 or the lower RIGF
is the case of §6.3, §6.4.
As we shall see from the simulation results is that the

computation of the (9), (19), (20) is successful, somewhat
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RIGF: MATLAB BIF gammainc(x,a,lower) vs. integral (9), upper, a = 0.1
T T T T T T T

O mgami | gammainc(x,alower)
08 -gral (9), upper

0.6 - ~1

0.4) -l
0.2 |

0 1 2 3 4 -1 6 7 8 9 10

pgami

(a) Ditto Fig.1(a).

1076 & integral (9), upper - gammainc(x,a,lower) o= 0.1
T T T T T T

o

§ (pgami)
<

s

x
%1075 & Giftet: ((23), (24), & (27), upper) - gammainc(x,alower) a= 0.1
T T T o7 T

£

7/6x via (28)-(30), @ = 0.1

pgami

: I I I I I I I L
0 1 2 3 4 5 6 7 8 9 10

x
B(a,1+a,-x) via (23), (24), a = 0.1
. T T

T T T
O mgami 4 exp(-x).*phypergeom(1,a+1,x)|
095 - O pgami 4 (a1 +a,x) via (24) lower

pgami

(c) Ditto Fig.1(c).

oM 5 ik power(x.a-1)*pex(-x)/I(a) - H/ék -power(xa-1)*exp(-x)T(a) a =0.1
T T T T T T T T

5 (pgami)
o

(d) Ditto Fig.1(d).
FIGURE 2: Same as Fig. 1 but, ‘upper’.

successful, unsuccessful respectively.

The first experiment showed three major weaknesses of the
current MTLAB BIFs gammainc and integral.
1. The MTLAB BIF gammainc is a very good approximation
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RIGF: MATLAB BIF log(gammainc(x,a,upper)) vs. log(integral (9)), upper, a = 0.1 RIGF: MATLAB BIFintegral (9) lower vs. integral (19), lower, = 10.1
T T T T T T T T T 1 T —
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- SE 4 -
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RIGF: MATLAB BIF log(gammainc(x,a,upper)) vs. Giftet (23), (24), and (27), a = 0.1 RIGF: MATLAB BIFintegral (9) lower vs. Giftet (24) and (27). a = 10.1
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(c) Ditto Fig.1(c). (c) Ditto Fig.1(c).
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(d) Ditto Fig.1(d). (d) Ditto Fig.1(c).
FIGURE 3: Same as Fig. 1 but log(‘upper’) (a) and (b) and  FIGURE 4: Same as Fig. 1 but for « = 10.1, x = 0: Ax: 50,
log(‘lower’) (c) and (d). Ax = 1e7 2, ‘lower’.

of the truth 0 < a < 1, (see Figs. 1-3 (a)(top)). For values 7(a)(top))). The only problem with using the MATLAB
of the parameter a > 1 the MATLAB BIF integral (9) is BIF integral (9) vs. gammainc is that integral (9) will be a

a much better approximation of the truth (see Figs. 4- lot slower than gammainc.
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RIGF: MATLAB BlFintegral (9) upper vs. integral (9), upper, a = 10.1
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(d) Ditto Fig.4(c).
FIGURE 5: Same as Fig. 4 but, ‘upper’.

2. The MATLAB BIF integral (19) appears to fade in
precision for large values of x (see Fig. 4(b)(top)).

3. The first experiment exposed a major weakness of
MATLAB in its inability to compute the integral of the
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RIGF: MATLAB BIF log(integral (9) upper) vs. log(integral (9)), upper, a = 10.1
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FIGURE 6: Same as Fig. 4 but log(‘upper’).

form of (20). Integral (20) is the computation of the
integral from one to infinity of an exponential function of
a complicated negative exponent.

The first experiment is designed to give MATLAB an
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FIGURE 7: Same as Fig. 4 but for x = 19.9: Ax: 20, Ax =
1le75, ‘lower’.

understanding on how good its BIF for computing the RIGF (9),
(19), and (20) are.
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6.2 Landmark Computation of the IGF for Non-
Integer Values of a Parameter

The second experiment is designed to show how realistic are
the computation of RIGF by means of (23), (24), and (27) using
the MATLAB function pgami in pgmi (see Figs. 1-
7(a)(bottom)).
Ditto mgmi. L.e., the MATLAB function pgami compares and
contrasts pgmi with mgmi which is considered the truth.
In addition to the three options used in the first experiment,
in the second experiment there are two options within each of
the options of the first experiment; i.e., the second experiment
contains a total of six options. Sub options are designed to show
the split of the interval of time into
1. three successive (sequential, or consecutive, or one after
another) intervals. For each interval we apply (23), (24),
and (27) respectively. This sub option is only suitable for
0 < a « 1 (see Figs. 1-3(a)(bottom)).

