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This paper discusses the generalized parabolic cylinder function (or GPCF) distribution’ (or GPCFD) probability
density function (pdf) in a manner that is original and never presented before in the literature. For the GPCFD the
closed form expression of the cumulative distribution function (cdf) is given by means of eight Kampé de Fériet
functions (or hypergeometric series of two variables) and eight Srivastava functions (or hypergeometric series of
three variables). Numerical results are derived for each case to validate the theoretical models presented in the paper.
Index Terms—Parabolic cylinder function, cumulative distribution function, hypergeometric series, Tricomi confluent
hypergeometric series, gamma functions, incomplete gamma functions, pdf cdf analysis, Kampé de Fériet function,

Srivastava functions.

1 Introduction

The parabolic cylinder function (PCF) [1] distributions (PCFDs)
are distributions that involve the computation of PCF in their
pdf or cdf.

The application of PCFDs is limited to gamma like
properties as described in (Mathai and Saxena, 1968) [3]. In
(Skjong and Madsen 1987) [4] a PCFD is known as the Pierson
and Holmes distribution.

Even in Electrical and Computer Engineering the discussion

of PCF applications is limited to a limited number of

publications [5]-[8].

Moreover, the numerical evaluation of the PCF is also
limited to special software such as (Wolfram 1999-2016) [9] or
a special MATLAB toolbox (Cojocaru, 2009) [10].

Although the pdf of GPCFD was known, I found no
references that discuss the cdf of GPCFD. These facts alone
demonstrate that the cdf of GPCFD or its computation in closed
form expression perhaps did not exist prior to this publication
with the exception of Progri (2016, [11]).

Given the body of work (i.e., analysis, MATLAB functions,

Masterpiece marvels in analytical derivations and numerical computational series
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etc.) that I developed in the computation of the generalized
Bessel function distribution Progri (2016, [12])-Progri (2019,
[14]), the time was right to significantly enhance the work that
I initially investigated in Progri (2016, [11]).

The real application that generated a very serious interest
researching GPCFDs is because of adaptive GPS signal
detection based on differential coherent accumulation (DCAC)
and more specifically under the assumption with GPS signal
present, the statistics are GPCFDs (Progri et al. 2016, [15],
[16]).

This paper presents the first attempt to produce a closed form
expression of the cdf of GPCFD that leads to an efficient
MATLAB computation. Although I have produced a closed
form expression of the cdf of GPCFD, which contains four
Kampé de Fériet functions (Progri 2016, [12]) and six confluent
hypergeometric series of two variables [17], I do not believe

that this closed form expression is simplified enough to enable

a fast numerical computation of the cdf of GPCFD in MATLAB.

After many attempts I was able to finally produce a closed
form expression of the cdf of the GPCFD that requires the
computation of eight Kampé de Fériet function (or double
hypergeometric series) [12]-[14] and eight Srivastava’s Triple
Hypergeometric Series F®[x,y,z] (see Appendix E of Progri
(2019, [14]);

function that I have ever come across with.

i.e., it is the most computationally laborious

I would like to mention something very personal with
regards to the methodology of solving such a difficult problem.
There is a particular way of eliminating the singularity and
performing the computation in the integration process that is
laborious and it is the smart way; perhaps the only way that I
was successful. Hence, I was thinking of the Golden Bear, Jack
Nicklaus, the greatest golfer of all time and his masterpiece
book, Golf My Way. Jack visualized and produced an efficient
way of playing competitive golf at the highest level. Likewise,
I have visualized an efficient way of solving difficult problems
and it is Progri’s way of solving it. I really hope the readers will
enjoy because this is perhaps the most difficult computation I
have come across in my entire life.

In its current form the efficient computation of the GPCFD
cdf'is not optimized for speed. The efficient computation of the
closed needs three orders of magnitude improvement to be
competitive with other forms of computation. I hope soon to
create, originate, and develop a follow up journal paper that will
discuss ways of optimizing this closed form expression for

speed and memory.
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This paper is organized as follows: in Sect. 2 the efficient
computation of the GPCFD pdf is presented. The efficient
computation of the GPCFD cdf is discussed in Sect. 3. Section
IV contains numerical results; Conclusion is provided in
Section V along with a list of references. This journal paper

contains five appendices: Appendix A through Appendix E.

2 Efficient Computation of the GPCFD PDF

In this section the efficient computation of the GPCFD pdf is
depicted. From 2016 until 2021 I developed a lot of efficient
computational algorithms; therefore, from the accumulated
body of knowledge I have produced the efficient computation
of the GPCFD pdf that is presented here into two subsections:
GPCFD pdf first main components that leads to the efficient
computation of the GPCFD pdf.

2.1 GPCFD PDF First Main Components

Before providing the efficient computation of the GPCFD pdf
(see Progri (2016, [11])) we need to consider certain GPCFD
main components or identities that lead to the efficient
computation of the GPCFD first main component.

The PCD is defined in the integral form (see Gradshteyn,
Ryzhik 2007, [17] pg. 1028 9.241 2.) as

ZZ

D,(z) == ‘yzzy”ldy(p<0) (1)

r(-p)

and in the series expansion form as

1-p
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D,(2) = 2ze 4\/_

From the definition of the Tricomi confluent hypergeometric
function, U(a, b, z), we have [19]

_ramafi] | ro-ve [0
U(a,b,2) = r(a+1-b) r'(a) 3)
If make the following substitutions:
2
a=-2b=Landz=% 4)
2 2 2
From where we have
1-b=22-b=2-2=3p-1=-1 (5)
2 2 2 2

_p=i_P_1P 1-p_ [Z_Z
a+l-b=---=—2"= rambv; (6)
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i [ g
e (7

Hence, substituting (4)-(6) into (3) yields

i-p

1
1 Z2 [E
U(_EI_I_ =

2°2° 2

Next, from the particular-values of gamma function [20] we

have:
()= (-3 -2 g
Substituting (8) into (7) produces,
o 1-p
1| o ? \/§Z1F1[ 3 é]
U(_zlé)zﬁ 2l 1 z )
»2 ) TV T TR

Comparing and contrasting (2) and (9) we have

D,(z) = 2ze” 4U(—— E f) (10)

2’2’ 2

From the integral definition of the Tricomi confluent

hypergeometric function, U(a, b, z), we have [19]

U(a,b,z) = f e # (1 4+ )72 dt, (a>0) (11)

I'(a)
Next, substituting (4) into (11) produces

o ., _P_ p_1

From Temme [21] we find another integral definition of PCB

function, U(a, z) as follows

tZ
Ua,z) = E ‘*) It t92e T dt (13)
If we set
a=—-2—p (14)

2

then (13) becomes

72

£ 2
1 4 _ e
U(—E—p,z) sy e T (15)

Since (14) is identical to (1) then we have

Dp(z)=U(———p,z), p<O0 (16)

