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The 1-parameter ionospheric channel model that is based on estimating the ionospheric delay is insufficient to enable
the GNSS receiver to reliably acquire and track GNSS signals under severe ionospheric conditions.

In order to solve this problem Giftet Inc. is proposing the 4-parameter ionospheric model. The 4-parameter
ionospheric model is based on estimating four parameters: ionospheric delay, Doppler, amplitude, and phase
scintillation. The 4-parameter ionospheric model’ presents a revolutionary advancement of our understanding of the
ionospheric effects in the RF signals. In order to accurately estimate the ionospheric Doppler we have performed
some of the most amazing mathematical calculations.

Afterwards, the theory and simulation, presented in this paper, are completely verified and accurately tested, the
implementation thereof in a single frequency GNSS receiver will enable it to perform just as good as or even better
than a differential GNSS receiver.

Index Terms—4-parameter, ionospheric, channel, model, delay, Doppler, amplitude, phase, scintillation, MATLAB.

by solar radiation, typically overlaps both the exosphere and the

thermosphere; (3) forms the inner edge of the magnetosphere;

Introduction (4) greatly influences, for example, radio propagation on the

Earth; and (5) is responsible for auroras (see Figs. 1 and 2) [1],

from 50 to 1,000 km (31.06855 to 621.371 mi; 164,042 to 2"

3,280,840 ft), (2) is ionized (i.e.; contains ions and electrons)

The radio window consists of frequencies which range from

Marvels in ionospheric channel analysis, modeling, and simulation series
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Identity of the phenomena from decades of observations
firom the ground and space. Courtesy of NASA 2009.

Fig. 1. Identity of the plasma and ionospheric phenomena from decades of

observations. Courtesy of NASA 2009.
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Ground based instrumentation, natural gas temperature (K);
Electron density vs. Altitude (km). AE: Atmosphere Explorer,
DE: Dynamic Explorer, SME: Solar Mesosphere Explorere,
UARS: Upper Atmosphere Research Satellite. Courtesy of NASA 2009.
Fig. 2. Ground based instrumentation; natural gas temperature (K); Electron
density vs. Altitude (km). AE: Atmosphere Explorer DE: Dynamic Explorer;
SME: Solar Mesosphere Explorer; UARS: Upper Atmosphere Research

Satellite. Courtesy of NASA 2009.

about 5 MHz (5 million Hz) to 30 GHz (30 billion Hz). The
low-frequency end of the window is limited by signals being
reflected by the ionosphere [2] back into space or Earth, while
the upper limit is caused by absorption of the radio waves by
water vapor [3] and carbon dioxide in the atmosphere. As
atmospheric conditions change the radio window can expand or
shrink. On clear days with perfect conditions signals as high as
300 GHz have been detected (see Figs. 1-3) [1].

Normally radio “ground waves” propagate along the surface
as creeping waves; i.e., they are only diffracted around the
curvature of the earth, which is the reason why early long
distance radio communications used long wavelengths with the
best known exception of the HF (3-30 MHz) waves being
reflected by the ionosphere [2], [4].

The reduced refractive index [5] due to lower densities at the

higher altitudes in the Earth’s atmosphere bends the signals
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Basic measurement principle: Deduce atmospheric properties
based on precise measurement of phase delay and amplitude.
Courtesy of NOAA 2007,
Fig. 3. Basis ionospheric measurement principle: deduce atmospheric
properties based on precise measurement of phase delay and amplitude.

Courtesy of NOAA 2007.
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Electric currents created
in sunward ionosphere.
Courtesy of Wikipedia,

the free encyclopedia 20135.

Tonospheric lavers. Courtesy of Wikipedia,
the free encyclopedia 2015.

Fig. 4. Electric currents created in sunward ionosphere (left). Ionospheric
layers vs height (or altitude) (km) (right). Courtesy of Wikipedia the free
encyclopedia 2015.

back toward the Earth. When signals encounter a higher
refractive index [5] layer duct, tend to remain in that layer
because of the reflection [6] and refraction [6] encountered at
the boundary with a lower refractive index material and vice
versa. In some weather conditions, such as inversion layers,
density changes so rapidly that waves are guided around the
curvature of the earth at a constant [8] altitude [4].
Ionospheric reflection : is a bending, through a complex

process involving reflection and refraction [6], of
electromagnetic waves propagating in the ionosphere [2] back
toward the Earth [6]. The amount of bending depends on the
extent of the penetration (which is a function of frequency), the
angle of incidence, the polarization of the wave, and
ionospheric conditions, such as the ionization density. It is
negatively affected by incidents of ionospheric absorption [6].
Ionospheric absorption/dispersion (or ISAB/ISD) is the
scientific name for absorption/ dispersion occurring as a result
of the interaction between various types of electromagnetic
waves and the free electrons in the ionosphere [2], which can

interfere with radio transmissions which results in a significant
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loss/dispersion of the signal power [9].

Ionospheric absorption/dispersion is of critical importance
when radio networks, telecommunication systems or
interlinked radio systems are being planned, particularly when
trying to determine propagation conditions [9].

The ionosphere [2] can be described as an area of the
atmosphere in which radio waves on shortwave bands are
refracted or reflected back to earth (see Figs. 1-4). As a result
of this reflection, which is often the key in the long-distance
propagation of radio waves, some of the shortwave signal
strength is decreased. In this regard, ISAB/ISD is the primary
limiting factor in radio propagation [9].

ISAB/ISD is only a factor in the period of the day where
radio signals travel through the portion of the ionosphere [2]
facing the sun. The solar wind and radiation cause the
ionosphere [2] to become charged with electrons in the first
place. Atnight, the atmosphere becomes drained of its charge,
and radio signals can go much further with less loss of signal.
In particular, low wavelength signals that would be attenuated
to nothing during the day will be received much further away
at night [9]. The specific amount of attenuation [10] can be
derived as a function of the inverse-square law. The lower the
frequency is, the greater the attenuation becomes [9], [10].

Ionospheric errors are caused by delays or changes in the RF
signals’ time of arrival, Doppler shift, amplitude, and phase
traversing the ionosphere [2], whose electron content is a
function of the amount of incident solar radiation. Therefore,
the ionospheric delay [11]-[13], Doppler shift, amplitude, and
phase change with latitude, longitude, time of day, season (or
day) of the year and, year of the millennium, following the 11.1
years solar cycle, with higher values by day (at around 14h00m
local time), during the summer and at the peaks of the solar
cycle. From these three periodic changes, the dominant one is
diurnal variability, following the variation in incident solar
radiation [13], [14].

Superimposed on these periodic changes, severe magnetic
storms occur a few times (generally not more than four times)
during each 11.1 years solar cycle, causing extreme delays on
GPS signals, in addition to amplitude fading and scintillation.
These magnetic storms affect mainly the auroral latitudes
(around the geomagnetic poles) and “for some unknown reason
(...) occur more frequently during the declining phase of the
solar cycle” (see Figs. 1-4) [13], [14].

lonospheric propagation vertical delays are typically 20-30
m during the day and 3-6 m at night [16]. These errors are
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entirely compensated by DGPS and their lack of correlation
with time, for periods of tens of minutes, is very low, because
the ionospheric delay [11] does not change significantly on
such timescales—except in the case of major magnetic storms
during which the TEC changes rapidly. Dusk [17] and dawn
[18] are the periods when the temporal lack of correlation of
the ionospheric error is generally higher, because the
ionosphere [2] re-configures itself, but even then the de-
correlation is not significant. Although the de-correlation of
the ionospheric errors with time has a much smaller effect than
its de-correlation with distance, this is the error which
contributes the most to the growth of DGPS errors with age of
corrections [13], [14].

Naturally, one might ask, why does not a single frequency
GNSS receiver perform just as good as a DGPS receiver? Le.,
why is not a single frequency GNSS receiver capable of
performing the same corrections as a DGPS receiver? The
answer lies in this fact that the channel model of a single
frequency GNSS receiver is currently based on a 1-parameter
ionospheric channel model. The 1-parameter ionospheric
channel model that is based on estimating the ionospheric delay
is insufficient to enable the GNSS receiver to reliably acquire
and track GNSS signals under severe ionospheric conditions.

In order to solve this problem Giftet Inc. is proposing the 4-
parameter ionospheric model. The 4-parameter ionospheric
model is based on estimating four parameters: ionospheric
The 4-

revolutionary

delay, Doppler, amplitude, and phase scintillation.

parameter ionospheric model presents a
advancement of our understanding of the ionospheric effects in
the RF signals. In order to accurately estimate the ionospheric
Doppler, we have performed some of the most amazing
mathematical calculations.

This paper presents one of the most daunting tasks ever
undertaken by a single scholar to very accurately model,
analyze, and simulate the entire description of the ionospheric
channel effects.

Afterwards the theory and simulation, presented in this paper,
are completely verified and accurately tested, the
implementation thereof in a single frequency GNSS receiver
will enable it to perform just as good as or even better than a

differential GNSS receiver (Progri 2018, [19]).
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2 Description of RF Geolocation Propagation
Channel Model

When an RF signal propagates from an RF transmitter
(typically an RF (or GNSS) satellite orbiting the Earth at
approximately 20,200 km altitude from the surface of the Earth)
to a RF receiver antenna (typically most receivers are located
from 0 to 30 km from the surface of the Earth), it suffers from
degradation effects, such as, free space path loss, absorption
and refraction from the atmosphere, reflection and masking
from surrounding objects such as trees and buildings, jamming,

and environmental noise as shown in Figs. 5-8.

2.1 Description of an ideal RF geolocation

transmitted signal

Initially, we start with the description of the ideal RF
geolocation propagation channel model.

The analytical expression of the ideal transmitted RF signal
(or IS) can be written as the product of two components: (1)

ideal baseband signal (or IBS), s; = Spe/®0, and (2) ideal
N~——— ———
IBS

carrier signal (or ICS), s,(t; 1,0, w.) = 1 x e/(0+®ct),
ICs

s(t) = Soef(¢o+wcf)

= S,e/%0 1 x e/ (O+wct)

IBS Ics
= 5, 5:(1,0,0,) )
IBS ICS
The unknowns in (1) are as follows: (1) t is the time in [s]; (2)
Sy is amplitude in [V]; (3) ¢, is phase in [rad]; (4) w, is the
radiant carrier frequency in [rad/s] of the transmitted GPS (or
GNSS) signal respectively.

The first main assumption is as follows: IBS is a time-
invariant quantity; i.e., it only contains the desired signal
amplitude, Sy, and (initial) phase, ¢,; ICS contains the desired
signal carrier [radiant] frequency, w,, and time (or time stamp),
t.

The second main assumption is that, in the description of IBS
itself the desired signal amplitude, S,, and phase, ¢, are also
independent; in the description of ICS the desired signal carrier
[radiant] frequency, w, , and time stamp, t, are also
independent; however, their product produces the accumulated
carrier phase, ¢; and since, w. is constant the product (or
correlated) information in the accumulated carrier phase, ¢,
gives precise information about the time stamp, t.

Third, in an ideal environment the ideal RF geolocation
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propagation channel model can be completely characterized by
means of four main parameters: (1) desired signal amplitude,
So, (2) initial phase, ¢, (3) carrier [radiant] frequency, w., and
(4) time stamp, t.

