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The computation of the confluent hypergeometric function irregular singularities is performed in this paper. It is
determined that the irregular singularities of the confluent hypergeometric function are exactly the same as those of
the exponential function. The computation of the confluent hypergeometric function is performed by the Gauss power
series expansion and by the incomplete Gamma function expansion. In both cases the computation of the confluent
hypergeometric function irregular singularities results in identical analytical and numerical results. I strongly
recommend that MATLAB modify the sypergeom and enable the correct computation of the irregular singularities of
the confluent hypergeometric function.

Index Terms—Confluent hypergeometric functions, irregular singularities, incomplete Gamma function, Gauss power

series, binomial expansion, L’Hopital’s rule, special cases, derivative, Bessel function.

1 Introduction

In this paper, the computation of irregular singularities of the
confluent hypergeometric function [1] is performed. The
confluent hypergeometric function [1] is a special case of the
hypergeometric function [2] which is a special case of the
generalized hypergeometric function [3].

Since, the incomplete gamma function [4] is a special case of
the confluent hypergeometric function [1], and since the
irregular singularities of the incomplete gamma function are

already determined, one thinks that the irregular singularities of

the confluent hypergeometric function should be determined also.

The question is how did I come across this need to compute

the irregular singularities of the confluent hypergeometric
function?

I needed to compute the statistics of a new distribution model
called the efficient computation of the generalized parabolic
cylinder function distribution [5]. As I was working on the
computation of the special cases of the generalized parabolic
cylinder function distribution, I came across a very peculiar
problem such that MATLAB [6] would give a not a number
(NaN) on the computation of the irregular singularities of the
confluent hypergeometric function [1].

It became clear to me that [ needed to discuss this as a separate

journal paper rather than as an appendix to an already laborious

Masterpiece marvels in analytical derivations and numerical computation series



journal paper.

The work discussed in this paper is entirely original, novel,
and innovative. It is not based on any similar work presented in
the literature. As such this work falls into the masterpiece
marvels in analytical derivations and numerical computation
series.

The main theme in this paper was also motivated by the
ingenuity in discussing several methods such as the computation
of the derivative and of the maneuvering of a previous journal
paper on hypergeometric function partial derivatives [7].

The methods of the derivative and of the maneuvering
discussed in this paper appear to be particularly useful during the
computation of probability density functions (pdfs), or
cumulative distribution functions (cdfs), or their statistics based
on methods discussed in Progri 2021 [5].

This paper also makes use of a unique expansion of the
confluent hypergeometric functions, M, via the incomplete
gamma function by Muller, (2001, [8]).

After completing this investigation, I strongly recommend that
MATLAB modify the hypergeom and enable the correct
computation of the irregular singularities of the confluent
hypergeometric function for the values of the parameters
discussed in Sect. 2.

This paper is organized as follows: in Sect. 2, the definition of
the irregular singularities of the confluent hypergeometric
function is presented. In Sect. 3, the computation via the Gauss
Power Series is discussed. Section 4 contains the computation of
irregular singularities via the incomplete Gamma function
expansion. In Sect. 5, the discussion of the computation of the
special cases is treated. In Sect. 6 numerical MATLAB examples
are considered. Conclusion is provided in Sect. 7 along

acknowledgment and with a list of references.

2 Definition of Irregular Singularities

The computation of the confluent hypergeometric function
irregular singularities is especially important because it enables
to fill in a hole in the computation of the confluent
hypergeometric function [1]. As of 2021, MATLAB [6] has
almost no confidence in the computation of the irregular
singularities of the confluent hypergeometric function [1].

Before, I discuss the computation of the irregular singularities
of the confluent hypergeometric function [1] let us consider the
formulation of the problem, which is the notation that is being
used and the condition of the parameters.

Letting M denote a confluent hypergeometric function [1]
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There are applications that require the computation of the
irregular singularities with respect to z and then their evaluation

at z - too; i€,
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The immediate questions are: What will these singularities
look like? How do we compute something like these?

Although there exists a short list of identities for particular
values of a(t), b(t), z [1]in general there is no expression that
shows how the computation of the irregular singularities of the
M should be computationally and numerically determined with
the help of other functions, leaving a “hole” in the computation
of (2) in MATLAB.

Initially, let us compute the special cases solution for a(t) =
b(t) # 0 z - oo and then approach the most general case.

First, for z > —0

. a(t); a(t); — ,(zo-0) _
Jm M| oo, A =m; (t),Z*“”]:e( =0 @
Second, for z — oo

T R

There are two general cases we should consider for the
computation of the irregular singularities of the confluent
hypergeometric function M: (1) when a(t) > b(t) > 0 and (2)
when b(t) > a(t) > 0. Of particular interests are the cases
when a(t), or b(t), or b(t) — a(t) are integers.

The cases when (3) a(t) < b(t) <0 or (4) b(t) < a(t) <
0 or (5 a(t) <0<b(t) or (6) b(t) <0< a(t)are not
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considered in this paper but we may consider them in a future
publication.
This

hypergeometric function M irregular singularities at z — too.

concludes the definition of the confluent
Next, we discuss the computation of these singularities via the

Gauss power series.

3  Computation via Gauss Power Series

The confluent hypergeometric function M [1] was first
introduced by Kummer (1837, [1], [9]), also known as the
confluent hypergeometric function of the first kind, is a special
case of the generalized hypergeometric function [2], [3]. In
Progri (2016, pg. 65-67, [7]), we have already shown that
hypergeometric function is also represented via Gauss power
series, since, Gauss was the first to have systematically studied
its series representation in 1813 [2] and we have shown that in
fact Gauss power series is nothing more that the Binomial
expansion (Arfken and Weber, 1995, pg. 317, [10]).

