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This paper discusses efficient and original computations of the special cases of the generalized Bessel function
distributions of the second kind. The journal paper is a masterpiece in the field of numerical methods, numerical
linear algebra, and computational mathematics. The entire work in this journal paper is original and never presented
before in the literature. The main focus of this journal paper is to fill in the gap or to deal with the special cases that
were not covered in the two premier publications of Progri 2016 and 2018. In this journal paper the closed form
expression and the efficient computation of the probability density function (pdf) and the cumulative distribution
function (cdf) for five special cases is provided. For each generalized Bessel distribution model the closed form
expression of the cdfs is given by means of Legendre continued fraction or Taylor series expansion of the modified
Bessel functions of the second kind, for both integer and real values of a parameter, which leads to incomplete gamma
functions, hypergeometric series, the Kampé de Fériet functions (or double hypergeometric series), and in two special
cases of the Srivastava’s triple hypergeometric series. Efficient computations of the algorithms (which are
implemented in MATLAB functions) are also presented in the paper. Numerical results are derived for each case to
validate the theoretical models presented in the paper.

Index Terms—Bessel functions, modified Bessel functions, cumulative distribution function, Kampé de Fériet
function, Srivastava’s triple hypergeometric series, closed form expression, signal analysis, generalized functions,

time-domain analysis, incomplete gamma functions, hypergeometric series.
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1 Introduction

This journal paper discusses several special cases in the original
closed form expressions of the generalized Bessel function
cumulative distribution functions (cdf) of the second kind.

Why are these special cases so important? These special
cases are important because they cover cases that were not
discussed in either Progri 2016 [1] and Progri 2018 [2]. There
was a provision made in Progri 2016 [1] and an attempt to
derive the main special case which is the one corresponding to
the integer values of p. However, the derivations in Progri
2016 [1] were not complete. Hence, the main focus on this
journal paper is to derive this closed form expression of the
generalized modified Bessel function distribution of the second
kind for integer values of p.

Why was I not successful in deriving the entire, closed form
expression of the generalized modified Bessel function
distribution of the second kind for integer values of p in2016?

There are two main reasons why I was not successful to
derive the entire, closed form expression of the generalized
modified Bessel function distribution of the second kind for
integer values of p in 2016: I had a limited capability of the
computation library and I was not following the right
computation (or numerical) methodology.

First, what do I mean by not having an in depth
understanding of the computation capability? The computation
of the closed form expression of the generalized modified
Bessel function distribution of the second kind for integer
values of p requires the computation of the Kampé de Fériet!
function (or double hypergeometric series [1]-[16]) and in some
cases the of Srivastava’s triple hypergeometric series
F®[x,y,z]i [18]-[22] in MATLAB. Back in 2016 I was barely
understanding the Kampé de Fériet function (or double
hypergeometric series [1]-[16]) and I made an unsuccessful
attempt to derive an inefficient implementation of the
Srivastava’s triple hypergeometric series F®[x,y, z] [18]-[22]
which luckily I did not publish.

computational capability was filled in 2018 with the arrival of

This limitation in the

the Progri 2018 [2] where I developed a profoundly improved
implementation in MATLAB of the Kampé de Fériet function
(or double hypergeometric series [1]-[16]). Moreover, this

limitation in the computational capability was entirely
eliminated in 2019 as discussed in Appendices A through F in

this paper.

Second, what is the right computational methodology? The
computational methodology has to do with a sequence of steps,
methods, algorithms, processes, etc. that are required to follow
in order to produce the desired outcome in the computation of
the closed form expression the generalized modified Bessel
function distribution of the second kind for integer values of p.
The main issue here is that this is not a trivial problem.
Therefore, because this is not a trivial problem it requires a
more profoundly sophisticated computational methodology.
The organization of this journal paper is such that it enables the
reader to understand the steps that are required to derive the
closed form expression the generalized modified Bessel
function distribution of the second kind for integer values of p.

In addition to the in depth original, novel, and exceptional
organization of this journal paper I am also giving an in depth
explanation of the insights that directed me to come up with
such a wonderful in depth organization.

In 2016 I published an exceptional journal paper called
“Exponential generalized Beta distribution” see (Progri 2016,
[3]) which would not have been possible without me working
out a series of details in another journal paper (Progri 2016,
“Hypergeometric function partial derivatives” [4]). In (Progri
2016, “Hypergeometric function partial derivatives” [4]) I had
to develop a series of techniques for me to succeed in the
computation of the “Exponential generalized Beta distribution”
see (Progri 2016, [3]). This is exactly what computation
methodology is all about.

Therefore, by way of comparison and contrast, in order for
me to develop this absolutely outstanding journal paper I had
to work out a series of details in at least three other journal
papers, Progri 2016, [1], [4] and Progri 2018, [2].

In Progri 2016, [1] I was able to develop the insight that there
are things that I can do in 2016 and there are things that I need
to do later on. In Progri 2018, [2] I was able to validate exactly
that same computational mentality (for example the series
expansion of incomplete gamma function in odd and even
components (see Progri, 2018 [2], (19)) that I initially
architected in Progri 2016, [1]. In Progri 2016, [4] I was able to
produce a series of techniques that I can use successfully in the
implementation of the series of psi ¥ (k + 1) Progri (2016, [4]
(127)) function not known by a lot of scholars. In this journal
paper I was able to integrate the computation of (k + 1) and
Y(k + p + 1) with the computation of the so called modified
generalized Kampé de Fériet function because this was the

ONLY way to achieve the highest possible performance in



Journal of Geolocation, Geo-information, and Geo-intelligence

computational speed and accuracy.

The issue, however, is that the efficient computation of these
special cases cdfs require the computation of the several Kampé
de Fériet functions [2], [10]-[13] and in some cases of the
Srivastava’s triple hypergeometric series F G[x, v,z] [18]-[22]
in MATLAB. The main issue is the following: Is there an
algorithm that we can apply to successfully produce an efficient
MATLAB function of the Srivastava’s triple hypergeometric
F®x,y,z] [18]-[22]? Is this

computationally stable?

series algorithm also

Since, the generalized Bessel functions cdfs require the
computation of the Srivastava’s triple hypergeometric series
F®Ix,y,z] [18]-[22] and the latter is not yet available in
MATLAB 2018b [30], Giftet Inc. is also taking on the task to
compute the
F®Ix,y,z] [18]-[22] as part of the Indoor Geolocation
Systems MATLAB Library and publish the results of this work

in Dr. Progri pioneer publication [17].

Srivastava’s triple hypergeometric series

The journal paper is also an extension of the discussion of
“Efficient
distributions,” in Progri 2018, [2]. Therefore, things that
2018, [2] (the efficient

computation of the Kampé de Fériet function (or double

computation of generalized Bessel function

already mentioned in Progri
hypergeometric series [1]-[16]), I am not going to reiterate here.
In this journal paper I developed another option for the
computation of the Kampé de Fériet function (or double
hypergeometric series [1]-[16]) called option 2. Option 2 is the
recursive implementation of Option 1. The main purpose of
Option 2 is to eliminate division or multiplication of very large
numbers. Since, in Option 1 the number of terms included in
the computation of the Kampé de Fériet function is limited to
about fifty; in Option 2 there is no limit on the number of terms
included in the computation.

In this journal paper Dr. Progri masterfully, discusses the
advantages and disadvantages of the direct closed form
expressions vs. recursive closed form expressions.