From Temme [21] we find another relation of PCB function,
U(a,z), and the Tricomi confluent hypergeometric function
[19], U(a, b, z), as follows

11 12 1 11 1
U(a,z) = 273 2%+ U(Ea+z,5 : ) p<0 (17)

15
Hence, if we substitute (13) into (17) we obtain (10)
1 p 12 1.1
U(=;-pz) =20 (=5,5552). p <0 (18)

Also, if we compare and contrast (1) with (10) we obtain
another definition of the Tricomi confluent hypergeometric
function [19], U(a, b, Z)

et t Pldt p<0 (19)

F( p)
2
U(_g,%;%) e )f e 7 t 5 1(1+t)2 Zdt (20)

From (Gradshteyn, Ryzhik 2007, [17] pg. 899 8.351 4.) we
have another definition of the upper incomplete gamma
function by means of the Tricomi confluent hypergeometric
function [19], U(a, b, z),

Ia,z) =z%?U(Ql1+a;z) =e U1l —a,1—a;z) (21)

If we compare and contrast (21) with (10) we notice that the

PCF, D,(z), is a generalization of the upper incomplete
gamma function, I'(@, z). Only for p = —1, we have
11 22 12 g2
(2) = 277" 4U( 2)=27e7T(3,2) (22)

From (Gradshteyn, Ryzhik 2007, [17] pg. 902 8.359 3.) we

have,

r@5) = veli-[o(3) =er(2)) @)
Next, substituting (23) into (22) produces,

b =i 0) = Feii-o(g)]  en

Equation (24) is identical to the result given by (Gradshteyn,
Ryzhik 2007, [17] pg. 1030 9.254 1.).

Next, we exploit the connection between the Hermite
polynomial, Hy(N), PCF D,(z),
hypergeometric function, U(a,b,z),
2007, [17] pg. 1030 9.253) as follows:

and Tricomi confluent

(Gradshteyn, Ryzhik

D,(2) =2~ Ze 4H (\/_) n natural number (25)
From where we obtain

H,(z) = 2§e§Dn(\/§Z), n natural number (26)
Next, we substitute (10) into (26) yields

H,(z) = 22e2D (\/_Z) = 2"y (—2,1,22) 27

Equation (27) is very important as it does not exist in explicit
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form in the Table of Integrals only in implicit form in
(Gradshteyn, Ryzhik 2007, [17] pg. 997 8.953 1. & 2.).

2.2 Efficient Computation of the GPCFD PDF

Now that we have discussed the GPCFD main components we
can discuss the efficient computation of the GPCFD pdf (see
Progri (2016, [11] (1))

(=p-1)1[bo ()Dpleo (D] +b1 ()Dple1 (W)]]

N_
do(*¥) ZRZg () TP

frep(x) = c (28)
where
p =k — N; p < 0, negative integer 29)

First, we simplify the products by substituting (10) and
Progri (2016, [11] (2)-(4)) we obtain:

cf(x)

2

bi(0)D, [, (0] = 2:0 (- 2,3,99) i = 0,13 (30)

Hence, substituting (30) into (28) yields,

p 2 2
N, P22 [U(—%%,COT(X)>+U(—§%,C12(X)>
do(0) SN2 TP

frep (x) = c (3D

Next, substituting (27) into (31) produces,

2
_ Comn(-Ean?)[u( BAED) s -2 1A
Zk=0 3k—N

frep(x) = 22 ab (32)

dglx)c

Next, we simplify the computation of the components,
i x=b .
G() =5 D= i=(01 (33)

The term c¢Z(x) can be computed as follows:

x—b .
) =5+ cki= 0 (34)
And then, c?(x)/2 is simply
2
10 )i o) (35)

2 2c4 8a2 2c2°

Next, from (9), we compute the following sum

“%law g
Colx. c1(x
R 12 02 +1F1| 2 12
p 1 cd(x) z 2
v[-2.:, )
2’2" 2 2
p 1 cZ(x) +=Vn D] , e, (36)
|-, 0 |7 (40,0 7 |dw
2°2 2 N 171 E 2 NA 171 E 2
2 2
-1p(_P
27ir(-5)

We cannot substitute (36) into (31) to produce the desired
formula for the computation of the GPCFD pdf. The GPCFD

pdf (31) contains a singularity as x — +oo that needs to be
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eliminated.

p1cg® p1cm™] _
Jim U[-2,292 1 u[-2,2, 40 =0 (37)
xETm do(x) =0 (38)

Hence, if we were to take the limit of the product of (37) with
(38) the following yields

i a0 0[-5.382) u[-2 380 -

=0 x o0 = NaN (39)

Hence, we cannot integrate directly (31) by directly
substituting (36). We need to eliminate this singularity first. In
order to eliminate this singularity we will use Kummer’s first

transformation.

ANEETRS [b R | -2 (40)
We already know what the right answer should be as x —
+o0o. The answer should be 0. Equation (40) explicitly shows
that the singularity is in the computation of the exponential
function. Why? In Progri (2021, [22]) the computation of the
irregular singularities of the confluent hypergeometric function
is discussed in great detail. As x = +o then —z = —oo
hence we have in Progri (2021, [22])
lim ,F; [b N

Z—00

a| - Z] =0 (41)

|-

=0 x 0= NaN (42)

tim 373 5l ] = tim e him 11 [

Since, d,(x) is an exponential function and e” is also an
exponential function , their multiplication should result in the
sum of exponents and hence should eliminate the singularity. It
remains now just to perform the algebra.

First, let us make the substitution

v? = (43)

2
w? = 4% (44)

Substituting (43) and (44) into (36) produces
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_b _p
1F1 12 v2 +1F1 12 w?
2 2
o33 T &
p1 LTV 1p (43)
u [_E'E'W ] U1F1[ § vZ[+wyFy § Wz]
2 2
—1p(_P
21r(-4)
Substituting (40) into (45) yields
p1 pt1
e”lel[i —v2]+ew Fy i —wz]
2 2
s . D) }
p 1 t=Vn ) »
Ul—-=,=,w? 2 |zt1 2+
272’ ve¥ (Fi|% 5 [-vZ|+weV 1 F|?%, |-w?
2 2
-1p(_P
2-1r(-§)
=i 1,
1F1| 1 |-V v1F1|"3 |-V
evz 2 2
- (P
r(Z?) 27ir(-3)
=+ o1 v, (46)
1F1[ 1 —wz} wqFy 23 —wz}
2 Pl z
+e¥ Z_ -
1-p -1p(_P
r(32) 2r(-§)

All it remains now is substituting (46) into (31) and
eliminating the singularity.
From (2) and (5) in Progri (2016, [11]) we have

_(x=b)?

do(x) = e~ 0M&E-D) = 7502 47

Hence, the product of two exponential functions is equal to:

(x-b)2_ 3(x) 3(x—b)?  a® x-b

2 } t
do(x)ev = e 2a? 2 =g 8a?2 '2c¢% 2c2
_1[V3(x=b), a 2 a2
—e 2| 2a V3c2] p3ct
12 2a?
= ¢ 290W o33 (48)

(x-b)2 | C%(x) 3(x-b)2 ) a? ,x=b

2 } } t
do(x)ew = e 2a2 2 =g 8a?2 '2c% 2c2
_1[V3(x=b) _a 2 a2
—e 2| 2a V3c2] p3c%t
12 2a?
= e 291 Wp3a (49)

Clearly, from (48) and (49) if we were to take the limit

lim dy(x)e¥” = lim dy(x)e?” = (50)
x—>too x—too
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Since, we have eliminated the singularity then we can
substitute (46) into (31) and then perform the simplifications
(48) and (49).