For this reason, let us employ Gauss definition of the confluent

hypergeometric function M for |z| < oo as follows [7]

M 5] = B ©)
Equation (6) can be written as
M [hor] = e
= T et
=L e e et @

where [a(t)],
Pochhammer symbol [11].
When a(t) > b(t) >0 and —oco < z < 0 corresponds to

and [b(t)], are defined as the rising factorial or

the case of overdamped response in control system theory or
linear circuit analysis or electromagnetic wave theory or

quantum mechanics etc. from (7) we have

az z

PETRY ®)
ala+1) z%2 _ z?2

b(b+1) 2! > €C))

3 3
a(a+1)(a+2)z_ < z> (10)

b(b+1)(b+2) 3! 3!

If we were to add (8) through (10) side by side and then apply

the total induction theorem, we would get:

a(t); z  z2  Z3
M[b(t);z] s 1+§+;+§+'“

=e? —0<z<0

Where the symbol s

(11)
implies that for same values of z the
confluent hypergeometric function, M, is greater than the
exponential function, exp(z), and for some other the former it is
smaller than the latter; i.e., it is implied that the confluent
hypergeometric function, M, oscillates or waves or swings
around the exponential function, exp(z).

For this case, the proof that the confluent hypergeometric
function, M, converges to zero when z — —oo is rather unique.

For this case we use Kummer’s first transformation as follows:

-0
If b(t) — a(t) = —m, where m is a positive integer then (12)
is reduced to the computation of the product of e* with a
polynomial as follows:
m-n(M\_n
M [s] = o mre )

If we take the limit as z — —oo and apply L’Hopital’s rule [12]
of (13) we obtain

-

n

3 z m
lim e* Y™, CON

Z——00

_ym () tim et
n=0 (b (t))n

If b(t)—a(t) =c(t) <0=#—m where m is a positive

=0 (19

integer, then the expansion of the M via the incomplete gamma
function should be used instead as given in Sect. 4.

When a(t) > b(t) » 1 >0 and —o0 < z < 0 corresponds
to the case of overdamped response in control system theory or
linear circuit analysis or electromagnetic wave theory or

quantum mechanics etc. from (12) we have

b—a (— 1
IR TR TR (15)
(b-a)(b—a+1) (-2)? 1x1 (-2)%2 _ (-2)?
b(b+1) 21 b(b+1) 2! 21 (16)
(b-a)(b—a+1)(b—a+2) (-2)3 1x1x2 (23 _ (-2)3 17
b(b+1)(b+2) 3! b(b+1)(b+2) 3! 3!

If we were to add (15) through (17) side by side and then apply

the total induction theorem, we would get:

b(t) —a(t); _ 1(-z) | 1x1 (-2)
M b(t); ] I+ Yo 2
1;
=405, 7]
(b-1)y(b—1,-2z)e™ %
= (-1 (18)

Hence, if we take the limit as z - —oo we obtain,

a(t);
b(t);

. (b-1)y(b-1,—z)e %
lim M Z] < ezw

Z——00



. (b-1)y(b-1,-2z) _
Jim S < o
T (b—-1)r(b-1)
- zl—l>r—noo (-z)(b-1)

=0

= F(b) lim m

Zo— 00(

=0 (19)

In fact this limit goes to zero as z = —oo.

If we take the derivative of M with respect to z we obtain the

following:
a(t);
dM[b(t);Z a  a(@+) z  a(a+1)(a+2) z2
=—-+4 —_ —_
dz b ' b(b+1) 1! b(b+1)(b+2) 2!
_a (a+1)£ (a+1)(a+2)£
b [1 + (b+1) 1! (b+1)(b+2) 2! ]
a(t) +1;
20
b(o) + 1,7 (20)

If we were to compare and contrast (20) with the derivative of
the exponential function which is also an exponential function,
we get more insight about the nature of the exponential function
and of the confluent hypergeometric function, M.

For the exponential function and for its derivative we get that

as Z > —0

de?
lim —
Z—>—00 dz

lim e? = =0

Z——00

2D

both the exponential function and its derivative decrease by the
same amount and stop decreasing as z — —oo.

In the case of the confluent hypergeometric function, M,
although its derivative, M', is not exactly the same as the
function itself but it is of the same nature as the function, M,
meaning that as the function deceases as z — —oo so does its
derivative.

Although a more formal proof may be necessary to convince
the sceptics, for this case, if we were to take the limit (4) we

would get:

a(t) ] S

b( ); (22)

When a(t) > b(t) > 0 and then z > 0 then from (7) we

have

az _ z
a(a+1) z2 z2

b 2 2 (24)
a(a+D)(a+2)z3 23 (25)

b(b+1)(b+2) 3! 3!

If we were to add (23) through (25) side by side and then apply

the total induction theorem, we would get:

a(t); ] z  z?  2z3
M[b(t);z > 1+1!+2! tat
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=ef 0<z< o

(26)

For this case if we were to take the limit (5) we would get

(t ;Z] > e(z—»+oo) = o0 (27)

. a
zl—l»Ernoo M [b(tg ;

The derivative argument could have been used and we would
have arrived at exactly the same result as in (27).

Since, we have determined that the irregular singularities the
confluent hypergeometric function, M, for a(t) > b(t) > 0; it
remains to do the same when b(t) > a(t) > 0.

When b(t) >a(t) >0 and —oco <z <0 corresponds to
the case of underdamped response; hence,

a(t);
b(t);

However, if w we take the limit when z - —oo then we have

M[ Z]>ez, —00<z<0 (28)
the same result as in (16).

