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Abstract—By placing pseudolites' at strategic locations in underground locations such as tunnels, it becomes possible to

maintain navigation capabilities in situations where signals from the GPS system are unavailable. By knowing the precise

location of the pseudolites, and by having one antenna on a vehicle and another fixed in the tunnel, it is possible to quickly

resolve ambiguities and achieve high accuracy. The achievable accuracies using such a system are presented in this paper.

Index Terms—Pseudorange, Doppler, accumulated carrier phase, measurements, navigation, pseudolites, Kalman, least

square algorithm, ionospheric propagation delay, indoor terrestrial applications.

1 Introduction

In early 2000, the Global Positioning System (GPS)
experienced significant improvements due the removal of the
Selective Availability (SA). Despite this improvement, the GPS
still cannot be used when obstacles prevent the receiver from
acquiring at least a minimum number of GPS satellites (four is
three-dimensional positioning and local time is needed). The
most severe of these situations is when navigation is needed in
areas where there is significant blockage of the GPS as occurs
within cannons or tunnels. In these situations, reliable tracking
of the GPS signal is impossible.

To provide navigation in these situations it is necessary to
augment the GPS. One such augmentation is to provide
additional GPS-like signals from ground-mounted pseudolites.

This basic idea has been explored and analyzed by a number of

researchers in USA and abroad [1]-[8]. This idea presents a

quite natural blending of the processing of the GPS satellite

signals with the GPS pseudolite signals. Briefly, we will

mention some of the benefits of using the GPS pseudolites:

1. Pseudolites can be placed at arbitrary locations on the
ground.

2. The transmitted frequency can be selected for the
particular situation.

3. Low cost allows using several pseudolites in an overall
system design.

4. The signal strength can be customized.

By exploiting these characteristics, a tremendous
improvement in navigation system accuracy can be achieved.
However, despite this benefit, such a system also has
limitations:

1. The terrain geometry can impose limits on the location of

the pseudolites.
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Fig. 2. Curved tunnel profile.

2. There are physical bounds on the transmitted frequency.
The number of pseudolites is directly linked with the
overall cost of the system.

4. The potentially close proximity between a receiver and the
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pseudolites can require receivers with very high dynamic
range (the near-far problem).

Therefore, in order to achieve centimeter level position
accuracy and centimeter/sec level velocity accuracy a very
careful selection of system parameters is required. This
selection forms the first part of the main theme of this research;
the second part is the actual design of the system.

This paper is organized as follows: In Sect. 2 we discuss an
underground pseudolite system description. The simulation of
a simplified underground pseudolite indoor geolocation system
is provided in Sect. 3. Conclusion is summarized in Sect. 4
followed by acknowledgment in Sect. 5 and references in Sect.
6.

2 Underground Pseudolite System Description

Consider a tunnel as the most severe example of an
underground obstacle that is used for trains, subways, cars,
boats, pedestrians, etc.

In any of these environments the acquisition or tracking of a
GPS or GNSS signal is either unavailable or unreliable. If the
GNSS signal is unavailable then the GNSS solution is either
used from the most recent solution. If the GNSS signal is
unreliable that means that the GNSS signal will fail the integrity
test [4], [9], [10], [16], [18] and hence the solution of the GNSS
signal is erroneous and it cannot be used. Therefore, other
means of navigation must be used to enable a real-time solution
of the position, navigation, and timing (PNT), position, velocity,
and timing (PVT) in any of these environments.

An underground system of stationary pseudolites or an
indoor (underground) geolocation system may be used to
provide reliable PNT and PVT information.

In this paper considers a simplified the signal model
description. Detailed descriptions of RF signal description,
modulation, demodulation, processing is subject of other
publications [22], [24]. The main purpose of this paper is to
preserve the initial technical merits or the preliminary analysis
of this work that was completed some twenty years earlier. The
technical shortcomings of this paper will be filled in future
publications.