Fourth,

environment it is straightforward to separate these four

in an ideal (i.e., linear and homogenous)
independent parameters; namely, the signal amplitude, S,
initial phase, ¢, frequency, w,, and time stamp (or just time),
t; the first and the most important attribute of modeling the
received RF signal is to come up with a novel, original,
methodical, and useful method of separating, these four
independent parameters, S,, ¢,, w., and t, from other
nonlinear and heterogeneous parameters of the environment;
hence, the description of the a realistic RF geolocation

propagation channel model.

2.2 Description of free-space path loss and ideal
propagation channel model

Before we consider the realistic propagation, channel let us first

present the description of free-space path loss channel model.
The free space path loss, Q,, [20] (or the lossless

environment parameter) provides the relation due to inverse

square law [21] as given by

Q=7

0= 5,
5 22
S4mR2 41

= (i) @

where (1) P; is the transmitted signal power in [W] [22]; (2)
P. is the received signal power in [W]; (3) S is the spreading
of the electromagnetic energy in [W/m?]; (4) A is the
wavelength [m]; (5) R is the transmitter receiver distance (or
the line-of-sight (LOS) vector magnitude) in [m]; (6) ¢ is the
speed of light (SOL) in vacuum (299,792,458 m/s [22]); (7)
w is the radiant frequency w = 27f in [rad/s]; and (8) f is
the frequency in [Hz].

In an ideal free space environment, the free space path loss,
Qo , is the only quantity that completely characterizes or

describes the physics of the propagation of the channel model;
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Fig. 5. RF L-Band (1-2 GHz) ionospheric propagation channel model 1.

(Exact scale).
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Fig. 6. RF L-Band (1-2 GHz) ionospheric propagation channel model 1.
(Zoom 1).

i.e., an ideal free space environment is in fact a one channel

parameter.
2.3 Description of an ideal RF received signal

Before we consider the realistic received signal let us present
the description of an ideal RF received signal (or IRS).

First, IRS or uy(t; A, @, 7, w.) represents the received signal
in vacuum; i.e., as if there were no ionosphere, or troposphere,
or multipath or anything else; i.e., including only the inverse
square-law propagation [21] in vacuum, which can be
expressed as a product of the ideal received BS (or IRBS), u,,
which is only a function of (4,, ) and ideal received CS (or
IRCS), u,(t), which is a function of (4, @4, T, W)

p(t) = Uy Uy (0)
IRBS IRCS

= A(t; T, w,) el P BT we)
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Fig. 7. RF L-Band (1-2 GHz) ionospheric propagation channel model 1.

(Zoom 2).

(Zoom 3).
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where A(t; T,w.) can be computed as the square root of the

transmitter-receiver antenna gain, G, and free space path loss,
Qo, given by (2)

A(t; T, wc) = vV GtrQO

c
2Rw,

tr

_ Ger
- 2wcT(t)
Ger 1
= [AO = Jz_f ] [84,(6) = E] @)
IBS ICS

where G, is the transmitting and receiving antenna gain given
by
Ger = GG, (5)

where G, is the transmitting antenna gain in [dB] (or [dBm]),
G, is the receiving antenna gain in [dB] (or [dBm)]).
Hence, the IRS or uy(t) is given by

Uy () = VGer 51(So.0) s2(t-T,0¢)
2 So wcT(t)
IRBS IRCS
_ JGer Spe®Po ellwc(t-1)]
e So wct(t)
IRBS IRCS

ellwc(t-1)]

= Aol — (6)

wcT
IRBS IRCS

Equating both sides of (3) and (6) we have the final
expression of the IRBS, u;, and IRCS, u,(t), as follows
u, = Ae/® (7)

And

Uy (t) = A (t; T, w ) el 2 Emwe)

= 1 pilwct-0] ®)

weT

We can notice that the primarily decrease in signal amplitude
comes from the LOS signal phase, ¢, = w,T, in [rad] or

1

A (6T, 0) = ey 9
and
(Pz(ti T, wc) = wc(t - T) (10)

Finally, equating both sides of (8), (8)-(10) we finally obtain

Ger
A=A, =1 (1)

And
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Ay (6T, 0c) = 040(E T, ) = (¢ = wcT)_l (12)
In an ideal RF propagation channel, we should be able to
precisely know (or estimate) four “independent” i signal
parameters A(t), @(t), 7(t), and w, as follows:
64, = A,[t(¢),
A = Ay = a4, | S =IO gy (13)
IRBS — [P (8) = wcz(®)] BRs=|PRESX
IRCS ERCS
o) = @o = @1+ 69 = pa[t(t), 0]+ 0=0+4+0
IRBS IRCS ERSE|ERBS+
ERCS
= ¢y + o[t —1(t)] (14)
("] ~——— —_——
IRBS IRCS
W) =0+2+ 0 + 0 (15)
IBS % ERBS ERCS
we=0+21f;+ 0 + 0 (16)

IBS ICS ERBS  ERCS

In an ideal RF propagation channel, the received signal
amplitude is inversely proportional with the phase velocity
¢.(t) or the product of w,T(t). The ideal received signal
phase decreases linearly with the phase velocity ¢.(t) or the
product of w,7(t). We can clearly see that that a correct
estimation of the signal amplitude and phase depends on a
correct estimation of both the signal time delay (i.e., or distance)
and frequency.

Next, let us describe what happens to these parameters when
we consider a realistic RF geolocation propagation channel

model.

2.4 Description of a realistic RF geolocation
propagation channel model

The analytical expression of the received RF GPS (or GNSS)
signal, u®(t), which is a function of (4%, ¢%, 7%, w®) and has
undergone propagation through the ionosphere, troposphere
(all of which are included, later on, and of the multipath model)
can be written as a product of two independent signals: received

BS (or RBS), u = ASe/®1 | and received CS or (RCS),
RBS

us(t) = A3 ()93 tn)]
RCS

us(t) = ASel i A3 (1) el[93 D+ (tr)]
RBS RCS

= u; uz(¢) (17)
RBS RCS

Where
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t,=t—"2 (18)

On the other hand, the received RF GPS (or GNSS) signal,

u®(t), can also be expressed as a product of signal amplitude,

¢5(t;w5,rs)+w5(t—§)] ,

A%(t) , and exponential phase, e’ [ as

follows
uS(t) = AS(t)e/9° O+’ ()] (19)

Since (17) and (19) really represent the same thing equating

both sides we obtain

A(t) = A1A3 () (20)
$() = ¢7 + $3(D) (21)
p=R+cD§ (22)
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Or
=t+D; = Di=1"—-71 (23)
w® = w, + w; (24)

Which is equivalent with

cdD§

wf =" — o = 2nf, (5 = ) = wefe (25)

Although (20) and (21) are an accurate description of the
received RF GPS (or GNSS) signal, u®(t), amplitude, A°(t),
and phase, ¢°(t), they do not show the relationship between
the ideal transmitted signal, s(t), and the received signal,
us(t).
received RF GPS (or GNSS) signal, u(t), as a product of the

ideal received signal (or IRS), uy(t), which is a function of

In order to accomplish that we need to express the

(A,¢,7,w.), and environmental received signal (or ERS),
Sug(t), which is a function of (643, 5¢;, D5, w3), as follows
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us(6) = up(t) dug(t) (26)
IRS  ERS

Where

Sus(t) = SAS(¢; De’we)e]wd’s(f DZwg)+wg(t—DP)] 27

SAS(t; DS, w3) = AS(t; 75, wS)A(t; T, w,) 7t (28)

¢5(t; 75, w°) + w* (t—g)
— ?9 —w(t—1)

IRBS IRCS

6¢e(t De'we)+wg(t_ g) =

P5(t; 7%, %) — ¢q +

IRBS (29)
= R
Wt —wt =2+ =
—— c \EJ
IRCS IRCS

The description of the ERS is still not enough so we will need

to further separate the ERS, dui(t), into two components as

follows
Sug(t) = Sugy (t) Sug,(¢) (30)
ERS ERBS  ERCS
where
Sug, (£) = 843, (1) /0% ® 31)
ERBS ERBS ERBS

Sus, (6) = 645, (1) e/139etDéwd +wi(-0))] (32)

ERCS ERCS ERCS

Finally, in a realistic RF channel we should be able to
precisely know (or estimate) the four “independent”' signal
parameters: A5(t), ¢5(t), 75(t), and w*(t) as follows:

AS(t) = A(t) 6A5(t; D3, w3)
IRS ERS

Ao 8A(t) 645, (t) 6AZ,(t; D;, wg)
IRBS IRCS  ERBS ERCS

Ag 8451 (t) 840 (t; T, wc) A5, (t; D2, we) (33)
IRBS _ERBS IRCS ERCS
RBS RES

d5(t) (P(t) + ¢S (t; DS, w;)

IRS ERS

= ?_1’ + ‘Pz(ti T, (Uc) + 6(]’);1 (t) + ¢gz(ti De: we)
IRBS IRCS ERBS ERCS

bo +¢er(t) + wclt — T()] + dep(t; D2, we) (34)
IRBS ___ERBS IRCS ERCS
RBS RCS
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-2

__ R(®)+cDi(t)
- c
=0+ 0 +R(t)+Dg(t)
\-.‘_/ e
IBS ERBS Ics ERCS
=1(t) + D3 (¢) (35)
—— —_—
ICS ERCS

0+ 2 +w, = 2nf, +

IEJS ERBS IRCS
S —
OO = O i) = 2mfe 0]
ERCS
= 2nfl= 0 [+ £ O] (36)
IRCS ERCS
ICS

Equations (33) through (36) provide the entire description of
the four most important
A3 (), (1), T5(t), and w*(t), of a realistic RF propagation

channel model.

“independent” signal parameters,

In a realistic RF propagation channel, the realistic received
signal amplitude is inversely proportional with the phase
velocity ¢.(t) or the product of w,t(t) and it is a
complicated function of the ERCS or (D, w$).

The received signal phase decreases linearly with the phase
velocity ¢.(t) or the product of w,7(t) and it is also a
complicated function of ERCS or (D, w3). We can clearly see
that that a correct estimation of the signal amplitude and phase
depends on a correct and complicated estimation of both the
signal delay and frequency or their respective errors. It is not
only important to estimate the signal delay error, D, but it is
just as important to estimate the signal frequency error, w3,
which is the derivative of the signal delay error.

We should also mention that this is a first order
approximation; i.e., fS(t) = dDj3(t)/dt is the only correction
applied to the received carrier frequency. If this approximation
is not good enough, based on verification of the fidelity of the
model from real data, then later on the model can be enhanced
to include second or higher order approximations. However, as
we are going to see throughout the derivations of this paper,
because the computation of f,5(t) is in general very laborious,
for the purposes of this paper, we are going to restrict all
derivations based on this main assumption of the first order
approximation. An example of higher order ionosphere errors

is given by [24].
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Next, we consider the description of ionospheric RF

geolocation propagation channel model.

3 Description of Ionospheric RF Geolocation
Propagation Channel Model

The description of the ionospheric RF geolocation propagation
channel model contains the description of the ionospheric
refractive index and refractivity, delay, Doppler frequency, and

amplitude and phase scintillation.
3.1 Ionospheric refractive index and refractivity

Refractive index : In RF signal propagation, the refractive index
or index of refraction, n, of the medium (or media or
propagation channel or environment in our case the ionosphere)
is a dimensionless number that describes how RF signals

propagates through that medium.