14 12 12
(—p—1)!2?[e_f‘go(x)v(p,v)+e_f‘gl(x)V(p,w)]

N s

fren () = Lo (51)
6376
where
el 2
1F1 i _qz} q+1F; 23 _qz]
Vip,q) =—3 - s q = {v,w} (52)

Finally, substituting (56) of Progri (2016, [11]) we have into
(5) produces the GPCFD pdf with no singularity that we can
integrate and obtain the GPCFD cdf.

- | k[ L2 1.2
211¥=(}Hk:;c])nl 2 [e 2950y (p,v) +e Zgl(x)V(p,w)]

frep (X)) = (53)

2
3(N+1) N =@ =k
2 (z )3_7ae3c4 ZN—i—Hk(N)n! B) p (—Za )
k=0"" .k 2 k-N\3c2

Equation (53) has significantly improved advantage over (1)
in Progri (2016, [11]) for three main reasons. First, (53) does
not have any singularities; second, it simplifies the integration
of (53) tremendously; and third, it enables an efficient
computation of both the pdf and the cdf.

Next, we consider a special case which provides great insight
into the nature of the GPCFD pdf and then later of the GPCFD
cdf.

2.3 Efficient Computation of a Special Case of the
GPCFD PDF

The main purpose of the efficient computation of a special case
of the GPCFD pdf is not only to validate the computational
work that was performed in the previous section but also to
provide great insight into the nature of the GPCFD pdf and then
later of the GPCFD cdf.

Hence, let us consider a special case when:
a=1,N=1=2p=-1,n=0;k=0 (54)

Substituting (54) into (53) yields

1.2 1.2
e 290y pv)+e 291 Py o w)
1 -b?

233_76TD_1(3—§)

frep(x) = (55)

where from (Gradshteyn, Ryzhik 2007, [17] pg. 1030 9.254 1.)

we have,

0o@)=e Eli-o(2) 50
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b 2
1 5 1 \/E(x—b)+i]2 (\/EX—\/—E)
e 290 — o722 "Bl =7 s (57)

_1[\/§(x—b)_i]2 _(@‘—\S/—g)z
8l 2 =e

—%g%(x) =e 3 8 (58)

e

from (Gradshteyn, Ryzhik 2007, [17] pg. 1027 9.236 1.) we

have,

2q1F,

_qz]
— b =10 (59)

—_—

N|WwN|=

V(—l, Q) =1-

Substituting (56)-(59) into (55) yields,

Gixb) Jax-5b)°
A e ey
frep (@) = e 75 22 (60)
4x3 0-5xm[1—¢(7g)]

From, (60) we obtain all the insight into the nature of the
special case of the GPCFD pdf. For this special case the
GPCFD pdf'is reduced to a difference of a sum of two normally
distributed pdfs with a weighted sum of two normally
distributed pdfs weighted by error functions.

Therefore, not only is (60) very significant as an original
expression not published anywhere else, but also because it
provides great insight into the nature and the -efficient
computation of the GPCFD cdf.

This concludes the discussion of the computation of the
GPCFD pdf. Next, we investigate the discussion on the
efficient computation of the GPCFD CDF.

3 Efficient Computation of the GPCFD CDF

In this section the efficient computation of the GPCFD cdf is
performed. From 2016 until 2021 I developed a lot of efficient
computational algorithms [11]-[14]; therefore, from the
accumulated body of knowledge I have produced the efficient

computation of the GPCFD cdf into five subsections.
3.1 GPCFD First Main Component

Before providing the closed form expressions of GPCFD CDF
other main components discussed in Progri (2016, [11]) we
need to consider certain GPCFD main components or identities
that lead to the derivation of the GPCFD first main component.

What are the GPCFD main components identities that are
employed for solving the GPCFD CDF first main component?

In Appendix A, we derive the complete steps for computing
the integral (43) in Progri (2016, [11], pg. 76)

Journal of Geolocation, Geo-information, and Geo-intelligence

a?

p _c* 1
s 5 _i a —_
sounta =20 [E1 -3 0, [21-) o

which is identical to (Gradshteyn, Ryzhik 2007, [17] pg. 842
7.724).

This result is so significant because it is considered the first
main component and it gives the pathway for solving the
GPCFD CDF other main components which are discussed next.

Now that we proved all the main identities of the PCF and
derived the first main component in Appendix A, the integral
(43) in Progri (2016, [11], pg. 76); let us develop the GPCFD
cdf other main components.

Moreover, in Appendix B we have performed the direct
integration and in Appendix C the alternative integration. Since,
there are more one way for computing the closed form
expression of the GPCFD cdf, it was necessary to fully
investigate each and every path of integration and fully

document their analytical results.
3.2  GPCFD CDF other Main Components

In Appendix B we have performed the computation of the

closed form expression of the GPCFD cdf as follows
Fpep(x) = ffwaCD (Ddti (62)

where fpcp(x) is given by (53).

Since the function is symmetric around x = b then we
have to take advantage of the symmetry and not compute the
entire integral.

Lofreo®dt = [, focp()dt x<b

Fpep(x) = 0.5 x=b>b (63)

1= [ foco(t)dt x=h

Hence, it only makes sense to compute the following integral
F'(x) = [ frco(@®dt; x = b >0 (64)

From Appendix B the function F'(x)
F'(x) = Fo'(x) + F,' (%)

_ F00H+F10H

_ Foo(x) + Fio(x) >p (65)
F01Il + F11,’

x =
—For(x) — F11(x)
where the GPCFD other main components are the functions
Fii” and ?ii(x) for i = {0,1}

Hence, the efficient computation of two main components of
the GPCFD cdf given by (90) and (158) of Progri (2016, [11])

is obtained here by means of the efficient computation of (65).
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TABLE I: THE QUANTITATIVE COMPUTATIONAL PERFORMANCE

Generalized Parabolic Cylinder pedf:a =2,b=1,N=1
T T T T T

pdf
—e— cdf 1 Integral
- & - cdf?2 Lincar approximation

;
-5 -4 3 2

I I I I
-1 0 1 2
X

19

GPCDF cdf Integral L. Ap. CFE1 CFE2 Total
(sec) (ms) (sec)  (sec) (sec)

a= 2.83 0.2 102.25 9.88 114.96

a=2 2.88 0.2 96.81  9.32 109.03

b =0.5 2.73 0.5 100.49  9.66 112.88

N = 6.75 0.8 213.95 20.85(*) 241.54

Each function F;;"' consists of two Kampé de Fériet function
(or double hypergeometric series) [12]-[14] and each function
F;;(x) consists of two Srivastava’s Triple Hypergeometric
Series F®[x,y,z] (see Appendix E of Progri (2019, [14].