Because of the level of detail, sophistication, brilliance in
treating all these special cases, this paper presents an original
work that falls into the category of masterpiece marvels in
analytical derivations and computational mathematics series
never published anywhere else.

This paper is organized as follows: in Sect. 2 special cases of
the generalized Bessel function distribution of the second kind
pdfs are discussed. The efficient computation of special cases

of the generalized Bessel distribution of the second kind cdfs is

presented in Sect. 3. Section 4 contains numerical, theoretical
results; Conclusion is provided in Sect. 5 along with a list of
references. An inefficient implementation of F,,(x; a, 0,0) is
presented in Appendix A. An alternative implementation of
Fipesselz(X; a,0,p) is discussed in Appendix B. Inefficient
Implementation of F,5(x; a,d,0) is presented in Appendix C.
Recursive implementation of F,,(x;a,d,p) is given in
Appendix D. In Appendix E, the Srivastava’s triple
hypergeometric series F®)[x, y, z] is provided. In Appendix F,
a super-efficient implementation of the Srivastava’s triple

hypergeometric series F®[x,y, z] is presented.

2 Special Cases of the Generalized Bessel
Function Distribution of the Second Kind
PDFs

From Progri 2016, (47) the generalized Bessel distribution of
the second kind has its pdf given by

pelPe 1, (1)

C2(p,d)aP2

foBessez(x;a,d, p) = (1)

for —o<x<ow, a>0, d=0, and p > —1/2 where
K,(x) (see Gradshteyn and Ryzhik [24] pg. 917 ex. 8.432 3.)
is given by Progri 2016, [1] (47) and C,(p,d) is given by
Progri 2016 [1], (56)

d-1
VA2P2T (291 )F(201,01:037 577

CZ (p: d) = (d+1)2plr(p3) (2)
When p > 0 then the Progri 2016 [1], (58)
~2(a+D?P1r(py I ()
fGBesselz 0;a, d,p > 0) = 2 +1 (p3)r(@ (3)

d_
\/ﬁar(ZP1)F(2P1'?’1iP3id—+i)

However from Progri 2016 [1] we cannot know what
happens t0 fgpessei2(0; @, d,p = 0) and fgpesse2(0;a,d,p <
0) when —1/2 < p < 0. The answer to these cases in given
further down in the section.

Other important special cases consider when p is an integer
and is not an integer when d = 0.

The special case when d = 0 and p = 0 is considered as a
baseline special case because it serves as a test case for the other
two special cases when: (1) d =0 and p # 0, p a positive
integer, which also serves as a test case for the special case
when, (2) d # 0 and p # 0, p a positive integer.

Moreover, the special case when d =0 and p =0 also
serves as test case when d # 0 and p = 0.

The special case when d =0 and p # 0 not an integer

serves as a test case for the general case when d # 0 and p #



0 not an integer which expensively discussed in both Progri
2016 [1] and Progri 2018 [2].

For other values of d < 0 and p < —1/2 for now we are
going to assume that

fopesselz (X;a,d < 0,p < —1/2) = Qi 4)

With that being said, in this section we consider five special

cases of the generalized Bessel function distribution of the
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(11.118) pg. 667 or Gradshteyn, Ryzhik, 2007 [24] pg. 928 ex.
8.485)

K()_"M

sinmtp

(7

where the series expansion of the modified Bessel function of
the first kind, I,(t), (see Gradshteyn, Ryzhik, 2007 [24] pg.
919 ex. 8.445)

second kind. 1 xptzk
. (%) = ko irorri 2775F (®)
2.1 Special Case: d =0, p + 0 not an Integer
_ 1 —p+2k
If we set d = 0 then from (1) we lllalve I,(x) =Y. TGy 7R 9)
i xPKp(5)
fapessei2 (x; @,0,p) = C2(p,0)aP? ©) where p is not an integer.
Where C,(p, 0) (see (2) and Progri 2016 [1], (67)-(70)) Substituting (8) and (9) into (7)ky‘elds )
x—D+2 1 xpt2
2:k Okl . ? Okl
Vm2P2T(2p,)F(2 -1) _ T kIT(1—p+k)—p+2k KT (pa+k)p+2k
Cz(p' 0) - pll“(ps)p1 o \/_Zpr(pl) (6) K ( ) T2 = sinmp = (10)
First, we need to develop the series expansion of the Which is equivalent with okyp b2k
1 X 1 xEx
modified Bessel function of the second kind, K, (t), based on K (x) = = Zheo| G G—p 022Kz =P KT (pz +K)2P 22k (0
x) ==
the series expansion of the modified Bessel function of the first sinmtp
kind I,(t) (see Arfken, G.B., and Weber, H.J., 1995, [25], If we take the limit of
1 x2k 1 1 x2Px2k
lim pr () = llm—Zk O[kIT(1-p+k)22k2~P kIT(pz+k) 2P 22k 3 — Zp—lr(p) (12)

x—0 x—0 2 sinmp

Substituting (6) and (12) into (5) and assuming that p > 0
yields

- F(l—p)zl_Psinnp

What happens when for —1/2<p <0 ? Which is
equivalent with 0 < ¢ = —p < 1/2. We already know that

-1 x2Kx—q 1 xqx2k
2P1T(p3)2P~ 1T (p) IR -
0; a, d, — m 2(d+1) 3 13 k=0|kIr(1—q+k)22k2=9 k'T(1+q+k)29,2k
fapessetz( p)= et ) K@ =2 o = K_y(x) (15)
Soifweset d =0 and p > 0 yields If we take the limit of
f. (0;a,0,p>0) = —2___ (14)
GBessel2\U; @, U, P V2l (py)ab?
Zoo 1 x2kx—2q 1 1 x2k
k=0[kIT(1—q+k)22k 24 k! (qa+k)2922k
q = q = T
}}i%x K_,(x) = llmx K_4(x) = }(llr(l) pemwn (16)
Which is identical to
1 x724 1 1
lim x~ 1K_o(x) = lim x~ IK_,(x) = llm"% (17)
Substituting (6) and (17) into (5) and for p < 0 yields
feBessez(x;0,0,p=—q<0=q=—p>0) =00 (18)

Soifweset d =0 and p < 0 yields

foBesselz(X;@,0,p < 0) = (19)

This concludes the derivations of the special case for d = 0
and p # 0. Next we consider the special case when both d =
0 and p = 0.

2.2 Special Case: d =0, p=0

If weset d = 0 and p = 0 then from (1) we have

o)

C2(0,0)a

faBesser2(x; @,0,0) = (20)

When p = 0 we have from (see Gradshteyn, Ryzhik, 2007
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[24] pg. 919 ex. 8.445 1. and 3.)