The geometry of a typical tunnel is pictured in Figs. 1 and 2.
Figure 1 depicts a top cutaway’ (or the cross section cut of the
profile) view of a straight tunnel.

Similarly, Fig. 2 depicts a curved tunnel. It is easy to

visualize that any tunnel can be formed as a combination of the
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Fig. 4. An underground system of stationary pseudolites description.

two tunnels given in Figs. 1 and 2.

Figure 3 illustrates the navigation system being proposed.
The pseudolite transmitters are denoted as TX and the receivers
are denoted as RX. Space limitations between tunnel walls and
the train restricts the TX and RX locations.

For curved tunnels the line of sight will continually change
thus limiting the visibility of pseudolites and receivers.
Therefore, the location of equipment is tunnel dependent.

In this system, the tunnel walls and the train serve as
reflective surfaces, thus increasing the effect of multipath on
the navigation solution. Under the assumption that the
pseudolite signal is a spread spectrum signal of 20 MHz-
bandwidth, selecting the pseudolite center frequencies such that
any pair has a non-overlapping spectrum can eliminate
interference of one signal with another. Hence, the total effect
of multipath is reduced to minimum. Although this solution is
possible, we attempt to maintain the same pseudolite center

frequency and approach elimination of the multipath effect by
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different means.
2.1 Underground Multipath Model

Given that the multipath is the most severe error source, it is
important to model and analyze it correctly. This analysis
shows the effect of multipath on pseudorange, accumulated
carrier phase, and Doppler measurements.
Assume that a signal transmitted from a point with
coordinates A(r,t) , can be modeled as,
s(t) = S(H)el?s(t) (1)

Where

S(t) denotes the amplitude of the transmitted signal,

¢ denotes the total phase of the transmitted signal as seen in
point A(r,t),

Assuming a wide band signal with infinite bandwidth, we
represent it in time domain with the help of the Dirac delta
function, §(t),

r(t) = R(t)e! @98t — 1) ()

The unknown quantities of (2) are explained below,

R(t) denotes the received signal amplitude;

6 denotes the phase change of the received signal while
traveling from point A to point B;

T represents the delay of the received signal.

Neglecting clock effects (both bias and drift) for simplicity
we can determine the range between A and B assigned by d ..
Assuming that the signal travels at speed ¢ with center
frequency f, the phase change of the received signal is

obtained from,
0 = 2nf(dpop/c =7) (3)

The pseudorange measurements are directly linked with the
distance d4.p, the carrier phase measurements are directly
linked with the phase changed of the received signal  plus an
unknown integer, and Doppler measurements are directly
linked with delay of the received signal 6. We should also
mention that the amplitude of the received signal relates to the
amplitude of the transmitted signal as follows:

R(@®) = A(t)/dyep 4)

Assume now that the received signal is coming from more
than one path (including the LOS path see Fig. 3) and denote
by M the total number of paths that the signal goes through
from point A to Bii, If the path has been reflected [M;] times
before arriving at the receiver, and at each reflection the
reflection coefficient is a;;, the overall reflection factor is

a; = [1}L, a;; (5)
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It to see that for the LOS path the reflection coefficientis +1.

Therefore, the analytical expression for the received signal

arriving from M paths is,

r(£) = e/ [R(t)s(t 7 _A(t)ziv,lzlaf;;l)] ©)

The result of expression (6) can be written as

RO =AW =AO T, ¢ Q)

where d is the equivalent LOS distance of the signal
determined from,
1 i 1
E:Zﬁlz—iord—m ®)
=1q;
We can now easily determine the effect on Doppler and the

accumulated phase by referring to (3),
t=d/cand 0 =2nf(t =d/c) 9

The result obtained in (7)-(9) enables us to rewrite the
received signal at point B as,
r(t) = R@)e/P95(t — 1) (10)

The error in the pseudorange, accumulated carrier phase, and
Doppler measurements due to the presence of multipath are
defined by
ef,” =d—dy,p (M) (1)

ep = 2mf(d — dap)/c, (rad) or, g =d —dyp (m) (12)

e = (d —dyup)/c (sec) or s

y =d—d,.p (m/sec). (13)
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The superscript M denotes “due to multipath.” The subscript
p, @, and ¢, denote relationship with pseudorange, carrier
phase, and Doppler respectively. The single dot on top of a
variable describes the first derivative with respect to time.