In order to derive the refractive index for the ionospheric
channel we make the following fundamental assumption. If we
treat ionosphere as ionized gas as a perfect dielectric with
relative permittivity [24], €4, (and relative permeability [27]
g = 1) its refractive index [5], n, for a signal frequency, f,
is defined as the ratio of ¢, the SOL [2] in vacuum (or in
medium with refractive index [5], n = 1), and v, the phase
velocity or the SOL (or RF signals) in the medium (or
ionosphere) with refractive index [5], n # 1, [28] (Progri 2019,

(29])

c
n=-
v

= /,u
N

= |&ar tjai
/_v_,

d €d
1
€d

. O
1 —j—2
head EoWk
edr Ny’

—€di

(37

o . eing
04 = —j 1 (38)
Wy = 27Tfk (39)

where (1) o, is the dialectic conductivity of the ionosphere; (2)
e is the elementary charge [30]; (3) m, is the electron mass
[30]; (4) &, is the dielectric permittivity of vacuum [31]; and
(5) n, the plasma [32] electron density (PED) in [els - m™3]v
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ez n
ne |[1-———
AT Mmegy [
N 1 e? n,
- 2 4m2meeg f
n
=1-a—
fi
B
=1- _pz vi (40)
2fy

(6) fp is the ionospheric plasma [32], [33] frequency [Hz];
with [30], [31], [34]-[40].

k-c
a =
Ag'TEC

1016-c2.r, TECU-els™1
2m TEC

1016.c2 1 e? TECU-els™?!
21 4TTEg MeC? TEC

1016-TECU-els™?1 e?
TEC 8m2meey

els~1e?

8m2mesy

— &vii
2

2
els™1(1.602176565x1071°C)
812-9.10938291x10731kg-8.854187817620x10~12CV~1m~1

s~1Cvm

= 40.30819303051582491—"jii (41
kg

(7) a=40.308193030515824 [els " 'm3s72] (see (41)).
Equations (38) and (41) show that the refractive index [5], n,
is a function of the PED, n, in [els - m™3].

Note that the refractive index [5], n, is smaller than unity
Thus,

electromagnetic signals traversing through the ionosphere [2]

and strongly depends on the signal frequency, fi .

are “depressively” delayed along their path, depending on the
number of free electrons [28], [41].

Refractivity : The deviation of the refractive index [5], n, in
the ionosphere (and troposphere or atmosphere) [2] from unity
is tiny (a few parts per thousand [5]) under normal atmospheric
conditions; thus, the scaled-up refractivity, N, is often used,
(see (42)); i.e., [42], [43]

2
N=(n—l)xlOﬁz—a;—Ex106=—fi><106 (42)

2f?

Both n(f;) and N(f;,) are monotonic increasing functions

with respect to the signal frequency, f;, as Vf; € (0, ). First,
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Fig. 13. First profile of the PED gradient (Gels/m?) vs. ionospheric height
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Fig. 14. Second profile of the PED gradient (Gels/m?) vs. ionospheric

height (m).

we consider the limit values; i.e.,
n(fx = 0) = —o0; n(fy > ») =1 (43)

Which results in the following values of the refractivity
N(fi = 0) = —o0; N(fy = ) =0 (44)

Since, RF GNSS L5, L2, L3, and L1 signal frequency fall in
the RF L-band range of Vf; € [f,, = 1 GHz, f,; = 2 GHz]
then for most practical purposes, typical values of refractive

index and refractivity are as follows,

n(foo = 1GHz) =ng =1+ Ny x 1076 (45)
n(f., =2GHz) =nyy =1+ N,y x 1076 (46)
N(f:o = 1GHz) = N, = —40 47)
N(f,; = 2GHz) = N, = —10 (48)

Below a certain frequency (f;; < 1 GHz), called the critical
frequency f,, = [5-898.026] MHz, the ray cannot cross the
ionosphere [2], [44] for any elevation angle. Hence, for most
practical purposes it is safe to assume that the GNSS RF L-band
signals will be able to penetrate the ionosphere and the received
GNSS RF L-band signals will be bent as a result of their
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Obliquity factor as a function of elevation or zenith
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Fig. 15. Obliquity factor, m;({) or m;(8), as a function of the zenith, ¢, or

elevation, 8, in (°).
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Fig. 16. Azimuth obliquity factor, m#*({) or m{**(0), as a function of the

zenith, , or elevation, 8, in (°).

propagation through the ionosphere by refractive index and
refractivity values given by (42)-(48) respectively.

This concludes the description of the ionospheric refractive
index and refractivity. Next, we consider the description of the

Ionospheric delay.
3.2 Description of the lonospheric delay

lonospheric delay : 1t is the amount of additional transmission
(or propagation) time a signal incurs as it passes through the
ionosphere [11], [12].

ionosphere varies with the frequency of the signal that passes

The amount of delay through the

through the ionosphere, solar activity which influences the
electron (and/or ions) content or PED of the ionosphere, time
of day, day of the year, year of the millennium, elevation or
zenith angles etc.

In general, this delay, D{,(t) *, is defined as the difference
between the actual path of the carrier S and the straight-line

path in a vacuum Lx

as dL
Dy =[—-[7— (49)
N L
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cDfy = [ nds — [, dl

= [.(n—1ds +{[,ds — [, di} (50)
™ @

In terms of distance, after multiplying by the SOL [2], c,
gives two components: (1) = change of refractive delay along
path length and (2) = change of path length [45].

Because the change of path length must be independent of
speed then the following must hold

{[ds—[dl}=0 (51)
@)
Hence,
cDfy, = f,nds — [ydl = [(n—1)ds =107° [ Nds  (52)
&y

Up until now the atmosphere was considered to be
horizontally layered and azimuthally symmetric; i.e., refractive
index (or refractivity) of the ionosphere is constant (or does not
vary) as a function of horizontal position; it only varies as a
function of height. Since the refractive index (or refractivity) of
the ionosphere is not constant, but varies gradually with both
height and horizontal position, ionosphere is known as a
gradient-index or GRIN medium and is described by gradient
index or azimuthally asymmetric mathematics (see Figs. 9-12)
[51, [48], [49]. Although for most applications this assumption
is appropriate, the azimuthally asymmetric condition may
introduce significant errors in geodetic measurements where
high precision is required to eliminate deep signal fading
effects due to ionospheric scintillation [46] and ionospheric
plasma bubble. The azimuthally asymmetric condition is
described as a tilted atmosphere; whose refractivity N as
function of height h and horizontal position X reads: (where
the gradient vector (or tensor [48], [49]), VN, is defined as
below (see Figs. 9-12)):

IN(x,s)
ax(s)

N(x,5) = N(0,s) + |VN(s) =

] - x(s)xi (53)

x=0

The total ionospheric delay [I11] in an azimuthally
asymmetric atmosphere is given by integrating both sides of
(54) as follows

DE(3) =107 [*[N(x,5) = N(0,5) + VN(s) - x(s)]ds (54)

Where the component of (54) can be written as: Df({), is
the azimuthally symmetric component of the total ionospheric
delay
Df(3) = 1076 [° N(0, s)ds (55)

And, D#({), is the azimuthally asymmetric component of
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the same

D{(g) = 1076 [ * UN(s) - x(s)ds (56)
Hence,

D{*(§) = D{({) + D{*({) (57)

The vector x(s) is in the projected slant direction
(projection on the surface) (see Figs. 9-12). Because we have
the slant vector equal to

s = m;(90° — ¢) x(s)
= m;(0) x(s)

1
= X (58)

And the differential of the slant as
ds = m;({)dh

= dh/sin(B) (59)

hence, the absolute value of x(s) is given by

Ix(W)| = [x(s)|

~ _MiOh
mi(90°—()

= tan({")h (60)

Hence, vector x(s) is approximately given by

. _mi()
x(s) = 900 x(h)h (61)
First, substituting (59) into (55) yields,

D ({) = 107°m;(Q) [, N(0,h)dh (62)

Second, substituting, (61) and (59) into (56) yields,

m?(Q)
m;(90°=¢)

D% (() = 1076 Jy  VN(R) - x(h)hdh (63)

The typical range of variation for the ionospheric delay is
very dependent on the frequency but it can move from less than
one meter to more than one hundred meters. In general, the
Df(¢) integrated along a path joining a satellite k and a
receiver A can be split up into two contributions: vertical TEC
and slant function, in the following way

DF(§) = my(ODf = Df + AP () (64)

where D} is the delay due to vertical TEC

D7 =107 [ N(0,h)dh = + “';kfc (65)
and A{*({) is the slant component
AF*(§) = Df [m; () — 1] (66)
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Fig. 17. Refractive index, n;(f), of the entire RF L band 1-2 GHz.
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Fig. 18. Refractivity, N;(f), of the entire RF L band 1-2 GHz.

The dot in (63) denotes an inner product [48]. The
ionospheric delay [11] in an azimuthally asymmetric
atmosphere can be given as the sum of the delay we would have
in a symmetric atmosphere and a correction term due to the
azimuthally asymmetric ionosphere.

The ionospheric obliquity factor m;[6(t)] (or m;[{(t)])
given by (85) or (86), on the other hand, is independent of the
frequency but it is monotonic decreasing/increasing with
elevation, zenith 6(t),{(t) € [0°,90°] (or {(t) =90°—
6(t)) as shown in Fig. 15. The ionospheric azimuth obliquity
factor m{#[{ ()] (or m{*[0(t)]) given by (83) or (84), on the
other hand, is independent of the frequency but it is monotonic
decreasing/increasing with elevation, zenith 6(t),{(t) €
[0°,90°] (or ¢(t) = 90° — 6(t)) as shown in Fig. 16.

The correction term follows from (63) as

m2(Q) [J5° VN()x(W)hdh
DiaZ(O ~ mli(e) . 106

= G-e = Gi(¢) (67)

and D{*#({) can be approximated as in the right-hand side of
(62); e = [cos¢; sing] is a unit vector in the direction of x(h);

hence, we obtain

G, =106 fh": VN(h)hdh (68)
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lonospheric zenith delay at the entire RF L-band 01 GHz-02 GHz
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Fig. 19. Tonospheric zenith delay, D7 (f) (m), of the entire RF L band 1-2
GHz.
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Fig. 20. lonospheric zenith critical delay, D;***(f) (m), of the entire RF L
band 1-2 GHz.
Which is equivalent with

B a[f,fz Vne(h) hdh=Y7_; [y vi(h) hdhe|

where the expression of v;(h) can be obtained from
v,(h) = "’"a—e(l’” . l={1=NS,2=EW) (70)

e;=0

where v(h) ={v;(h)}, |={1=NS,2=EW}, is the
velocity o f the PED bubble with components in the North-
South and East-West directions and Vn.(h) is the gradient
vector of the n,(h) in the opposite direction of the projected
normal with components

Vn.(h) = v(h)

ne(h)
de;

—, (h)] (1)

er=0 1={1=NS,2=EW}

If we further define

o = JTEC
l de;

e;=0
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_ [ ne®
“ g de;

hdh

e;=0

= Jy. vi(h)hdh (72)

Then if we substitute (72) into (69) the following is obtained

af;z Vne(h) hdh

Gi:_ sz

aVTEC
i’

_ a¥ljcer

= —2iopan (73)
is the gradient vector in the opposite direction of the projected
normal with components G; = {Gu}, l={1=NS,2=EW}.

m? ()