It is particularly important to mention here that in (65) the
function F'(x) requires the computation of eight Kampé de
Fériet function (or double hypergeometric series) [12]-[14] and
eight Srivastava’s Triple Hypergeometric Series F®[x,y, z]
(2019, [14]); ie., it is

computationally the most laborious function that I have ever

(see Appendix E of Progri

come across with.

For a special case when a=1; b=1;, N=1 = c=1
the computation of the closed form expression of the GPCFD
cdf is reduced because four Kampé de Fériet function (or
double hypergeometric series) [12]-[14] are reduced into two
error functions and four Srivastava’s Triple Hypergeometric
Series F®[x,,z] (see Appendix E of Progri (2019, [14]) are
reduced into four Kampé de Fériet function (or double
hypergeometric series) [12]-[14] as discussed in Appendix C.

Verification of the singularity points is performed in
Appendix D. Integrals of the product of the error function with
an exponential function is discussed in Appendix E.

Because this is such as important topic further investigation
of the efficient computation of (65) will be produced in a

separate publication that will make use of Appendix E.

4 Numerical, Theoretical Results

The numerical, theoretical results section contains a few

simplified computational or quantitative examples.

4.1  Examples

Figure 1 presents the GPCFD pdf and four GPCFD cdfs: cdf 1
corresponds to the integral, cdf 2 to linear approximation (top),
cdf 3 to a closed form expression via (151) using 100 terms and
In Fig. 2 the
absolute error of the cdf 1 with cdf 2 is shown (top); and cdf 1

cdf 4 the same as cdf 3 using 30 terms (bottom).

Generalized Parabolic Cylinder pedf : a =2, b=1,N=1
T T T T T T T

T
pdf
df3 (151), O=[4,3,1
55| [Cemedf40s). 0-[4.3,
o

Fig. 1. The computation of the GPCFD pdf and cdf for —5 <
x<5a=2,b=1, N=1.

%107 Generalized Parabolic Cylinder § (cdf): a =2, b=1,N=1
T T T T T

| :
[=e= cdf I Integral - cdf 2 Linear approximation|

4§ (cdf)

cdf 1 Integral - cdf 3 (151), O =T[4, 3, 100]
—— cdf 3 (151), O=[4,3,100] - cdf 4 (151), O=[4,3,30]

. | . . .
5 4 3 2 -1 0 1 2 3 4 5
N

Fig. 2. The absolute error the GPCFD cdf for =5 < x < 5,
a=2,b=1, N=1

%103 Generalized Parabolic Cylinder § (cdf): a=2,b=1,N=1
T T T T T

T T T
[—e— cdf I Integral - cdf 2 Lincar

4 (cdf)
o

4 (cdf)

s l

2 I I I L & L I I 1
-5 -4 -3 -2 -1 0 1 2 3 4 5
X

Fig. 3. The absolute error the GPCFD cdf for —5 < x < 5,
a=2,b=1 N=1

cdf 1 Integral - cdf 3 (151), O = [4, 3, 100] 7

with cdf 3 and cdf 3 with cdf 4 (bottom). The results of Fig. 3
are exactly the same as those of Fig. 2 (top); however, the
absolute error of cdf 1 with cdf 3 is only shown (bottom).
Table 1 presents the computational duration times in either
seconds or milliseconds on a Dell computer Intel(R) Core(TM)
i5-2400 CPU @ 3.10GHz using MATLAB 2020b [26] using a
vector of =5 < x < 5 with a sample increment of 0.02 that
leads to 500 points. A shown in Tab. 1 the cdf 1 or the integral
takes 2.62 seconds, cdf 2 or linear approximation takes 0.2

milliseconds, cdf 3 via (151) using one hundred terms in the
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Fig. 4. The computation of the GPCFD pdf and cdf for —5 <
x<5a=1,b=1, N=1.
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Fig. 5. The absolute error the GPCFD cdf for —5 < x < 5,
a=1,b=1 N=1

10> Generalized Parabolic Cylinder 6 (cdf):a=1,b=1,N=1
| T T T T

J (cdf)

10 I L L L I I L I
-5 -4 -3 -2 -1 0 1 2 3 4 5

x
Generalized Parabolic Cylinder 6 (cdf):a=1,b=1,N=1
T T T 7 T T T

[+ cdf I Integral - odf 3 (151), O=[4, 3, 100]]
T,7

¥
{—
sy, Sl M
L L et l 1,
LR LR S . frg 23
* i Rt wiiaidyl i P

Ll Ul P LR LR
H et % dl
*
H

i I i T i

-5 -4 -3 -2 -1 0 1 2 3 4 5

Fig. 6. Same as Fig. 4; however, the absolute error of cdf 1
integral — cdf 3 (151) for 100 terms is shown.

computation of eight Kampé de Fériet function (or double
hypergeometric series) [12]-[14] and eight Srivastava’s Triple
Hypergeometric Series F®[x,y,z] (see Appendix E of Progri
(2019, [14]) takes 101.8 seconds and cdf 4 via (151) using thirty
terms of the same takes 9.67 seconds.

The second row of Tab. 1 corresponds of the quantitative
results for a = 2; b = 1; N = 1. The third row corresponds to
a=1; b =0.5; N = 1; and the final row corresponds to a =
1; b=1; N=2. With the exception of the linear

approximations all the other duration times are doubled in the
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Fig. 7. The computation of the GPCFD pdf and cdf for —5 <
x<5 a=1,b=1, N=2.

’ 1072 Generalized Parabolic Cylinder § (cdf):a=1,b=1,N=2
T T T T
<
3 s
w
[—e— cdf 1 Integral - cdf 2 Linear
10 I L L L L 5 L L
-5 -4 -3 -2 -1 0 1 2 3 4 5
X
%107 Generalized Parabolic Cylinder § (cdf): a=1,b=1,N=2
,f T
s !
2ol
=L ]
[ cdf 1 Integral - cdf 3 (151). O =[4, 3. 100]]
2k
Z 1 L . I I
-5 -4 -3 -2 -1 0 1 2 3 4 5

X

Fig. 8. The absolute error the GPCFD cdf for —5 < x < 5,
a=1,b=1 N=2

last scenario as it is expected.