2. two successive intervals. For each interval we apply (24)
and (27) respectively. This sub option is only suitable for
0 < a~1 or a >» 1 (see Figs. 4-7(a)(bottom)).

The results of this experiment were quite successful.

6.3  Computation of the Derivative of the RIGF for
Non-Integer Values of a Parameter

The third experiment is designed to compare and contrast the
computation of the RIGF in the dgami where the mgmi contains
the truth via MATLAB (BIF gammainc, exp, and MATLAB
identities via MATLAB operator ) and the computation of (28),
(29), and (30) via the pexp Progri (2022, [14]) and the
utilization of the power MATLAB BIF (see Figs. 1-7(c)(top)).

In the third experiment we can make use of the first three
options that were utilized in the first two experiments.

The results of this experiment were quite successful.

6.4 Integration of the RIGF for Non-Integer Values
of a Parameter

The fourth and the final experiment is designed to show how
important is the region of convergence of the numerator on (35)
based on mgmi (based on Giftet phypergeom function) and then
based on the MATLAB computation of (23), (24) in pgmi (see
Figs. 1-7(c)(bottom)).

If the RIGF will be utilized in the integration problems then
we must explain really well that the issues of the numerical
accuracy of the integration of the RIGF have to do with the
ability to precisely compute the numerator on (35) or (23), (24)
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in pgmi.

The graphical simulation results of this experiment were
aided with the help of six options that were discussed in the
second experiment.

We were quite successful in pointing out that understanding
the regions of convergence makes a significant on how the
integration of RIGF will be performed in Progri (2022, [15]).

Figs. 1-7(b), (d) show the error which is defined as the
difference of pgmi the estimated with mgmi the truth from Figs.
1-7(a), (c) respectively.

We have illustrated the simulation results with a total of fifty-
six plots: thirty-eight of them belong to the computation of the
truth and thirty-eight of the estimated and thirty-eight of the
error which is the difference between the estimated with the

truth.

7 Conclusions

This journal paper provides significantly added value in the

computation of the RIGF because:

1. Three new integrals have been added that demonstrate that
the RIGF is in fact the integration of an exponential
function with a more complicated exponent.

2. The power series expansion of the exponential function is
in fact the root cause of all the computational limitations to
obtain full precision in the computation of the RIGF.

3. The Kummer’s first transformation is unique and it
expands the region of convergence of the RIGF.

4. The inverse of the CHF is not easily obtainable.

The Derivative of RIGF is the same regardless of the
transformations.

6. Apractical implementation of all the CFEs of the RIGF are
beautifully assessed in the journal paper.

7. It is recommended that MATLAB should improve both
gammainc and integral BIFs to meet the expectations that
are required in the computation of the RIGF.

Therefore, because of 1-7 this journal paper is considered a
landmark computation of the RIGF.
Giftet MATLAB functions which are part of the Giftet

Indoor Geolocation Systems—Theory and Applications library

produce a remarkably accurate computation of the RIGF based

on the CFEs discussed in this journal paper.
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values of the parameter a.

10 Appendix A: Identity of Kummer’s First
Transformation

In this Appendix we attempt to search for a transformation
similar to the Kummer’s first transformation. The question that
we would like to ask is the following: Is Kummer’s first
transformation or identity unique? We will assume the opposite,

which is that we will assume that there exists more than one

37

solution in the form of the product of two functions similar to
the Kummer’s first transformation. Then we will prove that
there can only be one solution which is identical to the the
Kummer’s first transformation which is known as the
Kummer’s identity.

Lemma 1: Let us assume that the solution of the numerator
of the RIGF is equal to

fe‘xy“dy—e B"CD[ Ly ] e‘xq)[ L ] (47)

suchthat 0 < f < 1. p €R.

Objective: If the Kummer’s first transformation is unique in
the form of (47) then there should be only one solution for the
parameters 8, p. If the Kummer’s first transformation is not
unique then there should be more than one solution.

Proof: From (47) we have two unknowns 8, p but only one
equation.

If we take the derivative from both sides, we can obtain

another relation as given below:

STt ol Gl PHCE L

i{x“@[ail;x”e_ﬁx—ﬁx"‘@[‘x:}_l;x]e—ﬁx
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al'(a)
_ xa—lq)[P;l;x]e—Bx _ x@—1g=X 48
- I'(a) T @ (48)

where we need to compute the derivative and the numerator

separately before we can apply them in (48)
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Since (54) must be true for all values of x then let us take

[a+1; ]

the first two terms approximation as follows:
p-1 1 _ p
(1 +TX) (1+EX)=1+EX (55)
Equating only the first order terms we have
p-1 1 _ p —
T+m=m©(p—1)(a+1)+a=ap (56)

Which is equivalent with

pa—a+p—1l+a=ap < p—-1=0 57)
The solution then for the parameter p is

p=1 (58)
If we substitute (58) into (51) we also obtain

g=1 (59)

Equating only the second order terms we have

(1 +p7_1x+”(p_1)ﬁ) (1 = +;x2)
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24,
petp-2 2 _ p(p+1) (61)

a (a+2) (a+2)
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pla+pa—2a+2(p*+p—2)+2a=p?a+pa (62)
pP+p—2=0=p=1lorp=-2 (63)
For p=1 we obtain 8 =1; hence. we obtain the
Kummer’s first transformation which is independent of the
variable x. The second solution for p = —2 is not really a
valid solution because it will not work for the first order
approximation.