Ko(x) = —ln [[o(x) Iy 022k(k,)2] Y= 022k

Which is equivalent with
x2K [+ D—1In(3)]

Ko(x) = Zilo 22K ()2 (22)
From C,(0,0) (see Progri 2016, (67)-(70))
1
C,(0,0) = Var (E) = (23)
If we take the limit
. . - ka[lp(k+1)—ln(£)]
lim Ko (x) = lim Yo — i = 24
Which is equivalent with
. T o _ x\] _
lim Ky () = lim 52, [ (1) ~In (5)] = oo 25)
Substituting (23) and (25) into (20) yields
faBessei2(0;a,0,0) = (26)
Hence, the pdf of fggessel2 (x; @, 0,0) if given by
)
faBessei2 (%3 a,0,0) = na x#0 (27)
oo x=0

This concludes the derivations of the special case for d = 0

Yk +1) 21

(k)2

and p = 0.
Next, we consider the special case when d = 0 and p is a

positive integer.
2.3  Special Case: d = 0, p a Positive Integer

If we set d = 0 then from (1) we have

lepr(lxl)

C,(p,0)aP2

feBessel2 (3 a,0,p) = (28)

where p # 0 a positive integer or Vp € Z* and C,(p,0) (see
Progri 2016, (67)-(70)) and from a particular value of a gamma

function we have

(210)!
pr!

(2p)! VI =

Cap,0) = VT2PT(py) = V2r S22 (29)
Is this the right answer? If we also set p = 0 from (29) we

get

C,(00)=m— =1

200l

(30)

Which is identical to (23) where we discussed the case for
p=0and d =0.

When Vp € Z* we have from (see Gradshteyn, Ryzhik,
2007 [24] pg. 919 ex. 8.4406)

P(k+1)+yY(p+k+1) K
p=1 Do) (Y24 s T £ LA
Ky(x) = Z k! (2) + (=D Ei=o KI(p+k)! (2) G
If we take the limit
. 2k— x 1p(k+1)+1p(p+k+1) 2k
prp(f) [ Zp 1%(2a) +( 1)p+12k =0 24 kl(p+k)l (Za " ]
o)
x50 C2(p,0)aPz Ll_l’)l’(l) C2(p,0)aP2 (32)
Which is equivalent with
N
ipl) _ S0P S ) i O] ey gy (33)
x-0 C2(p,0)aP2 x50 Cz(p 0)aP2 n(2p)la Za\/—l"(p+)
Hence, the pdf of fggessel2 (x; @, 0,p) if given by L1 (m)
f; (x;a,d,0) = ¢ * tlg) (35)
|x|PK. (lxl) 0 GBessel2 \X; @, 4, acy(0,d)
—Pa) yx
— |C2(p,0)aP2
fopesser2 (%3 @, 0,p) = @e-D (34) for —o<x<o, a>0, and d =0, where Ky(x) (see
2aVaT(py)  ©

This concludes the derivations of the special case for d = 0
and p is a positive integer.

Next we consider the special case when d # 0 and p = 0.
2.4 Special Case: d 0, p=0

When d # 0 and p = 0 we have from (1)

Gradshteyn, Ryzhik, 2007 [24] pg. 919 ex. 8.445 1. and 3.) is
given by Progri 2016 [1], (47).
From C,(0,d) (see Progri 2016 [1], (56))

(1555

¢2(0,d) = d+1

(36)

Is this the right answer? If we also set d = 0 from (36) we



get (see Progri 2016 (69))

rQ) _

2(vm° _
re -

1 3
C,(0,0) = 4F (1,5,5, —1) =4 =

1
4(3)
Which is identical to (23) where we discussed the case for p =
0 and d = 0. If we take the limit

m (37)
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This concludes the derivations of the special case for d # 0
and p = 0.
Next, we consider the final (or last) special case when d #

0 and p is a positive integer.

2.5 Special Case: d + 0, p a Positive Integer

d 2k _In(%
o gl — T o ¥ [‘l’("“) 1“(2)] — If we set d # 0 then from (1) we have
}CIE;% e KO (X) - }Cl_r% Zk:O 22Kk (k)2 - (38) P
 xlPeaMg, ()
Which is equivalent with fopessel2 (%; a,d, p) = — (42)
lim e‘%""[(o(x) =lim Y%, [¢(1) —In (Z)] = (39)  where p # 0 apositive integer or Vp € Z* and C,(p,d) (see
- — - 2
0 0 Progri 2016 [1], (67)-(70)) and from a particular value of a
Substituting (36) and (39) into (35) yields gamma function we have
feBessel2(0;a,d,0) = o (40) C,(p.d) = \/EZPZF(ZM)F(ZPLPﬂm;%) (43)
2 . - 2p
Hence, the pdf of fggesselz (X5 @, d, 0) if given by (@D ws)
(d+1)e_£|x| X (le) When Vp € Z* If we take the limit (see Gradshteyn, Ryzhik,
a o7
fopesseiz (6 0,4, 0) = [T Tzan, X7 0 @1) 2007, [24], pg. 919 ex. 8.446)
'2'2’d+1
o x=0
(=YK (o — \x 2k—p 0 ln%_w x p+2k
xpe_%|X|Kp(£) 3P |33 T (o e 2 FIerT (a
—— % =lim (44)
x-0 C2(p,d)aP2 x—0 C2(p,d)aP2
Which is equivalent with
4 x a)P xPrx\P[,x
e Talg () D COPHSE) nf B piasares) (45)
x>0 Cz(p,d)aP2 X—=0 Cy(p,d)aP2 ﬁ4F(2p1)F(2p1,p1:p3:d—:)a
Hence, the pdf of fggessel2 (x; @, 0,p) if given by Fgpessel2 (%; a,0,p) = f_xoo faBessei2 (t; a, 0, p)dt 47)

d
— x| Ix|
|x|Pe a KP(T)
Cz2(p,d)aP2
(p—1)!(d+1)?P1T(p3)
d-—1
VAAT(2p1)F (20101031502 )a

x+0

foBesselz (X; a,d, p) = (46)

x=0

This concludes the derivations of the special case for d # 0
and p is a positive integer.

Next we consider the special cases the generalized Bessel
distribution of the second kind CDFs.

3 Special Cases of the Generalized Bessel

Distribution of the Second Kind CDFs

The special cases of the generalized Bessel distribution of the

second kind CDFs follow from the discussion given in Sec. 2.

3.1 Special Case: d =0, p+0

From the definition of the pdf of the generalized Bessel
distribution of the second kind, we define its corresponding cdf

as

fora>0,d=0,and p>—-1/2, p# 0, and p not an

integer, which can also be written as

JZ PRy (IEDdt

FgResselz (x; a,0, p) = Ca(0,0) (48)
where C,(p,0) is given by (3).
Let us define
(¥ tPK,(D)dt
FGBessel2 (x; a,0, p) = % (49)
then
‘1—2TGBesse12(—x;a,0,p) x<0
Fepesselz (x; @,0,p) = -2 GBesselz (00) 20 (5

2

Hence, if we compute the series expansion of (49); then, we
have computed the series expansion of (50) via (49).
Substituting (7) into (48) yields

2 C2(p,0)sinmp

FoBesselz(X;a,0,p) = S

Or equivalently,
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”fo tPI_p(t)dt— fo tPIp(t)dt

:FGBesselz (x a, 0 p) - ¢, (p,0)sinmp (52)
Which is equivalent with
[FPI_y(Ddt—[ X tP L (t)dt
:FGBesselz (x a, 0 p) 2 £ G (@, 0(; £ (53)
Where
C,(p,0) = w = 2P2p” ZF(pl)smnp (54)

The second integral can be computed from using the series
expansion of I,(t) (see Gradshteyn, Ryzhik, 2007 [24] pg. 919
eX. 8.445) we have

1 tp+2k

f tPI,(t)dt _f P Xk =0 KM (py k) 2P+2F dt (55)

Or by changing the order of summation and integration

produces

X 2p+2k
[ L@t = X, o (56)