The first part of (67), M)’

is a (mapping) function of the

zenith or elevation angles ({,0). The second part is the

azimuth (¢) dependent gradient part (see Figs. 9-12)
6:(®) = [Gin = 22| cos(®) + |60 = =5 sin(@) (79)
Furthermore since, azimuth (¢) is given by

sin(¢) _ Giy
cos(¢p) Gy

tan(¢) = — ¢ =tan™! (%) (75)

i,2

Furthermore, since

1

cos() = - = ¢ (76)
\/1+[tan(¢)=;1:5—25012
and
sin(¢) = < = 54 (77)

l,1

j1+ [cot(¢)=£:c—25021]2

Hence, the final formula of the gradient, G;, (or the critical

azz

azimuth zenith delay, D;”) can be computed from

a

fk (Gi,szz -

a

(Gl,lfk - —C1> cpr ifGiy < Gyp

G, = D (1) = (78)

—Cz) S¢, if Gi,l = Gi,Z

Therefore, the azimuth delay can be computed from either

the gradient or the critical azimuth zenith delay as follows

m; (() mZ2() azzc
m;(6) _mi(e)D ' (79)

D*(§) =

Using the above given definition, a slant gradient delay is a
product of a gradient MF m{*({) and gradient delay G;(¢),
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as shown in Figs. 9-12

©
DI*(§) = m*(DGi($); mi*() =745 (80)
In analogy to the symmetric case, the “asymmetric” delay in
the slant direction is also a product of a MF and, in this case,

the delay in the direction of the normal D™ = D}

D*(¢,¢) = my[{ — ecos(B)]D™
~ [mi(9) - e ecos(B)| D (81)

where f is the angle between the projected normal and the
projected slant direction. The approximation is allowed

because ecos(fB) is small. From (57) and (81) now follows

DE(,¢) = = |EL ~ sec(Otan()| ecos(BDF (82)

So, if the RF signal is received from the same direction as
the normal, the total delay is the smallest, caused by a thinner
atmosphere. Because the MF is approximately m;({) =
sec({), and so dm;({)/d{ = sec({)tan({), from (67), (72),
and (74) can be seen that G; - e = |G;|cos(B) = —DFecos(p).
Therefore, the length of the gradient vector, |G;| = Df|€]| is
about which is an upper bound of the gradient delay for a
particular azimuth as shown in Figs. 9-12.

The azimuthal MF (AMF), m{*({) (or m{*(0)), is given as

Q) = = e~ s (83)
Where
m;({) = 1in
__
cos(sin~Tg)
=1
cos(¢")
= sec({")
~— ' .

/1—-0.948sin2({)

mi(0) =

sm(B )

= csc(8")
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1
- \/1-0.948co0s2(0) (86)
_ (cos(B)  Re
= r{sin(() L r = Roth; (87)

R, is the mean radius of the Earth, typically, R, = 6,371 km
(see more [50]), h; = 350 km* is the ionospheric shell
height, {0,0'} elevation angle of the kth satellite at the user
position and IP position (see Figs. 9-12) and {¢,{'} are the
zenith angles of the kth satellite at the user position and IP
position respectively [69]-[14]; hence,

D(¢) = 1076 f,: UN(h,) * xds
_sin?(¢")
~ cos@n i€
=m{* (D" (¢) (88)

As can be seen from Figs. 13-16, gradients become
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Fig. 23. The angle a'(t) (°) (top) and the angle B(t) (°) (bottom) as a
function of time of day (h). Reprinted with permission copyright © 2017 Ilir
Progri.

¢(t) ° vs. time of day (h)
100 T

o= 1 I L L
1.5 2 25 3
ime of day (h)
(p[\) "i”\“‘st, ﬁm[c\%ll(iay (h)
T

I
0 05 1 1.5
time of day (h)

Fig. 24. The angle {(t) (°) (top) and the angle {'(t) (°) (bottom) as a
function of time of day (h). Reprinted with permission copyright © 2017 Ilir
Progri.

increasingly influential at lower elevation angles.

Another equivalent expression of the effects of azimuthally
asymmetric, atmospheric delay is primarily caused by
inhomogeneous PED distribution. Df**(t) can be expressed as
D (t) = m¥(0)(Gyrcos¢ + Gy ,5ing)

— m?(9) D (1) (89)
where D/**
to cos?(8")/sin(6") =1 or 6¢ = 41.8227°; ie., for 0° <
6 < 41.8227° D{*(0) = D;**“ and for 6 > ¢ = 41.8227°
we have that Df*(0) < D;***.

Up to this point the derivation of the total ionospheric delay

is the critical azimuth zenith delay corresponding

included only the influence of the azimuth, elevation (or zenith)
and height of the ionosphere. Since experimental data has
shown that PED varies considerably as a function of GNSS
receivers’ geodetic latitude, 9y, longitude, ¢, and time, t,
then the following expression of the zenith/slant ionospheric [2]
delays and the ionospheric gradients along with MFs can be
used to estimate the total asymmetrical ionospheric delay as
[11], [62]-[66].

D& (t) = D;” (t) + Df“(t) (90)
DH(t) = D;” (t) + DF(t) 1)
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Where

D;” (t) = my[(t)IDF (t) (92)
D;” (t) = m;[6(t)]D7 (t) 93)
Df*(t) = m{P*[{(D]D**“(t) (94)
DF#(t) = m{#[0()]D;** (t) (95)

where D{** / D{** is the azimuth delay as a function of
{@®)/ 6(t), 9, ¢n and t and Di**¢ is the critical zenith
ionospheric horizontal gradient and {(t)/ 6(t) are the zenith
and elevation angles of the IP point (see Figs. 9-12) [64], [67],
[68].

The differential ranging error due to ionospheric spatial
gradient was also modeled using the associated LAAS model
[63], [65], [69]-[75] or L2C [76]

ap¥

DF(Q) =

dof .
= (% + 2rvgy ) mi (O (96)

ab?
DI (0) = (%x + 2rvair) m;(0) 97)

where Df*#(6), D{#(0) is the [L; for example] ionospheric
error (or azimuth delay, negative for carrier), dD7 /dx is the
vertical ionospheric gradient; and x; (or x,;,) is the distance
(slant range) of the airplane from the ship (or the GBAS
reference point [m]); T is the service type dependent time
constant [8] of the smoothing filter and v, is the horizontal
speed of the aircraft [m/s].

Equations (96) or (97) provides the formula that is able to

reconcile the expression not found anywhere else

LZ—fo = cot(0")[G;1cos(¢) + Gy ,sin(¢)]

= 06, 6,0) ©98)
And
2L xmy(§) = m (D 99)

af(©) _ m* (@@ (100)

dx xm;i(Q)

Substituting (80) into (100) the final expression for D{***¢ is

L
obtained
Dle,ZC( ) — m;({) dDf(t)
13

miZ(Q)  ax

_ my(6) abf
m;i({) dx
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= cot((’)‘%zx (101)

This concludes the description of the ionospheric delay.

3.3 Description of the
Frequency

Ilonospheric  Doppler

There appears to be at least three good references: Nickisch et
al. in 2006, [77] in “Range rate — Doppler correlation for HF
propagation in traveling ionospheric disturbance environments,”
and Zhou et al., 2012 [78] “Evidence of low-latitude daytime
large-scale traveling ionospheric disturbances observed by
high-frequency multistatic backscatter sounding system during
a geomagnetically quiet period,” who are directly linked with
the ionospheric Doppler frequency estimation and Chum et al.
2012 [79] “Statistical investigation of horizontal propagation of
gravity waves in the ionosphere over Europe and South Africa”
which is indirectly liked with the ionospheric Doppler
frequency estimation. Nickisch et al. in 2006, [77] claims:
“Using ionospheric sounding together with fast computational
inverse processing, it is now possible to obtain good real-time
ionospheric models for use in geolocation for over-the-horizon
(OTH) radar.” Zhou et al. 2012 [78] claims: “Vertical phase
velocity was also evaluated to be < 42m/s through the
Doppler measurements.” Chum et al. 2012 [79] claims:
“Simultaneous measurements from nearby ionosonde made it
possible to estimate the height of the ground waves (GW)
observations and show that the analyzed GWs propagated at
altitudes from ~150 to ~250 km. The analyzed waves were
mainly observed after sunrise and around sunset. Our statistical
study shows that the analyzed GWs propagated with horizontal
velocities from ~70 to 250m/s. The average observed
horizontal velocities were ~100 m/s in the local summer and
125-250 m/s in the local winter.” According to Jandieri et al.
2009 [80], “Experimental investigations of Doppler shifts of
ionospheric signal (basic frequency was ~ 17 MHz) reflected
from the ionosphere were carried out in Moscow State
University, Moscow (Lat. 0 N, 0 55.5, Long. 0 E, 0 37.3) USSR
in 1979. It was established that electron density fluctuations
have a power-law spectrum with spectral index 3.8 < p < 4.6,
(p) =4.2 . Drift

irregularities is about ~ 170 m/s and corresponds to linear

velocity of large-scale ionospheric
scales from several hundred to several tens of kilometers.”
Furthermore, horizontal mean drift velocity is 257 m/s (day)
and 185 m/s

translate to ionospheric Doppler frequencies in the range of 40-

(night); more frequently 136 +~ 170 m/s
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The RF L-band D._(t) (m) vs. time of day (h)
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Fig. 25. Total ionospheric delay, D*(t) (m), as a function of time of day
(h) using the first profile.
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Fig. 26. Total ionospheric delay, D*(t) (m), as a function of frequency
(GHz) using the first profile.

53 Hz at the GPS L1.

However, the derivations in this section are original and
unique neither based on any analytical treatise of Nickisch et al.
in 2006, [77], nor Zhou et al. 2012 [78], and nor Chum et al.
2012 [79] which are specifically used for radar signal
processing. Moreover, it is important to know that depending
on the solar activity the Doppler frequency estimated from the
theory presented in this section is in total agreement with 4-
parameter model theory presented in this paper.

The ionospheric Doppler frequency, £>%°(t) or £2*(t),
is a subcomponent of the f(t) or assuming that all other

channel effects are ignored then
fE®) = [0 or 74(0); t €[0,T)

In this paper we are going to ignore the other channel

(102)

components such as the tropospheric and multipath effects.
Nevertheless, before we can discuss the ionospheric Doppler

frequency, we need to do some preliminary calculations.
Typically, a GPS satellite orbital period is one-half a sidereal

day, i.e., 11 hours and 58 minutes or T = 718 min or T =

718 x 60 s. Hence, the angle a’(t) as a function of time is as
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Fig. 27. Total ionospheric Doppler, fiD "%S(t) (Hz), as a function of time of
day (h) using the first profile.
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Fig. 28. Total ionospheric Doppler, £”%(t) (Hz), as a function of
frequency (GHz) using the first profile.

follows:
a'(t) = (w = ka,) t: t €[0,T) (103)
Next, we compute the angle B(t) as follows:
B® = tant [LEMEOL), 4 € fo,7) (104)

where Rg = 26,600 km is the GPS satellite orbital radius.
The zenith angle, {(t), is the sum of two angles a'(t) with

B(t) (see Figs. 9-12) as follows:
() =a'(t) + B(t) = kot + B(2)

The angle, ¢'(t), can be computed from
J'(t) = sin"[rsin[¢(6)]] (see (87))
= sin"!rsin{kt + B(t)}]

(105)

(106)

Next, we compute the derivative of the zenith angle, %(t) as

follows:

[ 1 Resin(kyrt) )
I Rgsm(k ,t) ! _f('[)_’ L
[Rs Rgcos k ,t)] Rs—Recos(ka,t)
@@ _ l u(D) 9@® J
dt a dt
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ar dg(t)

_ Tg(t) f(t)T
= kg + 1+[tanf (D] g2(t) (107)
Where
%(tt) = R,kyrcos(kgrt) (108)
diit) = Rk sin(k,t) (109)
Substituting (109) and (110) into (108) yields
a) i Rek o1 cos(ka/t)g(t)—f(f)sm(kalf)
at ! 1+[tanB (t)]2 g%
_ kar " Rslieka/cos(ka/t)—Rezko;/
Rg®—2RgRecos(k,rt)+Re
B RsRecos(k ,rt)—Re?
=ky |1+ Rs®~2RsRecos(k ,1t)+Re?
_ ka/RS[RS—Recos(ka/t)] (1 10)
Rs?—=2RsRecos(krt)+Re?
Next, let us find the derivative of —d{mii(t)]} as follows
d sec[sin_l{TSin[((t)]}]
dam(t) u®)=¢' ()
dac dt
d (t)
= sec[{’'(O)]tan[¢' (O] =~
sec[u(t)]tan[u(t)]d sin_i[rsin[{(t)]}
_ e(®)
- dt
__secfu(®)]tan[u(®)] do(t)
J1-e%2(® at
sec[{ (®]tan[¢’ O)]cos[g ()] 44 (&)
V1=sin2[¢' ()] dt
sin[¢' ()] cos[¢ (8)] 4 (1)
- cos3[¢' (1] dt
= m (1) £ (1)

[Z( )l .