What happens when b(t) >a(t) >0 and 0 <z< o
corresponds to the case of a late response, i.e., the response
grows behind the natural response. However, since we are
interested in the value of the confluent hypergeometric function,
M, as z - +oo, we will use the method of the derivative to arrive
at the desired result.

If we compare and contrast (20) with the derivative of the
natural logarithm function, dlnz/dz = 1/z; it is clear that as

z = +oo the following is true:

a(t);
aM [b(t)

dz

a(t) +1
b(t) + 1;

Since the derivative of the confluent hypergeometric function,

]—»oo>> 1/z-0 (29)

M’, grows much faster than the derivative of the natural
logarithm function, 1/z; hence, at some point in the z domain
M will surpass and leave the Inz behind as illustrated in the

numerical example section; therefore, the following will hold:

. a(t); ] _
Zl_ljran [b(t);z »Inz =0 (30)
We have analytically demonstrated that the irregular

singularity points of the confluent hypergeometric function, M,
are exactly the same as those of the exponential function for the
values of the parameters discussed in Sect. 2. In the numerical
examples section, we illustrate the physical interpretation of the

confluent hypergeometric function, M.

4 Computation via the Incomplete Gamma
function

The expansion of the confluent hypergeometric functions, M,
via the incomplete gamma function [4] is not listed in the Tables

of Integrals, Products, and Series [13], [14]. I have found,
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however, a unique expansion of the confluent hypergeometric
functions, M, via the incomplete gamma function by Muller,
(2001, [8]).

According to Muller, (2001, [8]) when b(t) > a(t) > 0,
[a(t) # Integeri] and z > 0 the following holds,

[l =

Not only is the Muller expansion, (2001, [8]), important but

4 T(p)z~ (b= (1-a) y(k+b—a,z)
[(a)[(b-a) “k=0 2k k!

31)

there are several special cases that can be derived from the
Muller expansion, (2001, [8]).
Before we can discuss the special cases, we exploit the

Pochhammer (or the rising factorial) term [11] in (31) as follows:

1, k=0
(1_a)k=|(1—a)(2—a)"‘(k_a): k+0
k=0 32
|H 1(l—a) k+0 ( )

Clearly, if we set the left-hand side of (32) equal to zero we
get

l-a)y=0=a=i,Vie{l2, -k} (33)

Therefore, when a(t) is a positive integer corresponds to a

zero in the Pochhammer (or the rising factorial) term [11] in (31)

that needs to be eliminated before we can perform the

computation of the confluent hypergeometric function M via in

(31) using maneuvering as beautifully illustrated in Progri 2016

[7], to eliminate the singularities for a(t) =i, Vi € {1,2,--- k}.

It turns out that this is a recursive process; i.e., the solution

obtained for a(t) = 1 will be applied to the solution obtained

for a(t) = 2, and so on and so forth. The detailed algorithm for
this especially important computation is given below:

1. Let us start to obtain the solution when a(t) = 1. Equation
(31) cannot be used directly for a(t) = 1 because it will
lead to a singularity. We can rewrite (31) using
maneuvering, as beautifully illustrated in Progri 2016 [7], to
eliminate the singularity for a(t) = 1 as follows:

(1-a) Z?:lr(l_z+k)Y(k+}lzz_a'Z)
I'(b)|y(b-a,z)+ To—®

] (34)

[on] =

Next, we substitute a(t) =1 in (34) then the following

z(b=@)e=21(q)I(b—a)

yields,
1; — e? 1-b y(b 1,7)
M[b(t); ] rb)z " Ty
=e’T(b)z'PP(b — 1,2);
= M, [b(t), z]%; b(t) >1 (35)
where:
M;[b(t),z] = e*T(b)zEPP(b —i,z2) (36)

If we were to employ b =s+1 in (36) then we get an
identical expression in [4] (see Connection with Kummer's
confluent hypergeometric function).

Similarly, to obtain the expression when a(t) = 2 we have
to manipulate (34) to enable maneuvering as follows:

[ y-an+a-afiti=ed

- |
F(b)[ (1-a)(2-a) Z?zzr(l_g+k)Y(k+]l:1_a'Z)

a(t) 1"(3—;)
M[b(t) ] z(b—a)g—zr(a)r(b_a) (37)
Next, we substitute a(t) =2 in (37) then the following
yields,
M 2; Z :r(b)[_y(b:z,z)_@]
b(t); z(0=2e=2r(2)r(b-2)

—1 (b=2)y(b-1,2)
r(b-1)

= e*1\(b)z > {220~

P(b-2,z)

_ -2, (b-2)P(b-1,z)
= e’T(b) [Spar -

2D

__ e’I(b)P(b-2,2) _
- 2(b-2)

(b—2)e?T(b)P(b-1,2)
Z2(0-1)

= SHOXED - 2M [ 7]
= M,[b(t),z] — (b — 2)M,[b(2), 2] (38)
If (36) was already published in [4], I have not seen (38)
published anywhere else. Moreover, (38) is computed
recursively as stated earlier.
Similarly, to obtain the expression when a(t) = 3 we have

to manipulate (34) to enable maneuvering as follows:

|' y(b- az)+(1—a)y(1+b—a,z) -|
(1 a)(2-a)y(2+b-a,z)
r'(b) z2 2!
(1-a)(2-a)(3— a)2°° W
a(t); ' T
M [b(t) ] z(0=De=2r(a)T(b—a) (39)
Next, we substitute a(t) =3 in (39) then the following
yields,
2y(b-2,2) , y(b—1,2)
ul 3, I
b(t); 2(=3)e~2r(3)r(b-3)
()] [y(b—S,z) _v(b-22) y(b-1,2)
T zW0-3)e-z [21(h-3)  2[(b-3) @ z22@(b-3)
|P(b-3,2) _ ®-3)P(b-2,2)
—_TI® | 2 z
T 2(b=3)p-z n (b—2)(b—3)P(b-1,2)

z22

1 r(b)P(b-3,z) _ (b=3)r'(b)P(b-2,z)

|2 z(b=3) e~z z(b=2) o~z
- n (b-2)(b—3) T(b)P(b—1,2)
2 z(b=1e~2



mslb©2] _ )
2

(b-2)(b-3)
2

DM [b(O),7]
My [b(©),7]