For simulation purposes, we will assume that d; are gamma
distributed from [d4p, ) and that the reflection coefficient
are uniformly distributed from [0,1] [20].

2.2  Proposed Underground System of Stationary
Pseudolites

In the previous analysis we showed that multipath is dependent
on the geometry of the tunnel as well as the reflection
coefficient, which to a large extent depends on the surface and
the surface material. If the tunnel surface is made of the same
material and has a uniform reflection coefficient, the multipath
inside the tunnel will be largely dependent on the tunnel
geometry. Therefore, the main theme in this subsection is to
come up with a system design uses the geometry as the key
element to eliminate the undesired effect of multipath.

The intent is to perform accumulated carrier phase
processing, because the carrier phase measurement error is the
smallest of the measurement errors in the receiver [17], [21].

Rewrite the analytical formulation of the carrier phase

measurement between the f™ (fixed) receiver and the ;®

pseudolite, q,’)} [k], as follows,

k] + c(Aty[k] — At/ [k]) + Aal[0]

. (14)

itk =
#rlk) +el4 k] + & [k]

where
d} [k] denotes the geometric distance between the f®

receiver and the /" pseudolite;
Ats[k] denotes the ™ receiver clock bias;

At/[k] similarly determines the /* pseudolite clock bias;
a} [0] represents the number of unknown cycles between the

/M receiver and the j™ pseudolite at the initial moment of
tracking;

s}'(f, [k] depicts the multipath error (see (12)) of receiving the
signal from the /" pseudolite from paths different from the LOS
path;

s}p [k] denotes the carrier phase measurement error of the /™
receiver;

k is the epoch index from the moment of tracking the carrier
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phase of the /" pseudolite;

A=c/f is also known as the wavelength of the carrier
phase.

Assume that the /™ pseudolite is symmetrically positioned
between receiver /M and the j" pseudolite as shown in Fig. 4.
Also assume there is another receiver which is stationary on the
locomotive or which moves relative to the stationary receiver.
The expression for the carrier phase between the " pseudolite
and the m™ (moving) receiver reads,

dl[k] + c(Aty,[k] — At'[k]) + Aak,[0]

l —
Pmlle] = +el[k] + e[k

(15)

A similar expression can be formulated for the accumulated
carrier phase between the /M pseudolite and the i receiver and

phase between the /" pseudolite and the m™ receiver as follows,
di[k] + c(At;[k] — At'[k]) + Aal[0]

L —_

Pulk] = |+e,“g, [k] + e [k] (16)
. d! [k] + c(Atp[k] — AU[K]) + Aa’ [0]
J —

Pmlk] = +elh[k] + ed[k] a7

First, we form the difference between (14) and (16) and

between (15) and (17) to obtain two independent quantities,

dI 7 k] + cAt k] + Al 7H[0] +

I=Uk] =
v 1K ell_polkl + 2ef k]

(13)
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it + cat ! [k] + Aal; 0]

S k] =
m +etl_p) s [k] + 2e K]

(19)

Under the assumption that the i

h

and j™ pseudolites are

h

symmetrically positioned, the i™ and m™ receiver yields

elimination of the single difference multipath error or,
sf‘f-_lw[k] =0 (20)

Now we form the double difference quantity as,
oIkl = dl 7 k] + Aal T (0] + 2(P[k] + €2 1K) (21)
Assume that both the moving receiver and the fixed receiver
are identical; i.e., the standard deviation on the carrier phase
measurement error is the same for either receiver. This
produces,
P[] = di Tk + Aa, L [0] + 4eg[K] (22)
Let L be the number of pairs of pseudolites, positioned
almost symmetrically (see endnote iii) on both sides of the
multipath axis of symmetry as shown in Fig. 4. We can write
(22) in vector/matrix notation as,