Where —— is already given previously by (110).

If we wanted to include the gradient component in the SID,
D;” (t) (or D(¢)) then we get
Dfs(t) = D7 (t) + D{*(t)

=m;()D{ (1) + m{*(OD**(t) (112)
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DI (t) = D7 (t) + D (t)

= m;()D (t) + m{*(0) D" (t) (113)

Differentiating with respect to time we get the total Doppler
frequency, £;”% (or £f>*) (see Figs. 27, 28 and Figs. 31, 32)

as a result of the total ionospheric delay [11]

ﬁD,as :f,D'Sy +ﬁD,az
A ]
dmy©ODF(@)  dmiE(ODIF ()
A (114)
fiD,as — fiD,sy +f-D'aZ
_ D0 oo
A ]
dm(£)DF(t) dm‘i’-z(g)Dtilz,zc(t)
=TT i (115)

The symmetric ionospheric Doppler frequency, fiD'Sy (or
£P57), is simply the derivative of the ionospheric slant delay,
D (t) (or D;”(t)), with respect to time, ¢, or

ani’ (®)
S g —
i P

dm;(t)D¥(t)
- _ dt
A

(22 p ()2

= . (116)

ap;” ()
e O
i p)

dm;(t)D¥(t)
- _ de
A

220, pz (D

= . (117)

There are two components to the symmetric Doppler
frequency, f? (or f): (1), as a result of the change in
ionospheric zenith delay, D7 (t) (see (65)), and (2) the other as
a result of the change in the obliquity factor m;(¢*) (or
m;(6%)) (see (85) or (86)).

First, we compute the first component of the Doppler
frequency as a result of the change in ionospheric zenith delay,
Df(t);i.e.,

7 dTEC(x,t)
LGN — (118)
dt cf

Second, we compute the second component of the Doppler

frequency as a result of the change in the obliquity factor
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Fig. 29. Total ionospheric delay, D{**(t) (m), as a function of time of day (h)
using the second profile.
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Fig. 30. Total ionospheric delay, D?*(t) (m), as a function of frequency

(GHz) using the second profile.

m;({) (or m;(69)); i.e.,

dm;(t) _ _m{z(t) dg(e)
= T o (see(11D) (119)
dmi(t) _  mi®() do(e)
ac 1 at (120)
Where
2 li .
mgz(t) _r cos[8'(8)]sin[8 ()] (121)

sin3[0/(t)]

Finally substituting (118) and (119) or (120) into (117) we
obtain Doppler frequency, f2 (or fP): (1), as a result of the
change in ionospheric zenith delay, D7 (t) (see (65)), and (2)
the other as a result of the change in the obliquity factor m;({*)
(or m;(6%)) (see (85) or (86)); i.e.,

dTEC(x,t)

D, Df(®)y(t) di(t)
(@) = -l - AR S (122)
dTEC(x,t) p 1z
f;:D,Sy(t) - _ a dt _ Dl. (t)ml (t) do(t) (123)

cf A dt

Since, the (or symmetric) Doppler component fiD'Sy (or
£P*) is already computed in (122) or (123); the azimuth
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Fig. 31. Total ionospheric Doppler, f;“*(t) (Hz), as a function of time of
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Doppler component from £,>%* (or £f**) can be computed
from

d

f;:D,aZ (t) — dt

2L (0),61=m (DI (1)
A

dt 212 (),t]=sin[¢’ (O)]tan[¢ (O] D ()
A

azzc

d
(O+mZ () —L

d{sin[(’(f)]tan[(’(t)]}Daz,zc
dt i

A
2 azzc(t)
1-|;:Ssic[(’[ft)(]t)]d(d£t) izlzzc(t)+maz({) - 12
h (124)
az —,,0Z az,zc
Dz aDEOW.d=ami @)DFH(0)
fPeE(e) = — i
Lp82[6(0),t)=cos[0" (®)]cot[6" (1)]DIZ* (1)
h )
az,zc
_ dfcos[6’ (tt)i]tcot[e (t)]} az‘zc(t)+miaz(9) _ ®
- 2
1+csc2[6! ()]
scs[87(0)] ag'te Dpazze az dDaZZC()
D T (®)-my (9)7 (125)
- 2
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Since, {'(t) is given by (106); hence,
dg'(®) _ reos[Z(®)] d[Z(®)]

dt cos[¢'(t)] dt

Similarly,
8'(t) = cos™{rcos[8(t)]}

de’(t) _ rsin[6(0)] d[8(D)]

dt sin[@/(t)] dt

However, since 6(t) = 90° — {(t) then; hence,

do(t) _ —di(t)
de ~ dt

(126)

(127)

(128)

(129)

Finally, substituting (126), (128)/(129), into (124)/(125) we

obtain
Iaz az, zcdf(f) az
(©)D; ( )
P (e = - et (130)
> Iaz(t)Dazzch(t) az(g) db;
o) = - 2 (131)
Where
raz s sin[{'(t)][1+sec2[{'(t)]]rcos[{(t)]
m¥(t) = oSO (132)
e cos[6’ ()] [1+csc[6 (®)]|rsin[6(6)]
() = S0 O] (133)
quZZC(
Next, let us compute ‘— by differentiating (78);
therefore, first we compute
2
a—1_ d[1+(&
14¢2 _ %‘/1+g2_cl dECZ) . _a
at 1+¢2 = cy
o)
dcl\/1+c2 —0.5¢,—4L
1+¢2
- 1+¢2
deq 2 c1[ddt €2~ “1%
_ at [1+§'] C#
(1+c2)7
d'—‘1(1+ 2) dC1 24 3d;2
— t
(1+c2)2
o)
dcl\/1+c2 —0.5¢,—4L
1+¢2
- 1+¢2
_ ﬂ 3 dCz
e o s (134)
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a2
1+§2 _ dcy 3 dcq 2
— = (L4 )[1+g]z (135)
Hence,
an** @) _ Za(dcl’r@dcz) ifc;, <c (136)
- b 1 2
at fk (1+C2)3
az,zc 2 dﬂ_'_ —3dcy
a0 _ _ 2a(@+st) ife, > ¢ (137)
at fk (14¢72)2

Finally, substituting (122)/(123), (120)/(131) into (114)/(115)
we obtain the final Doppler expression due to total ionospheric
delay [11]

ATEC(x,t) az@ M (Qapi )]
ﬁD'as(t) — [ami(f)c—f tht Di’m(t) dtt ; ; dtl (138)
dTEC(x,t) i dO()  MEE(O)ADTEEE ()]
P = - [Mni(t)cf a2 1 o (139)
Where
D™ (t) = m#(t)DF(t) + m®* () D" () (140)
D™ (t) = mi? (£)Df (t) + mi* (£)D*(¢) (141)

Special cases: There are four special cases that we should

take into consideration.

d{(t) do (t)

(1) Static component. 1If we assume that " pr 0
then A(t) = B(t) = 0.
dTEC(x t)
am;(t) m{?(@) ab***¢ (1)
free) = -— - (142)
dTEC(x,t)
ami(O——3 = mf(6) dD{**°(t)
O (143

If m;(t) = m;(t) = 1 then the static component becomes
the same as the zenith component; i.e., zenith component is a
subcomponent of the static component.

(a) Zenith component with no gradient component. On the
other hand, another effect known as the phase advance A¢,
affects the carrier frequency of the transmitted signal, f;. In
this case the signal is affected by the following factor in cycles

(or in radians) [81]

a-TEC

Ao = = 2L (1n cycles) (144)

cf

A}y = 2mAPy. = a)k (1n radians) (145)

where (1) Df is the ionospheric zenith delay in [m]; (2) ¢ is
the SOL in vacuum [2] [m/s].

Therefore, if one was to assume the ionosphere [2] to be a
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layer between the satellite and the user, the TEC encountered
by the signal directly depends on the satellite elevation and
change as the satellite is moving. This change induces a change
in the phase advance observed and as such a frequency shift
known as the Doppler frequency induced by the ionosphere [2]
given by [81], [82]

dAg
Ay = dtk
=fP®
_a_dTEC(t)
T cofx dt

_ [1.344536593729647><10_7 HZ'CyCleS] dTEC

fr TECN dt
_ _f_kchiz(t)
=T (146)
Where
a = 1.344536593729647 x 10 7els 1 -m? -s71 - ¢
2
_ 1.3445365973729647_ m?_ 299792458 m
10 elsxs s
= 40.308193030515824 els™! - m3 - s 72 (147)

where TEC is the integral of electron density along the path of
the radio signal from transmitter to receiver, where f;, is
evaluated in units [83] Hz, dTEC/dt is evaluated in units
TECN/s, and where TECN = 1 el - m™2 [81].

(2) Slant (symmetric) component with and no change in TEC
With  dual

measurements, we can compute the ionospheric delay [11] and

and no gradient component. frequency
numerically differentiate to produce an additional correction
term to the predicted model Doppler. However, without this
information, we can assume that the path delay is a function of

the zenith delay and the obliquity factor (itself a function of the

satellite elevation). Differentiating the path slant delay, DL.S Y(8),
with respect to time, we find that
sy
PR = —DFOmE () 2 - (148)
1407(0) _ b} (r) , da()
PO = -5 mE(E) =2 (see (121)  (149)

where 6 is the elevation angle of the lowest layer, D7 is the
zenith delay in meters. The Doppler shift from the ionosphere
[2] is the negative of the time rate of change of the path delay
over the wavelength [84].

The negative sign is due to the phase advance being opposite
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in sign from the path delay. The new predicted frequency is thus
f‘iD — fmodel + fiD (150)

Leveraging dual-frequency code-based pseudoranges from
the SATRACK data, we calculated an approximate zenith delay
for each space vehicle (SV), which varied between 1.5 m and
3 m. The total effect of f;” is small (thousandths of Hz) but
can correct some of the trends observed in the residual phase
measurements [84].

The same result in (149) can be obtained from (139) if

d qZ,ZC
—dTEgt(x’t) =0 and D**“(t) = 0 then @ © — ©_o.