IT(py+k)2P+2k

Which is identical to

*¢p =Pl go X2k
fo tPh,(tdt = 2P Zi=o Kk1(2p1+2K)T(pa+k)22k (57)
Which is the same as
x _ x2n1 (P (xF
tPL (t)dt =
fo »(6) p1 ZPZF(pz)Zk O wa)k2)i k! (58)

Which can be written by the help of Hypergeometric function
[31]

x = x?P1 . .
fo tPL,(0)dt = m1Fz(p1,p3:pz:x1) (59)
Similarly, we compute the first integral using the series
expansion of I_,(t) (see Gradshteyn, Ryzhik, 2007, [24] pg.
919 ex. 8.445) we have as follows

+2k
Jy tPLp(©)dt = [FtP o LT (60)

—pt+k+1) 2-P+2k

Or by changing the order of summation and integration,
performing some identities, and using the Hypergeometric

function [31] produces

[XePL_ (Odt = Y2 Jy *a oy A L (1/2;3/2,1-p;x) (61
0 P T k=0 i (—p+k+1)2- prak = F(l p) k= 0() 1-py K 1"(1 —p) 12 p; X (61)
Substituting (59) and (61) into (53) yields
x2P1
( )1Fz(1/2 3/21-pix1)— pilFZ(pl P3.p2iX1) 2
Feessel2(X;a,0,p) = P e ;)2 2lp2) VX, = = (62)

The question is as follows: “Can we obtain exactly the same
answer from Progri (2016 [1], (142)) by setting d = 0?7

Let us try it if we can. By setting d = 0 from Progri (2016
[1], (142)) we have

0:2;1[ —:1,1/21; 0:2;1[ —:1,1/2;1; P11 P11

F, (x;a,0,p) = x F21°[3/211 —p=" v 0] XF210[2 3/2;1-p;=" v 0] PR pspzl—— 1'O] P p4p31—— : ] (63)

GBessel2 L & 1 3 (.0) 37 .0) 32 (0.0)=—p12P2T(p2)C2(p,0) 32 (.0)
Where where C,;(p,0) for i = {1,2,3,4} are given by
x? d2x?
XME == (64)
_ 2P _ 2P710 _n. _ —C11(p,0)Cq _ =C12(p,0)C1 _ .
C1(p,0) = —r(l—p)éz(p,o) Cr2(p,0) = —r(1 2 (00) 0; Cy3(p,0) = Lm0 C24(p,0) = TLwo 0; (65)

Where C;;(p,0) and C;,(p,0) are given by

x1 0]

Substituting (65) and (66) into (63) produces

x2PH+1 011 L
’ Fa2jo p3p2__x1,0

L(p) Cu(@d)o
Cy1(p,0) = 1"(27;22); 12(p,0) = 112;’2 =0 (66)
: 1,1/2:1;
XFpTh 3/2,1;1
Feessel2(%;a,0,p) = [C/zl o, 0)p

By comparing and contrasting (67) with (62) we arrive at the
conclusion that (67) is identical to (62) if and only if

€33 (p,0)=—p12P2T(p2) C2(p,0) (67)

—1,1/2;1;

Fyto [3/2 1,1 — p; - ;x1.0]E1Fz[1/2;3/2,1—p:x1] (68)
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And From the definition of the Kampé de Fériet function [11]-[13]

01 we have

202101 [ pl_ _ xl'o] = 1F,(p1; P, D25 %1) (69)
D3, D2:
1,1 /2 1; Wi(3), xk () xk 3
0:2;1 _ v X 2Jk x .
B2 o211 =000 = Zimes O e 1~ 200 oy =252 (55 1-pin) (70
k+m

And

FoL1 oL
zzo[pg‘ - xl,O] Yim= Ly

This concludes the derivations of the special case for d = 0
and p # 0. Next we consider the special case when both d =
0 and p = 0.

3.2 Special Case: d =0, p=0

From the definition of the pdf of the Generalized Bessel
distribution of the second kind, we define its corresponding cdf

as
Fgpessel2 (x; a,0,0) = f_xw foBessel2(t; @, 0,0)dt (72)

for a > 0, d = 0, and p = 0, which can also be written as

o Ko(ltDdt
Cz (0,0)

FGBesselZ (x a, 0 0) - (73)

where C,(0,0) is given by (18).
From (Gradshteyn, Ryzhik, 2007 [24], pg. 660, 6.5.11 12) we

have

Iy Ko(®dt == (74)
Since,
K,() t>0
Ko(Ith =] o0 t=0 (75)
Ko(—t) t<0
We have

[ Ko(Ithdt = [° Ko(=t)dt + [ Ko ()dt (76)

If we change the variables for the first integral we have

2, Ko(=t)dt = — [* Ko(D)d(=t) = " Ko(O)dt =2 (77)

Substituting (74) and (77) into (76) yields

[ Ko(ledt =2+ % =n .

Substituting (18) and (78) into (73) and setting x = oo
yields

Ko(ltl)df _T
(00  w

FgBessel2 (oo a,0 0) =1 (79)

k
% ol = k- 0% ’,11, = 1F(pi; 3 p2sx1) (71
Let us define
Fapessoa (x:,0,0) = 00 (80)
then
|1—2TGBesselz(—x;a,0,0) x<0
Fapessels (x; a, 0’0) _ 1+2FGBesselz (%;a,0,0)  x20 (81)

2

Hence, if we compute the series expansion of (80); then, we
have computed the series expansion of (81) via (80).
Substituting (18) and (21) into (80) we obtain the following

t2k[y(k+1)~1In(L
o 2o [ 27K (k)2 o (82)

T

FGBesselz (x;a,0,0) =

which is equivalent with by changing the order of summation
and integration

o Jo t2K[waern- 1n( )]at
k 0 22k (k)2

Fepessel2 (%5 a,0,0) = - (83)
which is the same as
g0 wk+) [¥ e2Kae o [y 2Kin(E)ar
k=0 2k (k02 k=0""52k(kn2
Faessel2 (%; ,0,0) = e = (84)
The first integral is pretty straightforward to compute
2k+1
f t?kdt = (85)
2k+1

Substituting (85) into the first summation of (84) yields

w WO+D) [ t2Kat

w(k+1)
k=OW = Zk =0 2t (86)

22k(k|)2

The second integral is more difficult to compute directly, so

we integrate by parts
2k £\ g2k * _
f ln()t dt =In ()2k+1 0
The first part of the integral can be computed from

£\ g2+ * x\ x2k+1 . x\ x2k+1
n (—) =In (—) — limIn (—) (88)
2/ 2k+1lg 2) 2k+1 x—0 2/ 2k+1

x tzk
[FE_dt (87)