We can employ the total mathematic induction to prove that
in fact Kummer’s first transformation is the only valid solution
for every single term.

This Lemma 1 which is in fact Kummer’s first identity was
a significant contribution because it eliminated the search for
any other transformation in the form of the Kummer’s first
transformation.

Therefore, we cannot do any better than the Kummer’s first
transformation. What other transformation we can use and how

we can compute them will be the subject of a future journal

paper.

11 Appendix B: The Problem of the CHF
Inverse

In this Appendix from Kummer’s first transformation we
provide a new expansion of the exponential functions for
negative exponents.

Let us rewrite the equation that relates the Kummer’s first
transformation:
¢[“;—4—eﬂ¢[ x| = (64)

a+1 +1

Let us further assume that the inverse transformation of
®[1,a + 1; x] and it is called ®~1[1, @ + 1;x] and it is

a . -1 1 . — X
o[,y px|o|, o] =e (65)
1, a + 1;x] equal to? This

problem will be investigated in the future.

The question is what is &~

Nevertheless, the following is still true so we can write:

e_x_cb[ +1 7% ]/q’

So, since, this is true for every a.

ifd (66)

We can also rewrite the Kummer’s first transformation in a

slightly different form:

(b[a+ % excb[af_l; —x] (67)

In the same manner we can obtain:
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=l Lot 5 ] o

The only way to further improve the understand of the

i Landmark, it means a significantly improved understanding, a turning point,
or a quantum leap in the computation of the IGF.

i In mathematics, statistics, finance, computer science, particularly in
machine learning and inverse problems, regularization is a process that
changes the result answer to be “simpler”; it is often used to obtain results for
ill-posed problems or to prevent overfitting. It is an attempt in this journal
paper to make a second order regularization.

i Advantages, soundness, firmness, robustness due to lack of the singularities
that is expected from the limit values.

v Disadvantages, drawbacks, stumbling blocks, weaknesses, defects, flaws,
imperfections, etc. due to the complexity of the computation of wo integrals.

Vv Twisted or folded, with many hidden details or pitfalls that needs to be taken
in to consideration.

Vi Equation (19) is perhaps a new integral expression of the RIGF not found in
any textbooks or table of integrals, series, and products similar to Gradshteyn,
Ryzhik, 2007 [24] 1171 pg.).

Vi Equation (23) is preferred as opposed to Batman, ([21], pg. 133 (3) 1953)
and (see Gradshteyn, Ryzhik, 2007 [24] pg. 899 ex. 8.351 2.) because it is the
regularized version of the IGF; as it is scaled by x%/a.

Vil For a «< 1 theregion of convergence expandsto 0 < x < 5 ifthe power
series expansion is utilized.

X Ditto vi.

* N =200, 0<x < 20 provide a very good approximation up to sixteen
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computation of the exponential functions and then of the RIGF

would be by means of finding the inverse of CHF.

decimal points. Although (24) converges for values of 20 < x < oo but it’s
precision will not improve in fact its precession is expected to deteriorate and
N is expected to increase, which is the reason why the Nielsen ([18], 1906).
Transformation for descending powers is so important because it will require
fewer terms for convergence.

X M =20 and 20 < x < o are very important computational details that |
could have found in neither Batman, ([21], pg. 133 (3) 1953) nor Nielsen ([18],
1906). For large values of x the computation of the RIGF is expected to be a
lot faster than for smaller values of x.

Xi Ditto ix.

Xii \What is another word for numeric or numerical? It is quantitative,
quantifiable, computable, calculable, and or measurable.

XV There is a false impression that only the research that is funded by the
government bureaucrats is worthy of financial support, awards, & recognition.
This is not to say that President Ronald Reagan wanted to demonize the role
of the government as an enterprise, or resource, or originator of many
inventions. But, when the government spending is abused for wasteful
spending of the taxpayers trillions of $ dollars, and moreover, when it controls
and suppresses innovation and ignores or completely denies funding to
innovators and incubators based on political beliefs, then said President
Ronald Reagan this type of government is the problem.

* We can use a different parameter instead of a and then apply Lemma |
and we would still obtain the Kummer’s first transformation.
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