(3) Slant (symmetric) component with no gradient component.

qZ,ZC
L =0 then from

If we assume D/** =0 then

(137)/(138) the following is obtained

D.sy aml(t)w _ DE@OmM®(®) d(t)

fi 7@ = of 1 dt (151
Dy oy ami®TEED pzmlze) as(e)

fi @) =- of - 2 dt (152)

This is the slant (symmetric) Doppler component with no
gradient component same as (122)/(123).

(4) Slant azimuth Doppler component. If we assume

dTEgt(x't_) = 0 then from (138)/(139) the following is obtained
/m(t\d((t) . maz(OlelZ 0]

f;:D_as - _ - dat (153)
OO apP#e ()

fiD,as — _D£ Qarr: "'jlz(g’ BT (154)

where D;™(t) and D;”(t) are given by (140) and (141).
This is the slant azimuth Doppler component, i.e., gradient

and derivative of the gradient only component with no change

in TEC, neither zenith nor elevation component. Furthermore,

slant azimuth Doppler component can be decomposed into two

subcomponents:

(a) gradient only with no change in TEC if ﬂ =0 or
D{**¢ = const.
1295 (p) = Z(t)yﬂ(t)"“” B m{”(t)f{”'"(r) (155)
£245 () = (t>5;t>%(f) mﬁ"(t);“”c(t) (156)

and (b) derivative of the gradient only with no change in TEC
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if @ _ dow) _ 0 then m!%(t) = m.%(t) = 0 hence
dt dt t t

_ mlaz(z) dDaZ'ZC(C)

fPrE = - (157)

m&%(9) dp{**(t)
p) dt

from =- (158)

This concludes the description of the ionospheric Doppler

frequency calculations.

3.4 Description of the amplitude and phase
scintillation

Amplitude scintillation is a measure of the signal amplitude
degradation due to scintillation and is measured by an index
known as S,.

The S, amplitude scintillation index [85] is computed as the
standard deviation of normalized signal intensity [86] (or
irradiance, I) (expressed in linear units [83], not dB) or power

(P2)_(P)?

A= Tz Az (PP)—(P)?
(12 <§_>22 RGE

(159)

If the signal is measured in power units (or Wats [22]) then
Y : Power E[Y] =(P); o) = S4(P) else if the signal is
measured in amplitude units then X: Amplitude E[X] = (A) =

V2(P); o1y = \25,(P) = [S,(4) = [20y).

Here the angle brackets (a) = E{a} formally denote an
ensemble average of a or E{a} but in practice it indicates
spatial or temporal averages.

One school of thought believes that the S, index used as a
sole measure of scintillation does neither parametrerize phase
fluctuation index nor provides detailed characterization of fade
depth or duration. According to this school of thought, once
S, reaches the neighborhood of unity (focusing on saturation
regime), scintillation characteristics may vary even as S,
remains relatively constant. Nevertheless, S, remains a
worthwhile means of characterizing scintillation due to several
factors: (1) large, long term activities of S, measurements
exist and morphological studies use these archives the natural
scintillation environment (Aarons, 1993 [87]); (2) a good
number of scintillation detecting systems are largely based on
S, measurements (Groves et al, 1997, [88]; Thomas et al., 2001,
[89]); (3) additionally scintillation at L-band (1-2 GHz) or
higher frequencies often does not approach saturation except in

limited circumstances (Fremouw, et al, 1980 [90]; Yeh and Liu,
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1982 [91]); (4) finally, empirical relationships between S, and
properties like signal fade statistics allow historical or
climatological S, values to be used in system design [85]. As
we are going to see from the derivations and simulation
analyses, the conclusions provided by this school of thought are
erroneous.

Another school of thought, as we shall see in the further
development of this section, believes that there exists a well-
defined relationship between the phase fluctuations and the
amplitude scintillation index, S,. Therefore, we are first going
to produce an understanding about the phase fluctuations or
phase scintillation index or phase variance due to scintillation
and then derive the amplitude scintillation index, S, [80], [92]-
[94].

In Jandieri et al. 2009 [80] phase fluctuations are suggested
as being responsible for fluctuations of the angle-of-arrival
(AOA). AOA measurements have been performed by
interferometers; where as a part of radar propagation effects
program at the Millstone Hill radar facility [1], AOAs has been
measured with a single mono-pulse tracking system. According
to Jandieri et al. 2009 [80] the study of AOA could provide
useful information about the structure of the ionospheric
irregularities.

Let as consider a simplified model of the magnetized plasma
in order to visualize the influence of medium absorption and
anisotropy on the AOA of scattered waves [80].

Let us assume a 3-layer approximation between a Satellite
Transmitter and a Receiver with respective thickness, h;, i =
{1,2,3} as shown in Fig. 12; where the middle, scattered layer
contains random magnetized plasma and irradiated high-
frequency electromagnetic waves.

The LOS distance between the Satellite Transmitter and a
Receiver is given by

Ho =Xi1h; (160)

Suppose a magnetic field with constant flux density vector,
B, and magnitude of B, and angle of {; from the z axis is
given by

BO = Boejqo (161)

Suppose that the wavenumber vector, k, of the signal in
vacuum is given by

K = kel €=F (162)

where the wavenumber magnitude of the signal in vacuum,
whose radiant frequency is w, is given by

ky=w/c (163)
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Fig. 33. Total ionospheric amplitude standard derivation, S, (p), as a
function of frequency (GHz) using the first profile.
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Fig. 34. Total ionospheric phase standard derivation, g, (°), as a function

of frequency (GHz) using the first profile.

Suppose that the plasma density in the layer, N(r), is the
sum of two terms: the constant term, N,, and the random
function of the spatial coordinates describing density
fluctuations, N, (r), then N(r) can be written as [80]

N(r) = Ny + N, (1) (164)

Assuming a Gaussian distribution of the random function of
the spatial coordinates plasma density fluctuations, N, (1), its
variance is given by (N2); hence, the variance of the plasma
density in the layer, N(r), is denoted by 62 and it can be
computed from

of = (N{)/N¢§ (165)

Let as assume that veg is the effective collision frequency
of electrons with other plasma particles; the plasma frequency

can be computed from [80]

e2n

2 _ A-2£21
w =4

P gome f

(166)

The angular gyro-frequency for the magnetic field, wg, is

! The plasma frequency, f,, was introduced earlier in (40).
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Fig. 35. Total ionospheric amplitude standard derivation, S, (p), as a
function of frequency (GHz) using the second profile.
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Fig. 36. Total ionospheric phase standard derivation, g, (°), as a function

of frequency (GHz) using the second profile.

defined as [80]

eB
(UBZ_O

(167)

mc

Suppose that the following conditions are fulfilled [80]

W > W; Wg > Wp; Wg > Vgt (168)

We define the following non dimensional plasma parameters
v and s as follows

v = wy/w? (169)

S = Ver/ @ (170)

Anisotropic Gaussian correlation function of electron
density fluctuations in F-region of ionospheric plasma, when
prolate (or elongate along the polar diameter) irregularities
produce an angle, y, with respect to the external magnetic field.

Assuming that the irregularities are elongated along a
direction of the geomagnetic field

vsin?{q ] 2

_ 1,2 _ 1
a=k [a =—— >
0 1™0 = 2N, (1-vcos2Zy)?

(171)

Then it can be easily shown that a > 1 [80].

2 Please do not confuse a with a'.
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Let h, and h, indicate the relative characteristic spatial
scale sizes in the field aligned, |, and field-perpendicular, L,

directions; then y is the anisotropic parameter (see Fig. 12)

given by
_ 2
R? = il (173)

sinZy+y2cos?y

Next a, b, and d are defined as non-dimensional spatial

parameters normalizing on thickness of a plasma layer

Next, we define the following non dimensional plasma
parameters
b+d .
A= vﬁsm(a - cos{y = vy (177)
Jo=v—— hrd sin{, * cos{, = vé (178)

Next, we define the following remaining parameters as

follows:

1+(1—)(2)25in2a-c052

a
XZ

G = sin2a+ycos2a (179)
a, = sin2a+xzzcoszoc (180)
X
1-x?)sina-
a, = U=x)sinacosa )j(‘z““ cosa (181)
G = a; + a,A? = 2a3A = a; + ap?y? —2azvy  (182)
J = 2s], (183)

Assume that distance between two receivers normal to the
direction of wave propagation in which phase correlation is
measured is x then the AOA and frequency fluctuations
intensity for anisotropic Gaussian correlation function at G, =
G (x = 0) has the following form [80]

52 ﬁaz kéhﬁsin‘*(o[ v?
@ 4 N ay (1-vcos2yp)*Gy

_ ‘3] aao)z (184)

This expression is valid for arbitrary location of a point
source and the receiver with respect to scattered layer [80].

Because we are looking forward to obtaining the phase
variance as a function of the frequency we need to make the

following simplification of a by substituting (163) and (169)
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into (171)

1 vsin?{, ~ 1 w3sin?gy
0 = 2Ny (1-vcos?{)2] ~ 2Ny 2

a=k: [a (185)

Similarly, we simplify § and J/G, by substituting (169)
into (182) and then (169) and (182) into (184) and assuming
that w > w, yields

4, 4
B = el = L (%% = g, )ase)
w?cos200\* 4 2 w* 1
p 0 @p. 2 @p a12
1- o2 a;+ azm]/ —2a3ﬁy
2 2
o gy emil,
0 ~ _a
L b _ o =9 (187)
Go ai+ azA“—2azA w

w"’ (l.)z
a;+ azw—ﬁyz—zagw—’z’y
Hence, substituting (186) and (187) into (184) yields an
approximation equal to

. _ 2
2 \/ 5 k3hisin*¢o By —=
o of 11— ¢d?w
P ay w?

IIZ

(188)

For the isotropic case y = 1 and ignoring the influence of
the geometric parameters we obtain the main component of the

phase variance as a function of the signal frequency
(189)

If the Satellite Transmitter and the Receiver are located on
the upper and lower boundaries of plane plasma layer then we
have b = d = 0, in isotropic case, y = 1, at {;, = 90°, then

(184) becomes

62 = \Toghyh, ("54”2 = 2’”%) (190)

This is an upper bound of the phase variance as it is invariant
of the frequency.

In Jandieri et al, 2007 [92] and 2008, [93] the phase variance

(p?) and intensity scintillation index S, are related as follows

2
97 = Vrof(D? + EH) L (191)
S§ = 2(pf)Gx (192)
cos tan‘l(2ki/k%)+tan_1[Zki/(szzk%)]
2
G=1- . . (193)
(1+akt /ick) 144kt /(Qx*KE)[*

Q*(a, x) = ”" Wty bz—— 2bw? (194)
p="%
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D=D1+D2+D3

o o -n) (o' 1)-u"(e'~rin’sy)
Ni[2&' (n'-n2)+n2(e'-n")sin2|cosy

D1=

_ n2(n'-1)(nZ-2n"+¢&")sin?¢;
2N, [2¢' (n'-n2)+n2(e’' -n")sin2{]cosdy

— (n%-n")(nZcos?g,—n')(e'-1)—u'"%(e' -1)
2N.[2¢' (' -nd)+nf (e’ -n")sin?{]cosdy

_ NJ(m'-n2)(n'+&")+n2('—n)sin?{; —p'"?]singy
- Ny [2&' (n'-n2)+n2(e’'-n")sin2{4 |cosy

_ [(n"-n2)(n'+&")+n3(e'—n")sin?¢y —p''?]tanly
2&'(n'-n2)+n2(e'-n")sin2yy

Where

z? = sina + y?cos?a

2
-1 .
w? =% —sinacosa
X
v(1+s2-u
y =1 s
(1-s2-u)2+4s2
i su(1+s%-u)
= (1-s2-u)?+4s2
/ v
g=1-
1+s?
" sv
E =
1+s2
;L 2svvu
u

T (1+52-u)? +4s?

n_ wu(1-s*-u)

T (14s2-u)2+4s?
2 / 4_2
2 nit ny-nj
Nf = —

(1-v)[2(1-v—s2)—usin?{y +P|-s[2s(v—2)+U]

2 1
ng=1-2v [2(1—v—s2)—usin2{y +P]%2+[2s(v—-2)1U]?