0 2k+1
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2k+1 % Substituting (89) into (88) and then (88) and (90) into (87)
The lower limit of In (£> L =0,1,--- can be .
2/ 2k+1l yields
computed using L’Hopital’s rule [28] 2k+1 2k+1
P 8- nop [ ($)erkar =m (52— - — (91)
_ ETI L g2k 2 2/ 2k+1 (2k+1)
}Cl_r,% In (5) AL o (C2k—D) k4D (89) . . . .
Finally, substituting (86) and (91) into (84) we obtain the
The second integral is equal to following
x 2k x2k+1
fO 2k+1 (2k+1)2 (90)
x2k+1 n(g)x”‘“_ x2k+1 ] w2k+1 x2k+1
? ow(k+;)TH Z’? . 2 sz: (2k+1)2 ? 01p(k+;)m ln(E)ZZo , 215? 'Zf - x2k+1
= 2 N2 = 2 N2 = 2 N2 =0,2 N2 =0,2 2(kN2
TGBesselZ (x; a, 0’0) — 22K (k) - 22K (k!) 24K (k) 2 7Tz (k) 24K(2k+1)4 (k! (92)
which is identical to
Fegesselz(;a,0,0) = Fy1(x;a,0,0) + Fy,(x; a,0,0) + Fy5(x; a,0,0) (93)
Let us exploit these summations one at a time. We start with generalized hypergeometric function [31]
the second summation can be expressed in terms of the
k
x2k+1 x2k x2k (l) (x =ﬁ> ]
SRR 2k 22k _ 2)\"1722) _ 1
—1“@)'[2120 TR = SR G DD Z’?:Oz(k:%)(l)kk! =20 () @kt~ 1733 1"‘1)J|
Fra(x;a,d,0) = — (94)
The third summation can be expressed in terms of the generalized hypergeometric function [31] as
1y (1y x2K
[ x2k+1 x Tkeo gi)ka(?)kzz_k 1133
F,(x;a,0,0) = z:"=°22"(21\z+1)2(k,!)z _ (E)k(i)k(l)kk! — x2F3(3,3;5,5,1,x1) (95)
23 R T T T
Now, we go back to compute the first summation Therefore, F,(x; a,0,0) can be computed recursively very
et o P (2), efficiently and accurately.
f:oWZ,)kZH *Zke=0 (), @k Finally, Dr. Progri has successfully derived for the first time
Fp1(x;a,0,0) = ' k (96)

s

In appendix A we consider an inefficient implementation of
F,1(x;a,0,0).

The digamma function is computed recursively ¥ (k + 1)

Pl +1) =~ + (k) 97)

0 1p(k+1)(%)kx’1‘
k= (%)k(l)kk!

x
Fipesserz (%5 a,0,0) = {

cpur 3 m) D) 0]

the cdf of the Bessel function distribution of the second kind
for values of p = 0 and d = 0 which can be written with the
help of the generalized hypergeometric function [31] and a

special summation as follows

11

(98)

T

0

Equation (98) is an original expression not published
anywhere else; however, care must be shown in the
computation of the F,;(x; a, 0,0).

This concludes the derivations of the special case for d = 0
and p = 0.

Next we consider the special case when for d =0 and p a

positive integer.

3.3 Special Case: d = 0, p + 0 a Positive Integer

There are two approaches that are equivalent in both
performance and speed to solve this special case: one is the
recursive approach discussed here, the other is the direct

approach discussed in Appendix B.

In order to compute the Fgpesselz (X; @, 0, p) recursively, we
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will have to employ some properties of the modified Bessel
function of the second kind (see Gradshteyn, Ryzhik, 2007,
[24], pg. 929 ex. 8.486 10. and 11.)

Kp1(6) = —Kpia () =25 Kp(0); p = 1,2,,00 (100)

Subsuming (99) into Progri 2016, (121) we obtain
2
Kpir(8) = Kpy () + 2Ky (0: p = 1,2,0,00  (99)

thsz(t)dt S tP2Kp_1 (O)dt+2p [ tPKp()dt  [X tP2K,_4(H)dt
C2(p2,0) C2(p2,0) C2(p2,0)

TGBesselZ (x a, d pz) - + %TGBesselz(x; a, d' p) (101)

Next, let us evaluate the integral by parts and substituting (101) into the integration

de(t)

dt = — LGBessela(WadP2) _ 5 py g (t)| +2p, [J tPK,(O)dt  (102)

X X X
fo tP2K,_, (t)dt = — fo tP2K, (t)dt — Zfo tP2 1000

Next, substituting (102) into (101) we obtain the recursive Fegesselz(*;a,0,p) d =0, p # 0 apositive Integer

algorithm to compute fast, accurate, and very efficiently, the

K (x)
:FGBesselz(x a, d p) - Z [TGBesselz(x a, d l) C, (+1 ::)](103)

xP2 Kp(x)

FGResselz (x; a,d, pz) = FiBessel2 (x; a,d, P) - C2(p2,0)

To know whether (102) is correct, we test it for p = 0
, viks(), ok

o=y 1 (D331 ) [In(3)1Fa (55,11 ) 425 (5 ,1,3,3,1;x1)}
Fonesserz (4, 0,0) = { T SG B (104)
T
0 x =
Equation (104) is identical to (98) thus completing the proof which is identical to
of this test point. vi2k «t2¥1n(5)
. o . Wk+1) [o gt Jo—gg2at
This concludes the derivations of the special case for d = 0 Skt 052k k=0—57k a2
i itive i FeBesselz (x;a,d,0) = - (107)
and p is a positive integer. C2(0,d)

Next we consider the special case when for d # 0 and p = The first integral is pretty straightforward to compute (see

0. Progri 2016 [1], (132))
3.4 Special Case: d +0, p=0
v P [y tkemtdqe = LEER0 (108)
When d # 0 and p = 0, fgpesseiz(X; @, d,0) is given by (41).
Following from Progri 2016 [1], (50)-(53), substituting (21) Substituting (108) into the first summation of (107) yields
into (121) of Progri 2016 [1] t R ‘/’(k“)y%};;ﬂx) y 109
g et B S SR ()
Fpessel2 (¥; a,d, 0) = o (0.d) - (105)

Before computing the first summation of (109), first, from

which is equivalent with by changing the order of summation Progri, 2018 [2], (19) for p = 0 we have

and integration x5 e
o JEe2ketd[pern)-In(E)]ae - e m=0(k+2)m(k+%)m
0 k m=0 2(k+1)
Fopesselz (X3 a,d, 0) = _ ?(2) d(;a)z (106) (k43) wom +
2 ’ —
}’(Zk + 1, dX) - (dx)—2k=1gdx(2k+1) (l 10)
Substituting (110) into the first summation of (107) yields,
\x2k+1e_dx[ ) x5 dx oo x5
5 ja ) [Em:u(lﬂ%)m(kﬂ) Y2tk Em= U(l\t+2)m(k+%)m
=0 K(Je1
Fi(x;a,d,0) = 22 Ge)? (111)

C2(0,d)

Which is equivalent with
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)
k,m=0

Qpem@itm 2™ @ies 3o

C2(0,d)

k. m k. m
WD @) O s o wm@)kmm%]

xe—dx[
T21(x; a, d, 0) =

(112)

Equation (112) can be written with the help of the modified generalized Kampé de Fériet function [11]-[13] as follows

(2k+1,dx)
3o WO pan o [ D250, T an g [ (D128 (113)
k=0 22k(k!)2 2:0;0 3/2 , 1: — = X1, X2 2:0;0 2 3/2 X1, X3