In the current non optimized form the numerical computation
of the closed form expression of the GPCFD cdf requires two
orders of magnitude more resources than direct integral. Its
accuracy of the computation is sensitive to the number of terms
in the computation of the eight Kampé de Fériet functions (or
double hypergeometric series) [12]-[14] and eight Srivastava’s
Triple Hypergeometric Series F®)[x,y,z] (see Appendix E of
Progri (2019, [14]). When the number of terms is reduced by a
third the computational duration time is reduced by an order of
magnitude as indicated in Tab. 1 and Figs. 2. 3, 5, 6, and 8.

For N = 1 one hundred terms will produce an accuracy of
fifteen orders of magnitude as opposed for N = 2 the same
number of terms will produce an accuracy of six orders of
magnitude.

The results of Figs. 4 through 6 and Fig. 7 and 8 are self-
explanatory.

This concluded the discussion on examples and numerical,

theoretical results.
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5 Conclusions

We have been able to produce for the first time the complete
discussion of the GPCFD pdf and cdf. We have showed that this
is a valid pdf function and we have produced the valid
normalized coefficient. This work is original and never
published before in a journal paper.

We have been able to produce for the first time the closed
form expression of the cdf of the GPCFD which contains eight
Kampé de Fériet function (or double hypergeometric series)
[12]-[14] and eight Srivastava’s Triple Hypergeometric Series
F®Ix,y,2z] (see Appendix E of Progri (2019, [14]).

In the current non optimized form the numerical computation
of the closed form expression of the GPCFD cdf requires two
orders of magnitude more resources than direct integral. Its
accuracy of the computation is sensitive to the number of terms
in the computation of the eight Kampé de Fériet functions (or
double hypergeometric series) [12]-[14] and eight Srivastava’s
Triple Hypergeometric Series F®[x,y,z] (see Appendix E of
Progri (2019, [14]). When the number of terms is reduced by a
third the computational duration time is reduced by an order of
magnitude.

Further work is needed to optimize the computation of (151)
to make it competitive based on similar recursive algorithms
discussed in Progri (2011, [24]) and further improvements of
Appendix E of Progri (2019, [14]).
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8 Appendix A: The Derivation of the Integral
(43) in Progri 2016

In this section we derive the complete steps for the direct
integration of (43) in Progri (2016, [11], pg. 76).

Next, let us try to directly solve the integral (43) in Progri
(2016, [11], pg. 76).

(2)
w T I ¥
gokn(@,b,c)=2af__e % eaD,(y)dy (66)

Substituting (10) into (66) yields

(-2)

Py o TSI 1
goen(ab,c)=2z""af" e % U(—f,g,yy)dy (67)

Next, employing (19) into (67) yields,
a 2
(-2
S t2
% [P Y 7P latay

r'(-p)

Zaffoooe

gOk,N (a' b: C) = (68)

Next, changing the order of integration yields,

2
a
) )
00 00 zl e
2afy [Coo€ 2 e Waye 2t P lat
r(-p)

Jokn(a,b,c) = (69)

Next, let us consider the inside integral for a moment
a2 _|ov2_(4&_ a
e_z(y_c_z) e_fy =e [Zy (452 t)y+2c4] (70)

Which is equivalent with

e-(?—ﬁ—%) (71)

Next, substituting (71) into (69) yields.
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(i)
00 00 - ;ﬁ t~p-1
Zaf0 et dy (at t2> tzdt
2 8) 5
Jokn(a, b, c) = ) € = (72)

Now, we can solve the inside integral by making the

substitution,

P
z=\/§y——( ch/it); dz =V2dy; y > |2 2> % (73)

Hence, we have (Gradshteyn, Ryzhik 2007, [17] pg. 336
3.3213)

2
[See™dz _Vm

v (74)
It remains now to solve the outside integral,
_(at 2} 2
b Za%fowe (CZ 8>e_%t_p_1dt 7
goxn(a,b,c) = P (75)
Which can be written as
t t
Za%fowe_7(l_%)_g_2t_p_1dt
Jokn(a,b,c) = (76)

Next, we make the substitution,

t'=t/1—i;dt’=dt /1—i;t—>|3°=>t’—>|3° (77)

Substituting (77) into (76) yields,
_tr2_ atr
p 1
zaﬁ(l_%)z fooo e * l_zu—l’—idu

2
r'(-p)

Yok,N (a,b,c) = (78)

Finally, from the definition of the PCF we recognize that (78)
can be written as

a2

r

sonta =26 [ (1= T, [0

which is identical to (Gradshteyn, Ryzhik 2007, [17] pg. 842
7.724).
This concludes the derivations of Appendix A.

9 Appendix B: The Direct Integration

The direct integration is given by

Fpep(x) = f_xoo frep (£)dt (80)
where fpcp(x) is given by (53).

Since the function is symmetric around x = b then we

have to take advantage of the symmetry and not compute the
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entire integral.
f_xoo frep(B)dt = f;;_xfpcp(t)dt x<bh
Fpep (x) = 0.5 x=b (81)
1- fx frep (B)dt x=b

Hence, it only makes sense to compute the following integral
F'(0) = [ feeo(®)dt; x 2 b >0 (82)

Substituting (53) into (82) and after some elementary algebra

like changing the order of summation and integration we have

\ 95 IH0)
leg:_()lHk(N):' ;o e_OTV(p,v)+e_1TV(p,w) dt
’ _ ak2"2
Freo 0= 23(1\]2+1)3_¥ag;Ta:ZN—1Hk(N)n!D ( 2a ) (83)
S0 RPk-N
“ 0akzk3_§ Va2
It remains to solve two integrals,
2
o g;(@® ()
r_ - i C =
Fr=f7e v (p ) de i = {01}
ARG
gor 1|2
© - 2
R
= » ; 1={0,1} (84)
@ |zT1 2o
o GO VIV 2|2
—f e 2 —————dt
* 271r(-%)
which then produces four integrals,
gw [P 2
f;oe_lT1F1[ i —Ciz(t)]dt
Fo () = i Li=1{0,1) (85)
T)
% 9i® 2] 2
V2 [ e 27 R (%, |——lat
Fii'(x) = A ; 1=1{01} (86)
o(-5)
If we make the substitution
_ o 2a®+(Dbe it
Ci(t) =y = 2ac? ( 1) 2a’ L= {0:1} (87)
Then we have
. d . 1)+l
dy = (D"t 92y > |5 (88)

where y; is the value of y corresponding to the subscript i.
If we make the substitution, y, then the g;(t) becomes
2

1 [ﬁ(x—m T - 4_“)2 (89)

2 2a V3c? 2 3c2

We substitute (87)-(89) into (85) we have
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2
4a
3(y-2a
(-1)it1leo — (y 3c2) A
zafyi e 2 1F1

ng'(x) =

(_1)i+11-(1_Tp) (90)