Equation (40) is computed recursively. Moreover, I have not

(40)

seen it published anywhere else.
Similarly, to obtain the expression when a(t) =n = N, and

b(t) > a(t) we have to exploit maneuvering to manipulate (40)

as follows:
[ y-apsloariben
| (1 a)(2— a)y(2+b a,z) |
)| 2 2 I
(1=a)~(n— a)Eoo I‘(l a+k)y(k+b az)J
a(t) t T(n+1- a)
b(t) z(b-@e=2r(@)(b-a) (1)
Next, we substitute a(t) =n in (41) then the following
yields,
(1-n)y(1+b—n,z)
y(b-nz)+——"—=
) F(b)[ Lamme= Dyb-1. ]
M[ n, Z] _ 2= Ix(n-1)!
b(t); 2= e=zZF ()T (b—n)
[ v(b—n,z) (1-n)y(b—n+1,2z)
_ r(b) r(n)r(b—n) z['(m)T'(b—n)
T z(b-n)e-z D"y (b-1,2)
Tt z=1r(n)r(b-n)
rP(b—n,z) (1-n)(b—n)P(b—n+1,z)
_ r'(b) r(n) zl'(n)
T gbmmemz| " (-1 Y(b-n)--(b—2)P(b—1,2)
r'(n)zn-1

1 I'(b)P(b—n,z) (1-n)(b—n)r(b)P(b—n+1,z)
ﬁ z(b-n) o~z F(n)z(b_n+1)e_z
(b—n)---(b—2) P(b—1,2)T'(b)
LR T

Mp[b(t),z] |, (1-n)(b—n)Mp_1[b(t)z]
r(n) r'(n)

p— v
(b-n)--(b-2)
+ + (-D1-1rm) Ml [b(t)lz]

(42)

Equation (42) is computed recursively, and I have not seen it
published anywhere else.

If we substitute n = {1,2,3} in (42) we obtain (36), (38), and
(40) respectively.

Similarly, we can employ a similar transformation from
Muller expansion, (2001, [8]) to obtain the expansion of the M

for negative values of z as follows

(a-b+1) £ w
() r(b)[y(az) T(a— b+2) ]
M [b(t); B Z] - 2T (b—a)T(a) (43)

Next, we substitute a(t) =1 in (43) then the following
yields,

(2-b) 2?=1F(2;Z+k)ﬂkl:11'2)

(b—1)[y(1,z) t TG=b)

M[b(t;); B z

] (44)

Journal of Geolocation, Geo-information, and Geo-intelligence

Equation (44) is valid only when b(t) # N
If b(t) = 2 then (44) is simply:

1; _y@2),
M[Z;—Z]— 22 2> 0 (45)
If b(t) = 3 then (44) is simply:

;_ 1 _2raae
M[3_—Z]—f;z>0 (46)

’

One can obtain more identities using the same techniques as
discussed earlier.
2. When b(t) = a(t) + 1 the following holds

Fb) —a®)]=TA)=1 47)
x—b®-a®] = -1 (48)
[[b(®)] = a®)I[a®)] =1 (49)
y(k+b—az)=yk+1,2) (50)

Substituting (47) through (50) into (31) the following holds

z| =e?az 1 ¥y,

[ a(t);
a(t) +1;

Note that (51) is different from Olver et al. 2010, [13] pg. 328
ex. 13.6.5)

(1-a)k y(k+1,2)
s D)

[ a(t);

a®) +1; ] =eM [a(t) +1; ]

= a(t)z"*Oy[a(t), 2] (52)
If we compare and contrast (51) with (52) a new identity is
obtained for a(t) # 1 > 0:

M [a(t)1;+ 1 Z] -

Equation (51) cannot be used directly for values of a(t) = 1.

~1y (1-a)g y(k+1,2)
k=0 Kk k!

(53)

For that we need to apply maneuvering technique as beautifully

illustrated in Progri 2016 [7]; hence, (51) can be written as

e} F(1 a+k)y(k+1,z)

az 13

[ a(t); Z] 2k %I
a(t) +1; F(l—a)
—1 w00 F( a K)y(k+1,z)
3 12 1—a+k)y! ’-:'1
F(l a)
1-a) 52 I‘(1—a+k)y(k+‘1,z)
y(1,2)4 k 1F(Zf‘klt) k!
=e’a ~ (54)
If we substitute a(t) = 1 in (54) we obtain:
M B'z] =e?z7y(1,2)
=e?z71(1—e7?)
=z Ye?-1); z#0 (55)

Equation (55) is identical to what is given in [1] which

validates the method of maneuvering.
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3. What is the correct expansion when b(t) =2 > a(t) # 1

and z > 0? From the Euler integral representation, we have

r)

a(t) _— 1 —Zt a-—-1 _ 1-a
M[ ] r(@r(z- a)f t (1 — )Tt
—_'® (1, -ztia 1ea
r@r(z- a)f e~ (1 —t)'Tde (56)

Next, we expand the function (1 —t)'™* using the

generalized binomial expansion as follows:

a-ore=xp,(t 7 4ok
= $o(a — (- 2

k
= Yioola— i

Next, substituting (57) into (56) the following is obtained,
a(t); ] _
M [ 2. z| =

Next, changing the order of summation and integration

(57

r()

ok
r(a)r(z-a) D Hdt(58)

1 _ -
[le#tee R o (a —

yields,
a(t); ]
M[ 2, z

Making the substitution zt =y, zdt =dy, t > |5, @ y >

F(Z) —ztta+k 1g¢

Tora—s Zk=o(a = 1), (59

| produces,

-

M@ g (a-Dy foy* ey
T(a)I(2-a) <k=0 za+k-2 k!