®[k] = d[k] + 1a[0] + 4e[k] 23)

Therefore, assuming that the filter states are the position,
velocity, acceleration of the moving vehicle and double
difference ambiguities we obtain the following measurement
(observable) vector/matrix equation,
®D[k] = H[k]s[k] + 4e[k] (24)

Where, H[k] denotes the measurement matrix which relates
the state vector with the observable vector of the double
difference accumulated carrier phase. Utilizing a Kalman filter
to describe the system dynamics; thus, for a transition matrix
T[k] the propagation state vector is formulated with the help
of the following expression [21],

s[k + 1] = T[k]s[k] + w[k] (25)

The process noise W[k] is assumed white sequence with
known covariance Q[k] and uncorrelated with double carrier
phase measurement noise, R[k].

Eliminating the intermediate steps, we present here the final

solution of the Kalman (recursive) filter in two major phases,
2.3 Kalman Filter State Update

We seek to update the state (see Fig. 5) in accordance with
S[k] = S[k]™ + G[k](®[k] — H[k]S[k]™ = z[k]) (26)

In (26), S[k]™ represents the state vector in the a priori
estimate, z[k] is defined as the residual vector; and the matrix

G[k] denotes the Kalman gain matrix which in its optimal form
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Train trajectory and pseudolite layout inside the tunnel
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Fig. 7. Train trajectory and pseudolite layout inside the tunnel.

1s written as,
G[k] = C[k]~H[k]*(H[K]C[k] H[k]" + R[k])~* (27)

where superscript 1 denotes the matrix transpose operator.
The update equations for the covariance matrix C[k] in its
sub-optimal and optimal form are

_ | (= GLkIH[K])C[k]~ (1 — G[kJH[K])T
Clk) = +G[k]R[K]G[K]t 29
C[k] = (I = G[k]H[K]C[K]™ (29)

Equations (26) through (29) form the heart of the Kalman
filter state update phase. State update is followed by state
propagation also known as the time update or time propagation

phase,
2.4  Time Update or State, Time Propagation

One equation of the state or time propagation vector (see Fig.
6) is obtained by modifying (25),
S[k + 1]~ = T[k]S[k] (30)

The state error covariance matrix (see Fig. 6) changes in
accordance with,
Clk + 1]~ = T[k]C[k]T[k]" + Q[k] (€28)

This concludes the discussion on the time update or the state,

time propagation.

3 Simulation

The simulation section consists of a simplified underground

pseudolite system and the assessment of simulation results.
3.1 ASimplified Underground Pseudolite System

A generic train trajectory inside the tunnel is depicted in Fig. 7.
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This trajectory was generated very simply as follows: it is
assumed that the train moves along the x (north) axis of a local
coordinate system (using a North, East, Down coordinate frame)
with a velocity along this axis of 10 m/s (36 km/h); it is further
assumed that receiver sits on top of the train (locomotive) on an
altitude of 5 m from the ground. The velocity components along
the y (east) and z (down) are zero m/sec and constant m/sec.
The velocity on the z (down) will depend on the tunnel upgrade
or downgrade, which is about 3-5° (° means deg).

In the lateral plane of the tunnel, we present the location of
the pseudolites inside the tunnel given by six squares. As you
can see that there is almost symmetry™ (see endnote iv) in
placing the pseudolites in the tunnel. For a 500-meter-long
tunnel we are placing six pseudolites. Although many tunnels
are longer than 0.5 km and may not be straight, these
considerations can be handled during system design. It is also
assumed that tunnel is 6.5m in height and is no wider than 6m.
The proper location of the six pseudolites is determined after a
large number of simulations. The fixed receiver is located at the
center of the tunnel roof. This enables the stationary receiver to
have visibility over all six of the pseudolites.