Next, we expand the exponent of the exponential function as

follows:
3(-15)°
Y32 3 4a
TgZE Z—C—2y+a2 91)
where
a, =8x371g%c™* (92)
We substitute (91) into (90) we have
i 4a p+1
2ae™%2 f( v +1°°e_7y ez’ Fl[ i _yZ_Z dy
Foi' (x) = : 93)

o)

Next, we perform the series expansion of the confluent
hypergeometric function and of the exponential function with

the y exponent we obtain

(p+1) - 1)m22rary2m+r
M 2T

2 /m
(7)mm'r' ~

(-1)itleaz F(lg—p)

i 3
(~D*leo 352 o
2a fyi e 2 Ymr=0

Foi,(x)

p+1\ . m22Ta” )
( 2 )m( D e (—1)l+1°°yzm+r

(%)mm!r! Vi

(-1)itleaz F(lz—p)

_3y2
2a 359 r=0 e 2" dy

ZZTaT
2a 32 05— Czr f( Ditte y re’ dy
= a 1)l+1ea21"(12p) (94)
Finally, it remains to solve the integral
1o _3
Go' () = [y ay (95)
Next, we make the substitution
m' = 2m + r, a positive integer; @ = % >0 96)
Then we have
( 1)l+1 mr —lly
Goi' () = [, y dy ©7)

Next, we make the substitution for the integral in (97) we

have

(1)+1 0
dy; ¥y = |y, ,=>Z—>I,4yiz>0

z=py*; 5 ff (98)

(- 1)Tfy2z2 Ze Zdz

GOL (x) - -

2 99)

where
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2a%+bc? _ by x
Yo = ( 2acz Z) T2 (100)
2a?-bc? | «x
="z st (101)
q=""+ (102)
Finally, we obtain
TeaN _u_mT_ll(—l)rl"(q)+V(q.X3) xzb
Goo (%) = . (103)
m'_, N
Goy'(x) = L2 Hr(a%e) 2 (104)
where
2
xs =28 (105)
2
Xg = 3% (106)
Substituting (103) and (104) into (94) we have
PFL) (4 )mzz 57;ar
Ymr= 0( : )) (-1 T(Q)+y(q.x3) x=b
r 2 m3 2 mir!
Foo = 2_1a_1\/€ea21,(1—7p) (107)
e
2a¥mr=0 A " |r(@)-v(q.xs) x=b
F B _ (E)mS 2 m!r! (108)
8 e ()
Next, we can write the gamma function as follows:
1
r j+ = =2j
(@) =T(m+l+3)= ‘ (m+i+3) r=2j
22 Tm+j+1) r=2j+1
1 1 )
_6),.,r@) =¥ (109)
(D TA) 7=2j+1
Next, we write the function Fy;"" as follows
- P ¥ T
"no_ 2-1g-1 /15 (—1)_iazlc_2
FOi - eazl"(l_Tp) (110)
Where
g = -3 (111)

The above formula (110) can be written with the help of the
Kampé de Fériet function (or double hypergeometric series)
[12]-[14] as follows
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1p+1 p+i_
2aVm_1:150(27 2 00 2
V6 F0=1:1[ 11 aaz|=(- Diage? Fo11 13 %142
7 22 2’2
Fyi" = (112)

ceer ()

Next, we can write the lower incomplete gamma function
based on the expansion (Gradshteyn, Ryzhik 2007, [17] pg. 899
8.35 8.351 2.) as follows:

e-x3yeo _Wn x4
n=0(g+1)p n!

¥(q,x3) = (113)

q

Next, the Pochhammer symbol [25], in the summation of the

incomplete gamma function, can be written as:

3
(E)3m+)'+n r= 2]-
@+, = G (114)
(2)m+j+n _ .
—(2)m+j r=2j+1

Next, the parameter g can be written with the help of the

Pochhammer function [25] as follows:

m+3) (m+2 S
PR
q= 2/j 2/m+j (115)
L mA2) i) @may
m+j+1= mtD); - mes r=2j+1

Next, substituting (114) and (115) into (113) we obtain for

r=2j
(%)m+ jx;I Z;.?:O(3)(1)*)§;l
Zmijin
v(q,x3) = 2 o (116)
and forr =2j+1
Wn %
W23 Zimozy, ot
v(q,x3) = e (117)
Next, we write the function Fyq as follows
Jj
o O PO
S RN
2/m+j+n\2/m\2/j
p+1 )2}
sz2 Z:.ri.]"n=0(1)m+]( ) o WEI 1‘2 n3',
Fop = Dt jn(2)n(3); (118)
o D
where
_ -8
X1 = r (1 19)
2,,2
X 4“C4y° (120)
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Equation (155) can be written efficiently by the help of the
Srivastava’s Triple Hypergeometric Series F®)[x,y,z] (see
Appendix E of Progri (2019, [14]) as follows

_l__pHi_ SR L= N
3 oL S A Y
F(3) 11 X1X2,X3 F(3) 5 13 X1,X2,X3
25T ST T T
~1,.-1.-1 =1 —
F R P (121)
00 — ea2+x3r(1_p)
2

Finally, the functions Fyo'(x) and Fy;'(x) can be written as

follows
Foo'(x) = Foo"" + Foo(x) (122)
Fo1'(x) = Foy"" — Fo1 () (123)
where
_.l_._p+1_ . I 2 &
F(3) 32 ' 31' '1'x4,x5,x6 F(3) S 53' 1x4,x5,x6
i o o
_ 27 a" 'y, Xg'c
For = ea2+x61_(1;_p) (124)
_ -y}
X4 = T (125)
4 2.,,2
s = % (126)
Similarly, if we substitute (87)-(89) into (86) we have
; s(r-24)
2V2a f}gi_l) Teye T 3R 2:1 _yZ_Z ay
’ _ 2
Fy'(x) = (D) (127)
We substitute (91) into (127) we have
i 4a |4
zﬁae—az f}(,l_l) +1ooye_%yzeczy1F1 2:1 _yz_z dy
F'(x) = : (128)

D

Next, we perform the series expansion of the confluent
hypergeometric function and of the exponential function with

the y exponent we obtain

) zzrarynr
e e
5) mlir!
Fy'(x) = . Zm
1i (x) (—1)‘ea21"(—§)
P, m2%Ta
zﬁazmﬁo—(_ )('3; - chzr y( e ynre 2y
4 2) mir! i
= m > (129)
e
where
m"” = 2m 4+ r + 1, a positive integer (130)
Finally, it remains to solve the integral
3,2
G/ () = [Ty e ay (131)
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Since, the remaining integral is already solved then we have

@)q|(‘1)rr(q’)+y(q',x3) x=b

Glol(x) = - 7 (132)
2\
’ <) IT@)-v(qrxe) x=b
Gy’ (x) = &) — (133)
Where
’ r 1
q =m+5+1=q+5 (134)