_ re)
T r(@r-a

ye (a-D y(a+tk,z)
k=0 Za+k—2 k!

(60)

Equation (60) is a new original expression not published
anywhere else. It is only true when b(t) =2>a(t) # 1.
Equation (60) cannot be derived by plugging into the Muller’s
(2001, [8]) (4.6) b(t) = 2 because then we would have

-

Clearly, (61) is different from (60).

Finally, let us discuss the computation of the irregular

LTz~ D | (1-a)y y(k+2-a,2)
[(a)l(2-a) k=0 2k k!

(61)

singularities

First, b(t) > a(t) > 0, [a(t) # Integer]and z < 0

a(t);

M[ (© - Z]
b(t);

y(az) , (a=b+1) oo T(a—b+1+k)

"T(a— b+2)zk 1 k!

r'(b—a)r'(a)

a(t)
b( )i

_ F(b)[ lim

z>+o0 2%

z—>+oo

. y(k+a,2)]
zHToo sa+k |

I'(a) , (a=b+1) oo T(a—b+1+k)
F(b)[ ll2100 z& "T(a— b+2)zk 1 k!

r'(b—a)T'(a)

T(k+a)]
z5+00 za+k |

- 1 woo (a=b+D)p(@)g . 1
_ F(b)[ZHTwZT+Zk=1 k! z—>+ooza+k]

r(b-a)

=04+0=0 (62)
Second, when b(t) > a(t) > 0, [a(t) # Integer] and z >
0 and if we were to apply the L’Hopital’s rule [12]

eZy(k+b-a,z)
zb—a+k

(1-a)g ..
A

r(a)r(b—a)

a(t);

lim M b(t);

Z—+00

] I(b) Tiro

z
0 (1 a)kl"(k+b a) lim —¢

Z—>oozb—a+k
F(a)F(b a)

r'(b) Xk=

(1-a)g(b—a)T(b-a) li eZ
[ 2% b—atk

I(b) Tio

r(@)r(b—a)

o0 (1 ) (b-a)g e?
_ [ Xi- o B baik _

I'(a)

(63)

We have shown that the irregular singularities of the
confluent hypergeometric function are the same as when we
compute them using the Gauss power series in Sect. 3.

This concludes the derivations of the computation of the
confluent hypergeometric function via the incomplete gamma
function. Next, we consider the computation of the irregular
singularities of the confluent hypergeometric function for several

special cases.

5 Special Cases

Now, that we have considered the general formulation and the
solution of the problem let us illustrate them using several special
cases. The special cases include the exponential function, the
elementary function, the Bessel function, the incomplete gamma

function, and the error function.

1. Exponential Function: Of particular importance is the
special case when 0 < a(t) = b(t) < oo. For this special
case the confluent hypergeometric function, M, reduces to
an exponential function [1] as follows:

a(t); ]
M =e”
[b(t) =a@®);’1”°

As z - —oo we get from the right-hand side and the left-

(64)

hand side the following

lim e =0

Z——00

lim M

Z——00

Z =

[ = (65)

As z— 0 we get from the left-hand side we obtain the

following
. a(t); 1 _ . .
M | q(e);?| = lme® =1 (66)

As z - +o0 we get from the right-hand side and the left-
hand side the following



a(t); ] C hm o7 —
zl—l>£—noo a( ) 7= zl—1>IPooe =t (67)
2. Elementary Functions. For example, for the special case
when a(t)=1 and b(t)=2 , the confluent

hypergeometric function, M, reduces to an elementary

function [1] as follows:
Iy
M [2 ;Z]

As z —» —oo we get from the right-hand side and the left-

eZ-1

27; z#0 (68)

hand side the following

[1;2 = lim &=

N zZ——00 Z

lim M

Z—>—00

=0 (69)

As z— 0 we get from the left-hand side we obtain the

following

limM

z—0

(70)

27 =1

From the right-hand side we obtain the following irregular
singularity
eZ-1

lim =
z-0 Z

2= NaN (71)

This singularity can be easily eliminated by means of the
L’Hoépital’s rule [12] as follows:

e?-1

—111’1’1 dz —
z—0 d—z

=lime? =1
z-0

. Z
lim <
z-0 2z

(72)

As z — +oo0 we get from the right-hand side we obtain the

following
lim M [1;21 =1 2 _ NaN (73)
Z——00 2; z oo

Similarly to (71), this singularity can be eliminated by means
of the L Hopital’s rule [12] as follows:

. e?-1 . dez_l .
lim = lim % = lim e? =4 (74)
z->+o0  Z zZot0 oz z—+
Hence, for this elementary function we have clearly
determined that the confluent hypergeometric function

singularities follow the M][1,2;z] are identical to the

exponential function singularities for z = {—o0, 0, +0}.