For simulation purposes we have considered several tunnel
profiles, which are presented in Tab. .

Both the moving and the stationary receivers process data at
a rate of 1s per measurement. In the beginning they (the GNSS
pseudolite receivers) are assumed to be perfectly synchronized
with each other and with a given reference time. For simulation
purposes, we assume that the 1-sigma value on the receiver
pseudorange measurement noise is about 6 m, on accumulated
carrier phase noise is about 3 mm, and on Doppler noise is
about 1 cm/s [1]-[9].

Since the noise on the accumulated carrier phase
measurement is smaller than in the pseudorange and Doppler
ones; therefore, all the simulation runs presented here are
obtained by processing only carrier phase measurements. Since
the accumulated carrier phase implies an unknown number of
integer cycles (a.k.a. as the integer ambiguity), the double
difference ambiguity numbers were rounded to their closest
floating-point solution. The output of the simulation is given in
terms of the moving receiver position dilution of precision
(PDOP) (see Fig. 8), lateral position error (dplat) (see Fig. 9),
vertical position error (dpver) (see Fig. 10), lateral velocity
error (dvlat) (see Fig. 11), and vertical velocity error (dvver)
(see Fig. 12).

The results of the simulation runs are summarized in Tab. II.
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These are the sample mean and the standard deviation of the
sample mean (in parenthesis) for PDOP, dplat, dpver, dvlat and

dvver.
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3.2  Assessment of Simulation Results

It appears that for straight tunnels which are up to a couple of
km long, a system of three pairs of pseudolites almost (see
endnote 1) symmetrically positioned (see Fig. 7 and endnote iii),
one receiver positioned in the center of the tunnel and another
on top of the locomotive can provide lateral position and
velocity accuracies of cm and cm/sec. This accuracy is
maintained even when the train travels at different constant
velocities.

Similar results can be obtained for tunnel trajectories with
downgrade level of up to 5°.

Further investigation is required for curved tunnel profiles
and for combination of both.

The implementation of this algorithm in C or C++ may be
obtained via any of the algorithms discussed in [20] and in
Chap. 5 of Progri, 2011, [23].

Also, it remains to perform sensitivity analysis for realistic
tunnel scenarios and realistic multipath data.

This concludes the simulation and the assessment of the

simulation results.

4 Conclusions

In 2000 it was significant to show that an underground system
of stationary pseudolites may be used to obtain 3-D PNT or
PVT by means double
measurements via a Kalman filter using a simplifier multipath
model [1].

The following year in 2001, we were successful to exploit

of carrier phase difference

other navigation algorithms such as Doppler and derived
Doppler algorithms either using a system of stationary
pseudolites or a combined system of GNSS satellites and
stationary pseudolites [13]-[15] and further demonstrate the
effectiveness of such a system even for category III precision
landing in 2000 [4], and 2002 [10].

From 2002 until 2020 I was not really involved in any other
work in Kalman filter design and implementation.

I believe that this work is very relevant even today because
there is a number of algorithms that need to be developed and
tested as a continuation of this work, which hopefully will get

published soon.
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TABLE I: SIMULATION TUNNEL INPUT DATA

Tunnel Train Speed
Profile Length (m) Upgrade (°) (nv/s) or (km/h)
1 500 5 10(36)
2 1000 5 20(72)
3 1500 5 30(108)
4 2000 5 40(144)
TABLE II: SUMMERY OF SIMULATION RESULTS
Avr (Std)
(PDOP) (dplat)  (dpver) (dvlat) (dvver)
(cm) (cm/sec)

955 (577) 4(4) 0(1) 2(0) 0(0)
3343 (1755) 3(3) 0(1) 2(0) 0(0)
7516 (4395) 4(4) 0(1) 2(0) 0(0)

14784 (11914) 3(3) 0(1) 2(0) 0(0)
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