Finally, substituting in (132), (133), into (129) yields

(R+1) (_1)mﬂ|(_1)rr( N+y(qrx3) >b
2 m 34 2T q+y(q'x3) x=

4a Zﬁ,r:o

(3) mlr!
Fuo' = -5 (135)
Veeazr(-2)
2.5
) (gﬂ)m(_l)mzq;‘i’r'F(q’)—Y(q"xs) x=zb
_4a2m,r:0 (E) mlir!
Fu' = = (136)

)

We can write the gamma function as follows:
Im+j+1) r = 2j

F(q’)zl"(m+§+1>= F(m+j+§) r=2j+1

W FQ)  7=2
()., rG) r=2+1 (437

The above formula can be written with the help of the Kampé

de Fériet function (or double hypergeometric series) [12]-[14]

as follows
P ; 3Piq.—
_aa 10| T2t (-Dlazv 1:150|272 11
avzont| 31 SSt T ETlonn | s G
F o 2’2 ‘2’2’ /138
1i e“ZF(—B) \ )

Next, we can write the lower incomplete gamma function
based on the expansion (Gradshteyn, Ryzhik 2007, [17] pg. 899
8.35 8.351 2.) as follows:

(LUn_ x5

(@'+1)nn! (139)

r
x3 e IR,

¥(q x5) ==

q’

Next, the Pochhammer symbol [25] in the summation of the

incomplete gamma function can be written as:

(2)m+j+n _ .
—(2)m+j r=2j
! — |5
@+Da=|e) . . | (140)
- r=2j+1
e

Next, the parameter ¢’ can be written with the help of the

Pochhammer symbol [25] as follows:
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(m+2);(m+1) _ (Dms;

Mt = T ey Y
q = (m+d) (m+3)  (3)_ . (141)
. .3 2/ 2 2)m+j 3 .
m+j+-= = = r=2j+1
N G A O

Next, substituting (140) and (141) into (139) we obtain for
r=2j
(Wn__ %

W+ %3 Lo

v(q',x;) = e (142)

andforr=2j+1

(3) 9y __(Wn x3
2m+jx3 n=05 n!

’ (_)m j+n
y(qx;) =2 e (143)

Next, we write the function F,, as follows
p i)l
D (5+1) , On3h )
3 1
@Dmjin(3),(2);

m,J . n
23547, (3 B+ 1) O ot

Y T e
¢ 0TI D) a3

()

2
\/EQYO Z:z,j_n=0

T].O = (144)

Equation (180) can be written efficiently by the help of the
Srivastava’s Triple Hypergeometric Series F®[x,y,z] (see
Appendix E of Progri (2019, [14]) as follows

—:—:E+1;—;1;

- - p
—i1; —uS——ie ;-1
; > ot
F(3) 31 X1,X2,X3 F(3) 5 33 X1,%2,X3
TR 2T T
2-054-1y-2 3c22735a-2y,3

(145)

e

Finally, the functions F;,'(x) and F;;'(x) can be written as

follows

Flol(x) = F10” +|Fio(x) x=b (146)
F11’(x) = F11” —|Fi1(x) x=b (147)
where

et Pa s N
PO | FO) T s
o - TN RS s s a0

?11 — -2 a"ly7 —3c?%2 a”2yy (148)

(D

Combining (122) with (146) and (123) with (147) into (84)
we obtain
Fo’ = Foo” + Fw” + |Foo(x) + F1o(x) x=b (149)
F,'=Fy" +F;" = |Fo1(x) + F11(x) x=b (150)

Substituting (149) and (150) into (82) yields,
F'(x) = Fy'(x) + F,'(x)
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3 F()()”+F10”

_ Foo(x) + Fio(x) x=b (151
F01I/ + Fllll

—For(x) — Fy1(x) -

It is particularly important to mention here that in (151) the
function F'(x) requires the computation of eight Kampé de
Fériet function (or double hypergeometric series) [12]-[14] and
eight Srivastava’s Triple Hypergeometric Series F®[x,y, z]
(see Appendix E of Progri (2019, [14]); i.e., it is the most
computationally laborious function that I have ever come
across with.

Next, substituting (151) into (81) we obtain

SO )
aka"2
3(N+1) N —a? -

N = _41 Hp(N) 2a
SO g,
akzk3™2

Fpep'(x) = (152)

We have arrived at a rather unique expression of the direct
integration. Since the direct integration is computationally
particularly laborious; hence, we should a special case in the
following appendix to see how the computation of (151) is

reduced to less computationally laborious functions.

10 Appendix C: The Direct Integration of a
Special Case

The direct integration of a special case is performed here.

For this special case we have

a=Lb=LN=1=c=1 (153)
From (107) we have
1-141 P
R = 77 —
=

ewer ()

. 1
2T a -(= 1)la2F[§. a

SR e ()] s

From (121) and (124) we obtain the simplified functions Fyq

and F,, respectively as follows

1. -i+1 . 41 -1+l .
>y oL #1; 5 oL
F(3) 11 X1,X2,X3 F(3) 13 X1,X2,X3
24T T 23— i
T _ Za—lyal x;lc—z
00 ez +x3 1,(1—(—1))
2
1 —1:1;
0:0;1 T 2-0:1;1 T
2y0Fy.050 [i. _.X2,X3 +4YOF1;1;0[ 3._.X2.X3
2T H

(155)

27
-1 —11;
0:0;1 e 0:1;1 e
2y1Fi:00 [3 _.X5Xe +4y%F1:1;0 [ 3._.X5%Xe
Fop = - (156)
e3 *6
From (138) we obtain
1.1. : 3.1.
4 _1:150] 72 (-1)'svm 1:1;0(22"
3ot 31% a2]+ 33 fo1| 334002
" 2’2 2’2
Fy; cazr (D) (157)
2

From (145) and (148) we obtain we obtain simplified

functions F;, and F;; respectively as follows

SO N ST S
F®3) g 1 X1.X2,X3 F3® 5 2 §3 X1,xz,X3:|
2i—;— —15;5;—2 28T
205y~ 3x2—35y
F.nlx) = 0 0 158
10( ) e“2+x3r(l) ( )
2
3) #1 3 ; 3) —=:%;— —:%:—;1:
F . 31 X4X5X6 F 5. 33 X4X5%6
2ii—;— —:E;f;—;z E..—;—-—:i;i'—'
205~ —3x2-35y
Fii(x) = 1 1 159
11( ) e"-2+x61"(%) ( )

We obtain tremendous savings in this computation of the
function, F'(x), (151) because four Kampé de Fériet function
(or double hypergeometric series) [12]-[14] are reduced in two
error functions and four Srivastava’s Triple Hypergeometric
Series F®[x,y,z] (see Appendix E of Progri (2019, [14]) are
reduced into four Kampé de Fériet function (or double
hypergeometric series) [12]-[14].

Because this is such as important topic further investigation
of the special cases on the GPCF cdf will be produced in a
separate publication.

This concludes the derivations of Appendix C.