Substituting (113) into (109) produces the final expression of F1(x;a,d,0)

e DR g S
Fa(x;a,d,0) = ) (114)
Equation (114) eliminates a singularity for d = 0, which the The second summation function can be computed from the
recursive approach was not able to; hence, (114) is much better second integral.
implementation than the recursive algorithm described in the The second integral is more difficult to compute directly, so
endnote viii. we integrate by parts
K —td 7. _ x\ y(2k+1,dx) y(2k+1,dx) x t Yy (2k+1,td)
Jyin (5) e ar = [in (5) XS = n (5) PR — timn (5) P - fy e ar (115)
The lower limit of In(x/2)y(2k + 1,dx)/d***' k= [28]
0,1, -+ can be computed using L’Hopital’s rule (see also (89))
n
i In ( )M imin ({) dzk+1x2k+1e—dxZ;-lozo(z:lz)}r:)n(dzl) B dz"“)l(i_r)r(l)ln@)ka“ . (116)
x—=0 2/ qzk+1 X0 2 (2k+1) - (2k+1) -
Substituting (115), (116) into the second summation of (107) yields
ffokln( )dt y(2k+1,dx) fxt‘ly(2k+1,td)d
s 0% ( )Zk o dikﬂ k=0 > dikﬂ -
. . _ Tk=0 p2kgnz 22K (k2 = 22K (k)2
TZZ(xl a'dro) +?23(x1 aldlo) - ¢, (0,d) - ¢, (0,d) (117)
We start with the second summation. First, substituting (110) into the first summation yields
y(2k+1,dx) 1 1
Py o =xe ¥ |¥R - L Em + &y ECOUNEE (118)
k=0 (k)2 k,m=0 %k_,_ Dgsm k! m! 4 “km= 0(2) +m(3)k+m K m
Equation (118) can be written with the help of the Kampé de Fériet function [11]-[13] as follows
y(2k+1,dx)
2k+1 — 0:1;1 1/2 1 dx 0:1;1 1/2 1
Yk=0 zgk(k|)2 =xe™ ™ [ono 3/2,1:— ;xl'xz - Fa00 2,3/2:— XX (119)
Substituting (119) into the second summation yields,
reiag 1/2;1; d 1/21;
2k+1 X - 0:1 - X -0:1;1| — i
F,y(xa,d,0) = ~In(3) 252 OW _ ~In(3)xe dx[F [3/2 1 "2]+ F2i00 [2 3/2i—="v "2] 120
2V RS G - CZ(O,d) (120)
For the second summation of (119) we employ the series performing the integration we obtain
expansion of the incomplete gamma function and after
2k+n+1 2k
ano( 1)ndn()zik+n+1)2 ’Zcz_k(_dx)n
F ( . d 0) _ ?:0 22k(k!1)7'2 _ xZ’?n=0(2’I€(l+n+711;2k! 121
23 @ &)= c2(0,d) B C2(0.d) (121

Next, we perform the expansion into even and odd terms we have
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x’f(_dx)zm x’f(_dx)2m+1
XZ;}'O k! (2m)! 'XZ;}.O k! (2m+1)!
. _ M=0(2k+2m+1)2k! M=0(2k4+2m+1+1)2k!
Fa3(x;a,d,0) = oD (122)
Which is equivalent with
X (can2m X (cax?m

ki (%)mzzmm! ki (2m+1)(%)m22mm!

2 w00
+dx* Y m=o

_ xZ?im=0(zk+2m+1)2k! (2k+2m+2)2k!
Fa3(x;a,d,0) = ) (123)
Which is identical to
/1 !
1y ()™ dx? o (m+3)(@)
4 k'm=0(k+m+1)2kv 8 “km=0" (krm+1)2k!
. — 2 :
Frs(x;a,d,0) = oD (124)
Equations (124) can be written as follows
m k. m
XZ];.O B (%)k.;.m(%)k.'.mjltc!frzl! de;}” _ (1)k+m(1)k+m%
'm_o(%)k+m(%)k+m(1)k(%)m 4 'm_o(z)k+m(2)k+m(1)k(%)m
Fas(x;a,d,0) = oD (125)
Finally, Dr. Progri has successfully derived for the first time Kampé de Fériet function [11]-[13] as follows
that this summation which can be written with the help of the
0;0[ 1/2,1/2:—;—; dx_2:0;0[ 1,1:—;—;
x F22:10;'10[3/2 3/2;1-1/2-x1’x2]_TF2!1;'1 [2 2:1'3/2'x1’x2]
Fas3(x;a,d,0) = ) (126)
Finally, substituting (114), (120), and (126) into (107) Fepesselz (X; a,d # 0,0)
produces the desired closed form expression of
e O 2 e | L O 2 |
S8 R L ]
Fepessez(X;a,d # 0,0) = 00[1/21/2:=—; orof 11— (127)
+x Fzz;io;'f[3/2’3/2:1%; xy g |~LREDD Z'é:i;é/é;xl.xz]]
x>0
¢,(0,d)
0, x<0
Equation (127) is an original expression not published equation? While numerically we will test this at the numerical,
anywhere else; however, care must be shown in the theoretical results section, we can still test analytically for at
computation of the Kampé de Fériet function [2]. least one data point, d = 0.
The obvious question is as follows. Is (127) the right
S B ki IO s o | R ot I
FBesselz (¥;a,0,0) = ,(0.0) — (128)
2\Y,
Evaluating the two Kampé de Fériet function [11]-[13] at d =0 yields
k
aa [—(1),1/2;1; P(+1)(3), (Dm xk gm pa+io(3) 2
poa [7¥ (1, 1/2; 'x,x] = k= e kK = B[(1)1/2;3/2, 1] (129
200 | 377 1.—;—; ‘X2 o Ykm=0 @)k+m(1)k+m o il k=0 @)k(l)" waF2[(1)1/2;3/ 1] (129)

k
1 1\ X7
o:;1 | 1/2 H 1; R 1) (E)k(l)m Xic (T (E)kﬁ _ i A
Fz:o;o 3/2,1: —; _;x1,x2] o = Zk,m:o —@)H (1)k+mz_m! = Y=o @)k(l)k =1F,(1/2;3/2,1;x,) (130)
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roo[ 1/2,1/2:— 0D i 0,02
Faii 3/2,3/2:1; 1/2 1’0] Licm= NOTNOCON = i "W

2F3(1/2,1/2;3/2,3/2,1;x,)  (131)

Substituting (129)-(131) into (128) yields

w12 [(1)1/2;3/2,1:761]—1“(]2—{) 1F2(1/2;3/2,15x1)+2F3(1/2,1/2;3/2,3/2,1;x1)
C(0,0)=r

FBesselz(¥;a,0,0) = x (132)

Equation (132) is identical to (98); thus, completing the 3.5 Special Case: d % 0, p a Positive Integer

proof for d = 0.