3. The Bessel Functions. For example, for the special case
when b(t) = 2a(t), the confluent hypergeometric function

reduces to a Bessel function of the first kind [1] as follows:
a(t); 1_ 2 T g2
M gy =5 [a(t) +§;R]

2a(t);
= ra +] lw2(3) 09

where I is the Bessel function of the first kind (see Gradshteyn,
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Ryzhik, 2007 [14] pg. 919 ex. 8.445) given by:

( )a(t) ——+2k
4

la(t)——( ) L= Oklr[a(t) SHk+1] (76)
Next, substituting (76) into (75) yields,
( )a(t)——+2k
a(t); [a(tH P Okir{a)-2+k+1
M [Za(t) P!
@
, (Z)Zk
= ez Ugoo @)
=eT [a(t) + ]Zk:o k!T[a(t)+3+k]
2k
= e2 Z (Z)
k= 0[ (©+] K!
z z2
=M oy + 15 7

As z » —oo we get from the right-hand side and the left-
hand side the following

a(t); ] _
ZLEan [Za(t);z = NaN (78)
ZEEnm ezM [a(t) +1 —] = (0 X NaN = NaN (79)

In order to evaluate this limit, we have to use the
approximated formula from ([1] and Olver et al. 2010, [13] pg.
323 ex. 13.2.23) for a(t) # 0,—1,-2, -

a(t) ] {e za®-2a(t) (=z)~a® }
2a(t); M2a(®)] Tla(t)] r2a(t)-a(t)]
_ Tza®)][e?z= 4O +(~z)~20)]
a rla(®)] (80)
As z —» —oo from (80) we obtain the following:
. a(t); rza(0)]e?z=®+(-2)~4®] _
zl—l»l;noo M [Za(t);z N 21—1» o Ila(®)] =0 (8D

Equation (80) is exactly the answer we were supposed to get.

However, from MATLAB we get NaN from the left-hand side.
Therefore, since we know what the answer is MATLAB here is
wrong.

Next, we evaluate the case when z — 0 we get from the left-
hand side the following:
lim M

z—-0

[z () (82)

From the right-hand side we obtain the following irregular

singularity

z T g2
LI_I;%GZM[a(t)_i__ —]—1X1—1 (83)

For 0 < a(t) < o as z — +oo then from the right side of
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(75) we have
, ( Z)Zk
. = oo 4 —
A, € D=0 = @
However, from MATLAB we get NaN from the left-hand side.

Therefore, since we know what the answer is MATLAB here is

(84)

wrong.
4. The Incomplete Gamma Functions. This case occurs when
b(t) —a(t) is a positive integer or a(t) is a positive

integer we have from Kummer’s first transformation [1]:

e s I

As —z — —oo we get from the right-hand side and the left-
hand side the following

M[ a(t);

at) +1; Z] - e_ZM[

a(t)l;-l- 1;Z]

= a()z*Oyla(t), 2] (86)
As —z — —oo we get from the right-hand side and the left-
hand side the following

. a(t); ] _
Zl_l)erM alt) + 1; z| = NaN (87)
1.
3 -z ’ i —
Zl_1)r+nw e’ M [a(t) n 1;2] = 0 X NaN = NaN (88)
However, from (86) we obtain,
lir+n a(®)z"Oyla(t),z] =at) x0x1=0 (89)
Z—+00

This means that the following limit should be equal to zero;

as shown below:

a(t);
a(t) +1;

Next, we evaluate the case when z — 0 we get from the left-

Z] =0, Va(t) EN 90)

Z—)OO

hand side the following:

a(t); _
Z—>0 (t) + 1;Z =1 (91)
li ‘ZM[ L ]—1><1—1 92
a0¢ "aw) + 14T = (92)

From the right-hand side of (86) we obtain the following

irregular singularity

lirr[} a(t)z=*Oy[a(t),z] = % = NaN (93)

Hence, the righthand side can only be employed for z # 0.
Next, before we evaluate the limit when z — 4o, we look at

the following function:

a(t); 1+ a z a z a z3 +
a(t) +1; a+11!  a+22' a+3 3!
3 2 3
z z z 1 z 1 z 1 z
=14+4-4+=-—"4=-4. - -— - ..
1! 2! 3! a+11! a+2 1! a+3 2!
11 1 z 1 z2
=ef—z AT (94)
a+1 1' a+2 1! a+3 2!

As seen in (94) the confluent hypergeometric function M is
smaller than the exponential function, which corresponds to the
underdamped response. The larger the a(t) the closer M gets
to the exponential function. Only if a(t) — oo then M — 1. For

all other values of a(t) < o, we have the following:

lim M[ a(®);

a() + 1,7 =

(95)

Z—+00
5. The Error Functions. This case occurs when a(t) = 1/2 is
and b(t) = 3/2 we have:
ok 2kt

1.3, 2]_vr yr 2 2%
M 22 % ] - erf( )_ \/E Li- 0 (2k+1)!

e %M [1;%;22] (96)

Next, let us consider the case when z - —oo. If we were to
apply the answer directly for this case, we would get the

following:

lim M[3;3;-22| = NaN (97)

Z—>—00

Therefore, we need to apply the error function formula we get

lim Z—erf(z) =0x1=0

Z——00

(98)

Equation (98) gives the desired answer.
Next, we evaluate the case when z — 0 we get from the left-

hand side the following:

L%M—E—z]zl (99)
; —z2 3.2 = _
lime M2 =1x1=1 (100)

From the right-hand side of (96) we obtain the following

irregular singularity

11m£erf(z) - = NaN (101D

Hence, (96) can be utilized only for values of z # 0.