11 Appendix D: Verification of the Singularity
Points of the GPCF CDF

In this appendix we perform the verification of the singularity
points of the GPCF cdf.

First, when x — +oco we have from (87) we have

2 _ (2a?+bc? _x 2
Yo = ( 2ac? 2a> =+ (160)
2—(ﬂ+i>2_>+oo 161
yi= 2ac? 2a ( )

Substituting into (160) and (161) into (151) we obtain
F'(x > o) = Fy'(x > ) + F,"(x - )
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_ |Foo" + Fio” Foo(x = ©) + Fio(x - o0)
Foi" + F"  1=Fp1(x » ) = Fy;(x - o)

= [foo o _fFoo” FFo”_ (162)
Foi " + Fyy Foi " + Fyy

Second, when x — —oo from the symmetry property (81)
we have exactly the same answer.

It only remains to verify the value for x = b. From (160) and
(161) we have

2
=% (163)
2 2% _ 2
Y1=Z2=X (164)

F(x=b)=F/(x=b)+F,/'(x=»b)

B F00//+F10N
F01II + Fllll

Foolx = b) — Fo1(x = b)
+F10(x = b) — Fy1(x = b)

It only remains to verify that if we substitute (165) into (83)

we obtain
i )
1(b) _ k"2 _
Foep = R a =0.5 (166)

-5 S A wN-1 Hk(N)n! 2a
3 2ae3c Zk=o—ka—N(@)
akzk3™2

27 2

Because this is such as important topic further investigation
of the special cases and special points of the GPCF cdf will be
produced in a separate publication.

This concludes the derivations of Appendix D.

12 Appendix E: Integrals of the Product of the
Error Function Exponential
Function

with an

In this appendix we perform the analytical derivation of an
important class of integrals of the product of the error function

with an exponential function as follows:

fab d(az + B)e~@z+B) gz (167)
If we assume that &’ # a and B’ # B then if we make the

substitution

ab+p
aa+pf

y=az+f;dy=adz;z- |2 2 y-| (168)

Hence, the integral (167) becomes
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b/ [ Eey-prepr]
fb d(az+p) dz = S @Oe La dy

a e(arz+pn? - a (169)
where
a =aa+p (170)
b=ab+p (171)
Next, we observe the exponent
a [ r_w
=B+ =_y+B-_8B (172)
g =%
a=— (173)
F=p-3F (174)
D o (yye=(@v+B)”

fb ®(az+p) dz = S @Oe dy (175)

a e(a’Z+B’)2 a

Next, we utilize the series expansion of the error function

2 ) o €Y 2k+1
PO) = e Xy (176)
2/k
Next, we perform the expansion of the exponent
(&y + B)° = a*y* + 2aBy + B* (177)

Hence, the product of two exponential functions will be

~ =2 = ~
e_(ay+:8) e_yz — e_y”yze_zaﬁye_ﬁz

(178)

where
a’"=a*+1 (179)
B’ = p* (180)

Next, employing the series expansion of the exponential

function we expand the exponential function that has the y? as

follows:
" nm, am
eV = T (-)m =2 (181)
Next, substituting (176)-(181) into (175) we obtain:
o (1)k(—1)ma”mf£,’ y2k+2m+1,-28By gy
b d(az+p) Hhm=o(3) wim!
az _ 2)k
Jo Caragmz 47 = T (182)
If we assume that a’ > 0 and b’ > 0 and if we set
n = 2k + 2m + 1, a positive integer (183)
u=2ap; Reu >0 (184)

then we have
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[ yremvdy = [V yre i dy — [V yte H dy (185)

Next, from (Gradshteyn, Ryzhik 2007, [17] pg. 340 3.35
3.351 1.) we obtain:

br _ (n+1,ubr)—y(n+1,uar)
J Y dy = FEEE e (186)
Finally., substituting (186) into (182) yields,
™M™ y(m+Lubn—y(n+1uan)
2 DEmeai
[ (s fom! (187)
a elarz+pn? \/Eeﬁnza \
Let us consider a special case when
a=0,b=;a=1,=0 (188)
Then we have
a=aa+B=0 (189)
b'=ab+p =m (190)
=M (2kr2me1)!
S
® P(z)e~ @B gz = 2 — 191
fg ( ) \/Ee[’)”zy,z ( )

From the properties of the gamma function (Gradshteyn,
Ryzhik 2007, [17] pg. 896 8.335 1. [doubling formula]) we

have

" The parabolic cylinder functions are a class of functions sometimes called
Weber functions. There are a number of slightly different definitions in use by
various authors [9]. The credit for introducing this function in the “Indoor
adaptive GNSS signal acquisition. Part 1: theory and simulations” paper (see
Progri et al. 2016, [15], [16]) goes to my co-author P. Huang since 2010 or early
2011. The credit for actually naming the function and performing the
computations and the research goes to Dr. Progri since January of 2016. The
PCFs are used to compute the PCFDs which are a special class of a multivariate
Gaussian distribution. In this paper we will only show that PCFDs produces
valid pdfs. We will neither show how to compute the main statistics nor will we
show how to compute the closed form expression of the PCFDs cdf and later
its inverse. The computation of the PCFDs pdf was performed using the
MATLAB toolbox developed by Cojocaru [10] in January 2009. As far as I

29
22W=1r) T w+t
(2k + 2m + 1)1 = F(2w) = o reor(w+3) (192)
Vr
Substituting (229) into (228) we obtain
(—1)ma"m22k22mr‘(w)r(w+%)
o) 42?’"20%16 b
[oe] Z _ 2 k
fo o(arz+pn? dz = weB!" % 2 (193)
It remains to write the following gamma functions
Fw) =k +m)! = (Dgsm (194)
1 1 1
rw+3) =076 (195)

Finally, substituting (231) and (232) into (230) we obtain

eennlis) (5)"
o  Orrm(3) e m®elz) (T2

k,m=0 3 k! 1
G i "
0 larz+pn? 4-1ymeB'" 2

(196)

The above formula can be written with the help of the Kampé

de Fériet function (or double hypergeometric series) [12]-[14]

as follows
_B”Z 2:1;0 1%:1;_;22 —22q'!
@(2) PR B Ry
[oe] Z _ 4 _'E'_’
fo elarz+pn? dz = N e (197)

This concludes the derivations of Appendix E.

can tell the PCFDs are introduced for the first time in the navigation community
and as of January 2016 there were only four papers [5]-[8] that had discussion
on parabolic cylinder functions in the IEEE Xplore; hence, Progri et al. 2016
[15], [16] presented a unique opportunity to introduce and discuss the PCFDs
in a navigation related topic namely adaptive GPS signal detection based on
DCAC.

" Typically the material in Appendix B belongs to this section; however, since
the material is so mathematically laborious; i.e., it is extremely hard to follow
the material and since the level of computation is so difficult it is best to keep
it in the appendix where it belongs.
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