This concludes the derivations of the special case for d # 0 When d # 0 and p a positive, fgpesselz(¥; @ d,p) is given
and p = 0. by (46).
Following from Progri 2016 [1], (50)-(53), substituting (31)

into (121) of Progri 2016 [1]

Next we consider some remarks the most important special

case when d # 0 and p is a positive integer.

w(k+1)+1p(p+k+1)
- (-DKp-k-1)! B SO ln p+2k
f tPe=td|2 Zp o lfl (2) +(_1)p2k 0 k‘(p+k)' (2) at
Fopessel2 (X3 @, d,p) = oD (133)
which is equivalent with by changing the order of summation and integration
2p-1yP 1( DR@-k-D1fy etePRdt ()P oo [PUHD+P@HD] f et e2P+2Rar (- 1)P22 Io lnEE‘fdtzpﬂkdt
. k= K122k TToP2 “k=0 ki(p+k)122K y 2D k=0 k'(p+k)!22k
FiBesselz(x; a,d, p) = oD (134)
The first integral is pretty straightforward to compute (see first summation of (134) and performing a series of identities
g pretty g p p g
108). yields
We start with the first summation. Substituting, (110) into the
1 (—xp kT (—xp) R
g1 (k- po _og(m_ku):(g)k(l)m S gt (p) KDk(3), Om—
TZl(x'a d p) _ k= (—1)~k22kp; — - (7)k+m(1)k+m (2)k+m( )k+m 0 (135)
) ) ) 1_p
2PGpd) x7Ir~1(p)ed¥21-PCy(p,d) p*
0 p=20

Equation (135) can be written with the help of the generalized Kampé de Fériet function [11]-[13] as follows

1 ;15
S H

F021

. 1 51;
(p- 1)| —x, Xz} dx0:2;1

[(p)2P~lxe~dx +5F2050
Tzl(X; a, d’p) - c (p > viii p +* 0 (136)
2 il
0 p=20
Equation (136) eliminates the singularity at d = 0 which
! (136) g y fo e—tdp2p+2k g — V(deziil;:x) (137)

was present in the left side of (135).

The second integral is also pretty straightforward to compute Substituting (137) into the second summation of (134) yields

5, PO O e _ g WDVl (138)
ki(p+k)!2 22kE 1 (p+k)!
The recursive implementation algorithm is considered in recommended.
Appendix D. Since, the direct approach is numerically more Substituting Progri, 2018 [2], (19) into the second
accurate and computationally just as efficient as the recursive summation of (134) yields,
algorithm, for this particular case the direct approach is
(dx)22p1+2ke_dx 0_ x3" po dx oo x3"
(=DP w0 [Y(k+1)+P(p2+k)] pitk l (p3+k)m(zgﬁrgk2(pz+k) PetlOmps +hm]
Fpa(x;a,d,p) = fa(p +ioi2?t (139)

C2(p,d)
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Which is equivalent with

(-1)Px2P1¢—0dx
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k
o [WUEFD+P @2+ (0D AT

, dx

k
o [PUHD+P@2+0 01 T

2P2 2p1T(p2)

m=0 03 k+m@2)k+m

"2p2

m=0 D) k+m @3 k+m

Fra(x;a,d,p) =

Equation (140) can be written with the help of the modified,

C2(p,d)

(140)

generalized Kampé de Fériet function [11]-[13] as follows

_ 0, ;1= (D) +(p2).p1iLs,, dx -0, 1;1[— (1)+(P2) P1iL;
ye [w(k+1)+¢(pz+k)]% x2P1e dx[Fz :0;0 P3.p2i=i—; *2|*2p;F2:0;0 papz—i "2] (141)
k=0 22K (kD)2 - 2017 (p2)
Substituting (141) into (140) produces the final expression of Fy,(x;a,d,p)
(~DPx2P1e= X[ oap,1;1[—:(1)+(P2).p1iL; dx o:p,1;1[—: (D +(p2).p1;1;
T d 2D4 xplrfpz) 2:(;1;01 D3,02: 2_ _1 X1 .X'Z] sz 3#0 ! D4,D3: 2_ _1 x .X'Z] 142
zz(x, a, :p) - Co(p.d) ( )

Equation (142) eliminates a singularity for d = 0, which the
recursive approach was not able to; hence, (142) is much better

implementation than the recursive algorithm described in

The third summation function of (134) can be computed
from the third integral.

The second integral is more difficult to compute directly, so

Appendix D. we integrate by parts
—tds2p+2k x\y(adx) . y(a, dx) xt” y(a td)
[ Inemtag2pi2kgr = [In (£) L2 L =In (5)Xe —timin () X522 - f; dt (143)
The lower limit of In(x/2) y(a,dx)/d* k = 0,1,--+ canbe computed using L’Hopital’s rule (see also (89)) [28]
Wn (@0™ : x
y(a,dx) A% x e N o g _a“ “_r,‘(‘)]“(i)xa _
Ll_r}%l (Z)d— }ﬁo mIn (2) a - — N (144
Substituting (143), (144) into the second summation of (134) yields
UL o NE S e ol
i . 22Kk1(p+Ek)! _ o \2 =022Kki(p+k)! 22Kk1(p+k)!
T23(x, a, d, p) + ?24_(3(, a, d! p) C,(p,d) - C2(p,d) (145)
Next, we work on the first summation of (145). Substituting Progri 2018 [2], (19) into the second summation yields
k
¥ % _ e P (p1)k%x£" 2y 9;(1| (146)
k=0 22k 410! T 2910 P2) |20 a)kemPirm 22 70 P kamP3)ieam
Equation (146) can be written with the help of the Kampé de Fériet function [11]-[13] as follows
y(2p1+2k,dx)
o __a?pit2k x2P1g~dx FOL1 ; dax con [ —ips L
Zk:o 22kk!(p+k)! - 2p1F(pz) 2 0;0 p3 pz ;xly x2 + Zp FZ :0;0 p4’ pg: _’ _;xly x2 (147)
Substituting (147) into the first summation of (145) yields,
(-1)P2 %ﬂg@ (-1)P2x2P1e~dxX Pl d Pl
-1 X 14 X\(— X e 0:1;1f —-Pub X -0:1; P L
Fru(a,d,p) = 2D ]“(E) Zkzo zgkkzl(mk)! _ (5) 292 piT(py) |F2:0:0 psrpz:—:—:xi'xz]"LEFZ:Oio [m.ps:—:—:xl'xz” 148
23x;a,4,p) = ¢, (,d) - C2(p,d) ( )

For the computation of the second summation of (150) we employ the series expansion of the incomplete gamma function and

after performing the integration we obtain

2k+2p1+n
(_1)ndn(§k+2pp1n)2 ;:( dx)™
X

(1P w0 =0 I (= 1)1’2 22915 T
k=0 2k KN=02k+201 +10)2(D+K)!
24RKEkl(p+k)! 2k+2 + +k)!
IF24(x; a,d, p) — (p+k) — C p1+n)%(p+k)

C2(p,d) C2(p.d)