(1-v)[2s(v—2)+U]+s[2(1-v—s2)—usin?{; 4P|
[2(1—v—s2)—usin2{,+P]%2+[2s(v—2)+U]?

ni =—2v

P=J&ﬂ¢?¢}7+m

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

@211)

U= \/O.S(,/pz +q*—p)
p = u?sin*{; + 4u[(v — 1)? — s?]cos?{;
q = 8su(v — 1)cos?{;

u=w?/w?

O o4 of | (@B 2 vate 2
=-—=2sin*(; +4— (——1) — <% cos

p w0t (1 w2 w2 w2 (1

g Veff OH ] 1 2

W oz \poz —1)cos?g
0¥ |wf 4 wzza 2 ”fo 2
3 (S

P=_;|2SIn"G +4 (—wz—l) — -5 cos°y

e S

w?l w

g = (W ai-apal)
- al?
z

Where
Ay = Ay + A + Ays

Ay = Ayy + Ay + Ayizs 0= {1,2,3}

— 2 2

Ay =g’z —n") —&"(n" —nD)l(' — 1)
Ay =—' (' —nP)n" — p'"?(n3sin®g; — ")
Ay = —2p'p" (' — nisin*(;)
P ni(n'-1)(nZ-2n""+&'")sin?¢;

v21 2
. = _ [ =) 4nin"](nf-2n"" +¢)sin’¢y

v22 2
o — (o) (heos?Ey o )e”

v23 2
A = — (e'-1)(nf-n")(n"" -nFcos?¢1)

v31 2
Al = — (s'—l)(n”—n%)(n%cosz(1—1]’)

v32 2

v ZHIHH(E/_l)_EN#Nz

v33 — _f

@ = a +a,
afy = 2N.['(n3 = ") — " (' = nD)]cosy

aj, = N.[ni(n" — ") —nj(e’ —n")]sin*¢;cosdy
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(212)

(213)
(214)

(215)

(216)

217)

(218)

(219)

(220)

(221)
(222)
(223)
(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)
(233)

(234)
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22
k% = %’,ﬁ—ﬁf (235)
. X |z _ g ez _Kp fcz
ke =k \/Z = ky i J; = J; (236)

Next, we consider a special case: For turbulent collision-less
magnetized plasma s = 0 and assuming that { = 0°.
Furthermore, let assume case (a) magnetic field influence is

zero, u = 0; hence, we obtain the following

' _waw g

N =1-220 (237)

This concludes the description of the amplitude and phase

scintillation indexes.

4 Description of a
channel model

simplified ionospheric

The exact computation of the ionospheric channel model based
on the equations presented previously is a daunting task,
because the results will depend on the profile of v;(h) which
is obtained from measurements; hence, we consider two

simplified examples of v;(h) profiles.

4.1 Examples of description of simplified ionospheric
delay

Example 1: In the first example we assume that v;(h) is given
by
vli[l - e_“i(h_h‘))], ho <h< hi

v;(h) = 238
i(R) vy[e Pilh) — 1], Ry <h<h (238)
Where i=1=NS and i =2 = EW.
First, let us compute the integral 1
I= fh"z v;(h)hdh
as a sum of two integrals: I; and I,
L = fptoy[1 — e |hdh
= vy [ hdh — vy e%ito [Me=aitpdp
1i ho 1i ho
2 hi -a;h hi —aih hi
= vy {h_ + etilo [he_ _¢ > ]}
2 lp, a; ho a; ho
n?-ng | ne~%i(hi=ho)_py  1_g=ai(hi=ho)
—vu[ P ] (240)

I = [ vy[eFih=m) — 1]hdh
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= vyefits [ ePilhdh — vy, [ hdh
L L

_B:h hq
= 172. {e'gihl [_ﬂ ] _E
3 .
By ] 2

hy o—Bih

2
h; Bi

hq
hy
1—e~Bilha-h)  p2

e=Bi(h1=h;) _ 2_p2
[ e ] e

Combining, (240) and (241) into (239) the following is

obtained

vi(h) = vy;a4; + vp0y; (242)
Where
_ n?-n} hie_“i(hi_ho)_ho 1—e~ai(hi=ho)
ali - 2 a; + aiZ (243)
nie=Bilhi=hi)_p,q_e=Bilhi-hy)  p2_p2
= 244
az; Bi Biz 2 ( )

This can be further simplified as because the equality due to

the continuity of the IP point

Vi = vyi[1 — e_ai(hi_hO)] = Vzi[e_ﬁi(hi_hl) —-1] (245)
Hence, since
o aTEC
v;(h)hdh = —
th t 6xi |xi:0
= ¢;1(£) + cip(8) + ci3(2) (246)
RE(8)[1: () +v2:(0)] =3 ()v1:()—h2 (Ov,; (D)
Cll (t) = L 11 21 20 11 1 21 (247)
_ vmi(®) _ vmi(t)
Ciz ®) = a?(0) B2(0) (248)
ci3(t) = ci31(t) + ¢i32(t) (249)
_ hi@®)vmi(®)+v5;(t)]-hy ()v;(t)
€z (t) = B (250)
Ciap(t) = hi(O)[v1i () —vmi(O)]—ho (O)v1(t) 251)
i32 -

a;(t)

This concludes the derivations of Example 1.
Example 2: In the second example we assume that v;(h) is
given by

Uli[eai(h_ho) - 1], ho <h< hi

vi(h) = ope B0 1], hy < h< by (252)
Where i=1=NS and i =2 = EW.
First, let us compute the integral [
I= fh": v;(h)hdh
=L+ (253)

as a sum of two integrals: I; and I, (same as (241))
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I = fptvy[eci=mo) —1]hdh

= v, e~Cho f,f: e%hhdh — vy f,f‘oi hdh

a;h M a;h
—a:h, | et e’
= vli {e ito [_

hy n2
7|7

iho

a; a

hy
N
hie®i(hi=ho) _p,  1-e@i(hi=ho) h2—h?
:vli[e a; 0+ ea? O2 ]
Combining, (254) and (241) into (153) the following is

obtained

ho

(254)

fho: vi(R)hdh = vy;a,; + v3;a5 (255)

Where a,; (the same as (244))

hieai(hi_ho)_ho 1—e®i(hi=ho) h2—n?

A4
1 243 (Zl-z

(256)

2

This can be further simplified as because the equality due to
the continuity of the IP point
Vi = vli[eai(hi_ho) - 1] = vzi[e—ﬁi(hi—’h) — 1] (257)

Hence, since

f;: v;(h)hdh = aaTTEiC|xi=0
= ¢y (t) + cp(t) + ¢5(t) (258)
ca(t) = h?(t)[vli(c>+vzi(c)]—f;5(c>v1i(t)_h§(t)vzi(t) 259)
s®) =~ o (260)
Ciz(t) = €131 (8) + iz () (261)
iz (t) = hi(f)[Umi(f)+1;2ii((tf))]—hl(t)vzi(t) 262)
Cian(t) = hi(f)[U1i(f)+v:1ii((tf))]—ho(t)vli(t) 263)

In order to understand the relationship between the two
profiles let us consider further that v,,; given by (257) is the
same as Vp,; given by (245); or

Umi = U1i(1)[1 - e_ai(l)(hi_h())] (264)

Umi = Viip[e M@ 1] (265)
Which is equivalent with

“mi (266)

Vi) = 1—e~%i(1)(Ri=ho)

7mi (267)

Vii2) = L%i2)(hi—ho) _;
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One then can utilize these calculations to compute a
simplified total ionospheric delay based on the equations that

were previously presented in this paper.

4.2 Examples of description of the simplified
ionospheric Doppler frequency

In the following two examples we will utilize exactly the same

simplified profile that we utilized in simplified ionospheric

delay.

Example 1: Assuming the first profile of the azimuth gradient
is given by (246)-(251); hence, d;i—it) can be obtained from the
derivative of three expressions:

dei(®) _ dei(®) n deip () + deiz(t) (268)
dt dt dt dt
dCil(t)

The first derivative, can be computed from

dt

deiq () dvji(t)

dt = 2]2'=1 [anivji (t) + ai?ji dt (269)
Where
dh;(t) dho(0)
uy, = h() 2 = ho ()2 270)
dh;(t) dhy ()
y,, = hi(©) =~ —h (O —— (271)
20\_p2
a,, = L0 (272)
20\_p2
ay,, = HOHO (273)
. . dcjy ®
The second derivative, —=—=, can be computed from
dci, (t) dvp,;(t)
# = a, Vmi(t) +a;_, ‘;‘t‘ (274)
Where
_ dﬁi(t) 1 _ dO{i(t’) 1
Qomi = 2 at B3 at a3 (275)
1 1
Tomi T 20~ F2O (276)
. . . dciz ®
The third derivative, ——=, can be computed from
deig(t) dBi(t) day(t)
;t =ap, +ap, —d‘t + aq, + ag, cllt (277)
Where
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ap; = ag, +ap, +ap, (278)
_ [rmi(®)+v,;(0)] dhy(t)
ag, = 5.0 o (279)
_ 1 h®)d[vmi(t)+vai(0)]
ag, = o a (280)
_ 1 —dhi(Ovyi(O)—h1(O)vy;(t)
ag,, = 50 " (281)
A, = Qq;, +Aq;, T aqg,, (282)
_ [1i@®)-vmi®)] dhi(t)
Ag;, = oS " (283)
_ hi@®) [dvyi(®)  dvmi(t)
Qajy = a©l dc dt (284)
_ =1 [dho(B)vyi(t) | ho(t)dvy;(t)
Qajy = a;(t) dt + dt ] (285)
@i —hi(O)[vmi(D)+v,; ()]
ap, = BZ() (286)
_ ho@®v1i(O)=hi([O)[v1;(6) —vmi(D)]
o = 2 (287)

Hence, substituting (269), (274), and (277) into (268) yields,

dCi(t’)

=2 = Nibik (288)
Where
k = {hO'hllhi! a;, .Bilvli'vzi! vmi} (289)
10 P
k=== ={ho, hy, hi, @i, Bi, V11, Vi, Vimi} (290)
1
big = =000 [Ro(®) + 15| (291)
1
bi, = =02 (®) [y (O) + 5] (292)
o hi(6) Ymi(O)+v2i(€) | v3i(O)—vm;()
R ™ oy i(8)4vgi(0)] 2 Bi(t) a;(®) (293)
_ hi®©w1i(®)=vmi(O)]-ho(®)v1;(t) | 2vm;i(t)
be, = a?(®) ai(t) (294)
o hip () [vmi(D)+v2i(O]-h1 (Dv2i(t)  2vmi(t)
i BE®) JHO) (295)
h2(t)—-h3(t) | hi(£)—ho(t)
bi’li =t > 0 + L ai(t)o (296)
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_ hEO-rI®) | h(®O-h (O

by, = - + o) (297)
_ 11 hi(8) | hi(®)
by = B2 k() B ai(®) (298)

Example 2: Next, assuming the second profile of the azimuth
gradient by (258)-(263).