Here we conclude the discussion on the computation of the
irregular singularities of the special cases of the confluent
hypergeometric function. Next, we consider several numerical
examples in MATLAB.
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TABLE I: THE EXPONENTIAL FUNCTION
M[Zzéfz] z->—-o0 z=-10 z=0 z=10 z- +o
hypergeom 0 4.541e-5 1 2.202¢4 o
phypergeom 0 4.541e-5 1 2.202¢4 o
exp (64) 0 4.541e-5 1 2.202¢4 o
TABLE II: THE ELEMENTARY FUNCTIONS
M[Zi%z zZ—> —00 z=-10 z=0 z=10 z- 4+
hypergeom 0 0.09999 1 2.202¢3  NaN
phypergeom 0 0.09999 1 2.202¢3
ElmF (68) 0 0.09999 NaN  2.202e¢3 NaN
TABLE III: THE MODIFIED BESSEL FUNCTION
M[a=1/2; z—> —00 z=-10 z=0 z=10 z- 4o
b = 2a;
hypergeom  NaN 0.18354 1 4.043¢3 NaN
phypergeom 0 0.18354 1 4.043e3 o
MBF NaN 0.18354 1 4.043¢3
TABLE IV: THE INCOMPLETE GAMMA FUNCTION
M[Zz%z z > —00 z=-10 z=0 z=10 z- +oo
hypergeom 0 0.09999 1 2.202¢3 NaN
phypergeom 0 0.09999 1 2.202¢3
IGF 0 0.09999 NaN  2.202e¢3 NaN
TABLE V: THE ERROR FUNCTION
M[zf—zz] z->—00 z=-10 z=0 z=10 z- 4o
hypergeom  NaN 0.28025 1 0.28025 NaN
phypergeom 0 0.28025 1 0.28025 0
ErrF 0 0.28025 NaN  0.28025 NaN

6 Numerical Examples

There are several MATLAB examples that we have considered

in this journal paper.

Exponential Function: Of particular importance is the special

case when 0 < a = b < oo see (64). For this special case in Tab.

I we perform the computation of the irregular singularities and
other values of z = {—00,—10,0,10, +co}.

The computation was performed using, hypergeom, which is
the MATLAB function for computing the generalized
hypergeometric function, phypergeom, which is the Progri
implementation of the generalized hypergeometric function,
and exp, which the exponential function.
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As seen from Tab. I, there is perfect agreement between the
three ways of implementation or computation of the confluent
hypergeometric functions and their corresponding singularities.

Elementary Functions. For example, for the special case when
a(t) =1 and b(t) = 2, the confluent hypergeometric function,
M, reduces to an elementary function [1] as given by (68) see the
MATLAB numerical computation in Tab. II.

It is clear as discussed in (68) through (74) that MATLAB fails
to compute the correct answer for z - +o see Tab. I1.

The Bessel Functions. For example, for the special case when
b(t) = 2a(t), the confluent hypergeometric function reduces to
a Bessel function of the first kind [1] see (75) and Tab. II1.

It is clear as discussed in (75) through (84) that MATLAB fails
to compute the correct answer for z - +o see Tab. 11

The Incomplete Gamma Functions. This case occurs when
b(t) — a(t) isapositive integer or a(t) isapositive integer see
(85) and Tab. IV.

It is clear as discussed in (85) through (95) that MATLAB fails
to compute the correct answer for z - +oo see Tab. I'V.

The Error Functions. This case occurs when a(t) = 1/2 is
and b(t) = 3/2 see (96) see Tab. V.

It is clear as discussed in (96) through (101) that MATLAB
fails to compute the correct answer for z - +o see Tab. V.

Finally, we perform the computation and plot the results of the
confluent hypergeometric function corresponding to the
exponential function, underdamped, and overdamped as
illustrated in Figs. 1 and 2. The exponential function a.k.a. the
critically or naturally damped response corresponds to values of
b = a = 1; the underdamped response corresponds to values of
b =2a=2; and the overdamped response corresponds to
values of a = 2b = 2.

In Fig. 1, the of the confluent hypergeometric function
corresponding to the exponential function, underdamped, and
overdamped cases are plotted for values of —5 < z < 0 and in
Fig. 2 the same is done for 0 < z < 5.

As shown in Fig. 1 when—5 <z < 0 the underdamped
response decreases much slower than the exponential function as
opposed to the overdamped response which decreases much
faster than the exponential function but oscillates between
positive and negative values.

In Fig. 2 however, when 0 <z <5 the underdamped
response grows behind the exponential function as opposed to
the overdamped response which grows much more rapidly than
the exponential function; hence, validating our analysis in Sect.
3.

In Fig. 3 we have plotted the underdamped response for b =
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200a = 200 and the log(z) when 0 < z < 200. It is clear that
the underdamped response is smaller than the log(z) for some
values of 3 < z < 163; however, once it surpasses the log(z)
for z > 163 it grows to +o0 as z = +oo.

Our analysis in Sects. 3 through 5 and validated with this very
simple MATLAB computation and plot.

Here we conclude the discussion on several numerical
examples in MATLAB and again emphasize that there is no
reason why MATLAB cannot perform the proper computation
of the singularities of the confluent hypergeometric function for
the values of the parameters discussed in Sect. 2. Next, we

summarize the conclusions of this work.

7  Conclusions

I believe that this is the first journal paper that offers great
insights into the computation of the confluent hypergeometric
function irregular singularities.

The computation of the confluent hypergeometric function
was performed via the Gauss power series using the method of
the derivative as beautifully discussed in Progri (2016, [7]) and
via the incomplete gamma function using the method of

manoeuvring Progri (2016, [7]).

The L’Hopital’s rule [12] was utilized to perform the
computation of the irregular singularities of the confluent

hypergeometric function in order to avoid the singularities.

The computation of the confluent hypergeometric function
was finally performed in MATLAB and the summary of the
computational work was given in the numerical examples

section.

I strongly recommend that MATLAB modify the iypergeom
and enable the correct computation of the irregular singularities
of the confluent hypergeometric function for the values of the

parameters discussed in Sect. 2.

8 Acknowledgement

This work was supported by Giftet Inc. executive office.