Performing calculations which are very similar to example 1
one can obtain (288) where k, k, by, bBi’ and by, are given
by (289), (290), (292), (295), and (297) respectively and the

other variables are computed as follows

by, = v1;(t) [ho(t) + ﬁ(t)] (299)
by, = [vli(r)}:il(;?i(r)]-l Vmi(;)igﬂ(t) vmi(:;;“(t) (300)
by = R il ¢ (301)
by, = LXHO | 24O (302)
Do = Bfl(t) B a?l(t) Zi_gg B Zi_g (303)

One then can utilize these calculations to compute a
simplified total ionospheric Doppler frequency based on the

equations that were presented previously in this journal paper.

5 Numerical, Theoretical Results

Example 1: In Figs. 13-16 the following are depicted: (1) the
ionospheric gradient PED profile vs. the height of the
ionosphere and (2) the obliquity factor #;(t) (or m;(t)) and
the azimuth obliquity factor m{*(t) (or m[0(t)]) as a
function of elevation 6(t) (or zenith {(t)) angle. First, the
ionospheric gradient PED profile of the first or the second
scenario increases monotonically from 0/0 els/m? to 60/96
Mels/m? as a function of height from 50 km to 350 km in
EastWest(EW) /NorthSouth(NS) and then
monotonically from 60/96 Mels/m? to 0/0 els/m? as a
function of height from 350 km to 1000 km from EW/NS. In
either profile the maximum ionospheric gradient PED profile
60/96 Mels/m?in EW/NS corresponds to the ionospheric
height of 350 km. Now this height can change and so can the

decreases

maximum value of the ionospheric gradient PED profile in the

simulation setting.



Journal of Geolocation, Geo-information, and Geo-intelligence

As can be seen from Figs. 13-16, gradients become
increasingly influential at lower elevation angles.

Example 2:
illustration of the RF L-band (1-2 GHz) ionospheric
This basic

simulation contains the description of: (1) refractive index [5],

The second simulation example is the

propagation channel model in Figs. 17-20.

n; (2) refractivity, N; (3) ionospheric zenith delay, Df[m] and
az,zc
L

function of frequency 1GHz < f < 2 GHz. By taking a look

(4) ionospheric azimuth critical zenith delay, D [m] as
at the plots in Figs. 17-19 we observe that refractivity index and
delay  [11]
monotonically for values of frequency 1 GHz < f < 2 GHz.
The smallest refractive index [5] 0.9999596918069695 or

the smallest

refractivity/ionospheric increase/decrease

(largest in magnitude) refractivity —40
corresponds to values of f = 1 GHz and the largest refractive
index [5] 0.9999900229517423 or the largest (smallest in
magnitude) refractivity —10 correspond to values of f =
2 GHz. The ionospheric zenith delay decreases from 16 m at
1 GHz to 4 m at 2 GHz and the ionospheric azimuth critical
zenith delay decreases from 8.5 m at 1 GHzto 1 m at2 GHz.

Example 3: The third simulation example is the illustration
of the ionospheric Doppler frequency elements such as
dTEC/0x;, dc;(t)/dt, a'(t), and, B(t) vs. time, zenith
angle, {(t), is the sum of two angles a’(t) with B(t), and
{'(t), (see Figs. 21-24).

Example 4: The fourth example of a simulation of the RF L-
band (1-2 GHz) ionospheric propagation channel model 2 is
illustrated in Figs. 25-28.

This basic simulation contains the description of: (1) total
ionospheric delay [11], D{**[m]; (2) total ionospheric Doppler,
fiD **S[MHz]; as a function of time of day [h] and of frequency
1GHz < f <2 GHz using the first envelope of the PED
profile (see Fig. 13). By taking a look at the plots in Figs. 25-
28 we observe that total ionospheric delay [11] and total
ionospheric Doppler increase/decrease monotonically as a
function of time/of frequency 1GHz < f < 2GHz. The
smallest values of the total ionospheric delay [11] of 8.59 m
(f=117645MHz ) and 4.79m ( f =1,575.42MHz )
correspond to t = 0 h at zenith or ({ = 0) and largest values
of the total ionospheric delay [11] of 206m ( f =
1,176.45 MHz) and 115 m (f = 1,575.42 MHz) correspond
to t = 2.52 h at the horizon or ({ = 90°).

The smallest values of the total ionospheric Doppler of
—153 Hz ( f=117645GHz ) and —1.14Hz ( f =

1,575.42 MHz) correspond to t = 0 h at zenith or ({ = 0) and
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largest values of the total ionospheric Doppler of 121 Hz (f =
1,176.45 MHz) and 165 Hz (f = 1,575.42 MHz) correspond
to t = 2.52 h at the horizon or ({ = 90°).

Example 5: The fifth example of a simulation of the RF L-
band (1-2 GHz) ionospheric propagation channel model 3 is
illustrated in Figs. 29-32. This basic simulation contains the
description of: (1) total ionospheric delay [11], Df*[m]; (2)

D.asIMHz]; as a function of time of

total ionospheric Doppler, f;
day [h] and of frequency 1GHz < f < 2 GHz using the
second envelope of the PED profile (see Fig. 14).

By taking a look at the plots in Figs. 29-32 we observe that
total ionospheric delay [11] and total ionospheric Doppler
increase/decrease monotonically as a function of time/of
frequency 1 GHz < f < 2 GHz.

The smallest values of the total ionospheric delay [11] of
859m ( f=117645MHz ) and 479m ( f =
1,575.42 MHz) correspond to t = 0 h at zenith or ({ = 0) and
largest values of the total ionospheric delay [11] of 183 m
(f=117645MHz ) and 102m ( f =1,575.42 MHz )
correspond to t = 2.52 h at the horizon or ({ = 90°). The
smallest values of the total ionospheric Doppler of —1.53 Hz
(f=1176.45GHz) and —1.14Hz (f = 1,575.42 MHz )
correspond to t = 0 h at zenith or ({ = 0) and largest values
of the total ionospheric Doppler of 72 Hz (f = 1,176.45 MHz)
and 53.7 Hz (f = 1,575.42 MHz) correspond to t = 2.52h
at the horizon or (¢ = 90°).

Example 6: The sixth example of a simulation of the RF L-
Band (1-2 GHz) ionospheric scintillation amplitude, S, [u],
and phase standard deviation, g, [°], is illustrated in Figs. 33-
36. This basic simulation contains the description of: (1)
ionospheric scintillation amplitude standard deviation, S, [u],;
(2) phase standard deviation, g, [°], as a function of frequency
1 GHz < f < 2 GHz having the PED, external magnetic field,
and electron collision as parameters whose significance is
given in sequential order.

By taking a look at the plots in Figs. 33-36 we observe that
ionospheric scintillation amplitude, S, [u], and phase, o, [°],
standard deviation decreases monotonically as a function of
frequency 1 GHz < f < 2 GHz.
largest/smallest values of S, are: 1300/276 [u] ( f =
1.1765 GHz) and 761/154 [u] (f = 1.547542 GHz) and
oy [°] are: 27.2/355[] ( f=11765GHz ) and
21.4/2.65 [°] ( f = 1.547542 GHz ) correspond to n, =
[1 1]x102%el/m* , B=[0 25x107*T , 6,=
[0 89]° and v =[0 147.53] Hz.

On the top two plots: the
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On the bottom two plots: the largest/smallest values of S,
are: 1300/249 [p] (f =1.1765GHz) and 761/139 [u]
(f = 1547542 GHz) and o, [°] are: 27.2/3.19 [°] (f =
1.1765 GHz ) and 21.4/2.39 [°] ( f =1.547542 GHz )
n,=[09 1]x10%el/m3® , B=
6,=[0 89]° , and

correspond  to
[0 25x1074]T ,
[0 147.53] Hz.

An example amplitude variation and phase fluctuation of the

Veff =

basic scintillated component from the simulation are shown in
[95].

the S, index which is defined as the normalized standard

The amplitude scintillation intensity is represented by
deviation of the signal power. The phase scintillation is
characterized by the phase standard deviation. In the example
shown in [95], the amplitude scintillation index S, is 1.01 and
the phase scintillation standard deviation of 0.44 radians [96].
It is possible that some of the data is due to a 1-parameter
ionospheric model used. The 4-parameter ionospheric model
that is proposed in this paper should be able to present
amplitude and phase scintillation data that are much lower
(three to six orders of magnitude) than the ones in [95] or
contrast with theoretical amplitude and phase scintillation
depicted in Figs. 33-36.

I did however find a good reference from Abdullah et al.
2009 [97] that have employed a dual-frequency GPS data
collected during the one-month ionospheric experimental
campaign that was used for TEC and scintillation computation
and analysis. The TEC with 15 sec interval were computed
from combined L1 and L2 code-pseudorange and carrier phase
measurements. Whereas, the scintillation parameter S4 index
was computed as a standard deviation of the received signal
power normalized to average signal power every 60 sec on L1.
A corrected S, (without noise effects) was also computed and
used in the analysis.

Abdullah et al. 2009 [97] have reported daily maxima VTEC
for Parit Raja (PR) ranged from 38-100 TECU, which is
generally higher than those of Sipitang, which ranged from 30-
42 TECU and corrected amplitude scintillation index S, no
greater than 0.1 and average on the order of 0.03-0.04 [97].

The dual

experimental results are in complete agreement with the 4-

frequency corrected scintillation index S,

parameter ionospheric model presented in this journal paper.

Journal of Geolocation, Geo-information, and Geo-intelligence

6 Conclusions

In conclusion we have demonstrated in theory and simulations
that the 1-parameter ionospheric channel model that is based on
estimating the ionospheric delay is insufficient to enable the
GNSS receiver to reliably acquire and track GNSS signals
under severe ionospheric conditions.

In order to solve this problem Giftet Inc. has proposed a 4-
parameter ionospheric model. The 4-parameter ionospheric
model is based on estimating four parameters: ionospheric
The 4-

revolutionary

delay, Doppler, amplitude, and phase scintillation.

parameter ionospheric model presents a
advancement of our understanding of the ionospheric effects in
the RF signals.

In order to accurately estimate the ionospheric Doppler,
amplitude, and phase scintillations we have performed some of
the most amazing mathematical calculations.

This paper presents one of the most daunting tasks ever
undertaken by a single scholar to accurately model, analyze,
and simulate very accurately the entire description of the
ionospheric channel effects.

After the theory and simulation presented in this paper are
completely verified and accurately tested, the implementation
thereof in a single frequency GNSS receiver will enable it to
perform just as good as or even better than a differential GNSS

receiver.
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X The detailed discussion of the Snell’s law, Fresnel’s equations, and ray’s
propagation path that provide a complete derivation and interpretation of the
ray path delay will be published in a separate journal paper.
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matrix) or a mathematical object analogous to but more general than a vector,
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a space [5]. Tensors are geometric objects that describe linear relations between
geometric vectors, scalars, and other tensors [48]. In this case the propagation
of the RF signal cannot simply be described by refractive indices except for
polarizations along principal axes [5].
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*¥ There was a typo in (2) in [69] the ‘“+’ should be ‘—* as in (96) or (89).

! The detailed discussion and the complete derivations and interpretation of
this section will be published in a separate journal paper.
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