I want to profoundly thank the MathWorks at Natick,
Massachusetts for providing a sponsored MATLAB licence [6]
to Giftet Inc. as part of the Indoor Geolocation Systems
MATLAB Library development that will enable the results of
this work to be published in Dr. Progri pioneer publication
Indoor Geolocation Systems—Theory and Applications. Vol. 1
(Not yet available in print) [15].

11

Confluent Hypergeometric Function rEeeaq
T T T

Critically damped or exponential function

¢ overdamped

I 1 L 1 I
-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
z<0

Fig. 1. The computation of the confluent hypergeometric

function for z < 0.

400 Confluent Hypergeometric Function
61 T T T T

500 - ,
400 - B
=300 q

200

100 - <~ overdamped

cnljxcal]y dzﬂr}p_cd__ -
|

0 L
0 0.5 1 15 2 2:5 3 35 4 4.5 5

Fig. 2. The computation of the confluent hypergeometric

function for z > 0.

Confluent Hypergeometric Function
T T

M and log(z)

¢iifderdamped

10

. . . . |
0 20 40 60 80 100 120 140 160 180 200
z>0

Fig. 3. The computation of the underdamped confluent

hypergeometric function and log(z) for z > 0.

This journal paper is dedicated to four special men in my
life: my grandfather, Xhevdet Progri, my dear father, Fiqiri
Progri, my father’s first cousin Dr. Peter Demir, and Qazim

Demir, the brother of my grandfather, Xhevdet Progri.

This journal paper is also dedicated to the Golden Bear, Jack
Nicklaus, the greatest golfer of all time. Needless, to say I have
fallen in love with his masterpiece book, Golf My Way.
Moreover, Jack Nicklaus reminds me of my grandfather who 1

loved him very much.



12

9 References

[1] Anon., From
Wikipedia, 2021.
https://en.wikipedia.org/wiki/Confluent hypergeometric_f

“Confluent
the

hypergeometric function,”

free  encyclopedia, Jan.

unction
[2] Anon., “Hypergeometric function,” From Wikipedia, the
free 2021.

https://en.wikipedia.org/wiki/hypergeometric_function

encyclopedia, Jan.

[3] Anon., “Generalized hypergeometric function,” From
Wikipedia,  the  free 2021.

https://en.wikipedia.org/wiki/Generalized hypergeometric

encyclopedia,  Jan.

_function
[4] Anon, “Incomplete gamma function,” Wikipedia, the free
2021.

http://en.wikipedia.org/wiki/Incomplete_gamma_function
[5] L
parabolic cylinder function distribution,” J. Geol. Geoinfo.
Geointel., vol. 2021, article ID 2021071602, 21 pg., Nov.
2021. DOI: https://doi.org/10.18610/JG3.2021.071602
Anon, “MATLAB 2020b,” The MathWorks, Inc., Natick,
MA, Copyright © 1994-2020, The MathWorks, Inc.,

https://mathworks.com/products/matlab.html.

encyclopedia, Jan.

Progri, “Efficient computation of the generalized

(6]

[7] L Progri, “Hypergeometric function partial derivatives,” J.
Geol. Geoinfo. Geointel., vol. 2016, article ID 2016071604,
21 pe., Nov. 2016. DOI:

https://doi.org/10.18610/JG3.2016.071604

i There is an important assumption that is missing in the Muller expansion [8].

i Where P(b,z) is defined as the regularized incomplete gamma function [4]

which is implemented in MATLAB via the gammainc(z,b) function [6].

Journal of Geolocation, Geo-information, and Geo-intelligence

[8] K.E. Muller, “Computing the confluent hypergeometric
function, M (a, b, x).” Numer. Math., vol. 90, no. 1, pp. 179-
196, 2001. DOI: https://doi.org/10.1007/s002110100285
E.E. Kummer, “De integralibus quibusdam definitis et
seriebus infinitis,” Journal fiir die reine und angewandte
Mathematik (in Latin), vol. 17, pp. 228-242, 1837. DOI:
https://doi.org/10.1515/crll.1837.17.228

[10]G.B. Arfken, H.J. Weber, Mathematical Methods for
Physicists, San Diego, CA: Academic Press, 1995.

[11] Anon., “Falling and rising factorials,” From Wikipedia, the
free 2021.
https://en.wikipedia.org/wiki/Falling_and rising factorials

[12]Anon., “L’Hopital’s rule,” From Wikipedia, the free

encyclopedia, Jan.

encyclopedia, Jan. 2021.
https://en.wikipedia.org/wiki/L%27H%C3%B4pital%27s_r
ule

[13]F.W. Olver, D.W. Lozier, R.F. Boisvert, & C.W. Clark,
(Eds.). NIST handbook of mathematical functions hardback
and CD-ROM. Cambridge, UK: Cambridge University
Press, 951 pg., 2010.

[14]1.S. Gradshteyn, I.M. Ryzhik, (A. Jeffrey, D. Zwillinger,
editors) Table of Integrals, Series, and Products, Tth ed.,
Burlington, MA: Academic Press, 1171 pg., 2007.

[15]1.
Applications. Vol. I, 1% ed., Worcester, MA: Giftet Inc.,

Progri, Indoor Geolocation Systems—Theory and

~800 pp., ~ 2022. (not yet available in print)

i Ditto ii.

v Ditto ii. This implementation is not advisable because it leads to more
computational errors.

v Ditto ii.



	Research Article
	Confluent Hypergeometric Function Irregular Singularities
	1 Introduction
	2 Definition of Irregular Singularities
	3 Computation via Gauss Power Series
	4 Computation via the Incomplete Gamma function
	5 Special Cases
	6 Numerical Examples
	7 Conclusions
	8 Acknowledgement
	9 References