Next, we perform the expansion into even and odd terms we have

(149)
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xl( dx)Zm xl( dx)2m+1
(- 1)1’ 1[ye0 K eml v K @mEDl
km=0(zk42p1 +2m)2(p+k)! " “KM=0(2k12p,+2m)2 (p+k)!
Fou(x;a,d,p) = 150
24( p) G od) (150)
Which is equivalent with
X (can?m x’f (—dx)?m
k!
N (2) 22mm X T “ @m1)(3),, 22mm:
2P km=0(2p, +2k+2m)2(p+k)! km=0(2p, +2k+2m)2(p+k)!
Foi(x;a,d,p) = 151
24( p) G od) (151)
Which is identical to
N N WP O i,
2P 44km=0(p, tlrm)2(p+k)! km=0(p, +k+m)Z(p+k)!
Foi(x;a,d,p) = 152
24( p) G od) (152)
Equation (152) can be written as follows
k. m k. m
(-1)P x2P1 5 (Pl)k+m(1’1)k+m% dx oo (Pz)k+m(p2)k+m%
2P T2 42191 =00 09 eam@2ie(3),, 272 " 0 hm P rm @2k (3),,
Foulx;a,d,p) = 153
24( p) G od) (153)
Finally, Dr. Progri has successfully derived for the first time Kampé¢ de Fériet function [11]-[13] as follows
that this summation which can be written with the help of the
(—1)Px2P1| 1 P1u,P1:— d P2,P2: =i~
Fou(radp) 2P4 T(p) ;T%F [P3-P3 D2 12| [m DaD2is 12 (154)
x; al ) =
24 p C2(p.d)
Finally, substituting (136), (142), (148) and (154) into (136) Fipesselz (X a,d, p)
produces the desired closed form expression of
r p-1, ,—dx 021p1) p_,., dx 021p1) p_,,,
(p)2P~*xe F,. | —X1.%2 [+ F; | —xl,xz
(—DPx2P1e= X[ 011 —:(1)+(pz),p1; ; 0:,1;1[— (1)+(P2)Z’1:
P piT(py) | 200 Pabai—i— LV xz] ZPZFZOO PaP3:i=5— 1 xz]
F x;a,d,p) = (-1)P2x2P1e~dx o1 —pul 0:1;1 P1, ; 155
Besseiz P) ) o prtoy | 7200 |y porie xl”‘Z] 393200 [pyparmi— 1 xZ] (135)
(=1)P x2P1 A 20 o[ PLP1T5~ o |oax F o[ P2P2i75~ .
2P4 T(p2)|p? 21 P3,p3: Pz: X1¥z 3 21 P4.D4: Pz: ;Y12
x>0
C2(p.d)
0, x<0

Equation (155) is an original expression not published

anywhere else; however, care must be shown in the
computation of the Kampé de Fériet function [2].
The obvious question is as follows. Is (155) the right

equation? While numerically we will test this at the numerical,

theoretical results section, we can still test analytically for at
least three data point: (1) d =0, p # 0;(2) d # 0, p = 0; (3)
d=0,p=0.

First, letus set d = 0, p # 0 and evaluate (160), we obtain

-7b —DP 22P1_gmpaa[—(D+@2)p1L:
P-1yp0i2il (p 1)|7P _ (-DP x o, 1;1[—:(1)+(p2).p1;1L; ]
@)2FxFy, |3 _ T p TG 200 papzi——; O *2
1=
F, (x;a,0,p) = x\(-1)P2_x2P1 011[ -yl ] (CDPx?P1 1 ai050 P1PITT 156
GBessel2 X3 & U, P +ln(2) 2PZ paT(pz) 2090 |p3,ppi—i— 0] 2P% I‘(Pz)plF P3,P3: le 10 (156)
x>0
C2(p,0)
0, x<0
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Evaluating the four Kampé de Fériet functions [11]-[13] at
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d = 0 yields

1, 1 (=xpko™ (—xpk

oo [ - 1)| p-5: 1 o Zp_m(m_k(l)k(;)k(l)m e _ 5 (p) (3, (157

2:0;0 1 k, 3

0 E, 1:—; —; m=0 (E)k+m(1)k+m (E)k
k

o1 [—: (1) + (pz) pl, ; 1w WO+HO+P@+R @K ) .

Fy.0:0 D3y Do — xl'xz_ = Yk=o ERNERN K= w2 ([(D) + (p2), 1] P53, P25 x1) (158)
e i o
011 pl: H P1)k mkv (R 1) PUkg
,0 — o — = 1F,(p1; 03, P25 1
Fao [pg, — =M ] 2hm=0 G cmeem 2K Gy~ 1F2(P1iP2 P2 1) (159
pli p1:— 1 g _ Z PV +m @D k+m7 =7 kl'(m' _ Z (P1)k(P1)k% = .F ( . Cx ) (160)
P3,D3:P2; 55 10 fom= 0(p3)k+m(p3)k+m(pz)k() k=0 G 2 3P PLiPs P3Pt
Substituting (157)-(160) into (158) yields
(=xpk
(P) 1
| r(p)zp‘lxzﬁ k(( ))k K Z(P:;i);(zzl)ll) 1F2l(D)+®2).p1:03.02:%1]
2)k
2p1 (- 1)px P11
1 (_)(1;7)21727;(()1& (P1;P3.P2; x1)+mz"‘3 (p1,P1:P3,P3,02:%1)

Fopesselz (6 @, 0,p) = o P12 2= Do (161)

C2(p,0)

Equation (161) produces exactly the same answer as (103);

Second, let us set d # 0, p = 0 and evaluate (155), we

thus, completing the proof for d = 0, p # 0. obtain
:(1), (1) 11
0:,1;1 dx_0ap,1;1
dszt;po 3, x1,%2 +_xF2(;p0 X
P '5-_ -
L. L.
- 11| T dx _0:1:1 b
—ln(f)xe x on-ol-'o1 3 2 x1p +—-F2.0.0| 3 x1,%2 ||+
TGBesselz (x; a, d, 0) = 2 ’ 5,1:— - 2 ’ 3. _._ (162)
PuP1i—— 1,1:—;—;
2:0;0 dx _2:0;0 "
+xF211[ 33,1 x1xz] F211[2213 X1x2”
2272
x>0
C2(0,d)
0, x<0

Equation (162) is identical to (127); thus, completing the
prooffor d # 0, p = 0.
Finally, we consider the case for d = 0, p = 0 from (161),

[#J 1FZ((1) 22l x1> ln( )1FZ(2 il x1)+2F3(

since, we have considered the proof d = 0, p = 0 from (162)
which is identical to (104) or (98).

Fipessel2(%;a,0,0) = €,(0,0)=m

0

Equation (163) is identical to (98); thus, completing the proof
ford=0,p=0.

This concludes the derivations of the special case for d # 0
and p # 0, p apositive integer.

Next we consider the numerical, theoretical results.

4 Numerical, Theoretical Results

Progri 2016 [1] numerical, theoretical results section contains
the first set of simulation results of pdfs and approximated
numerical cdfs of the generalized Bessel function distributions

of the first and second kinds based analytical derivations

(163)
x<0

presented in Progri 2016 [1]; i.e., in Progri 2016, we did not
provide any simulation results of the exact closed form
expression of the cdfs of the generalized Bessel function
distributions of the first and second kinds.

Hence, in this section we present for the first time the
MATLAB simulation results of the of the exact closed form
expression of the cdfs of the generalized Bessel function
distributions of the first and second kinds based on closed form
expressions (117) and (142) in Progri 2016 and (25) in the
current journal paper.

Moreover, we want to ensure the reader that when we
produced the simulation results of this section every single

equation of Progri 2016 and of the current journal paper has
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been tested; hence, the simulation results go far beyond the
simulation results of just closed form expressions (117) and

(142) in Progri 2016 and (25) in the current journal paper.

4.1 Special Case: d = 0, p # 0 not an Integer

In this subsection we present, numerical results of the
generalized Bessel function of the first and second kinds using
the exact closed form expression found in this paper and in
Progri 2016 [1].

Figure 1(a) shows the plots of (top) the generalized Bessel of
the second kind pdf and cdf for a = 2, d = 0,and p = 0.5 for
the integral and linear numerical approximation; (bottom) cdf
using (62) in the current journal paper and (142) from Progri
2016 [1].

Figure 1(b) shows absolute errors of the generalized Bessel
of the first kind cdf for a =2, d = 0, p = 0.5.

Absolute errors of the generalized Bessel function
distribution of the second kinds are shown in Figs. 1(b) and 2(b).

Figure 2 (a) shows the plots of (top) the generalized Bessel
of the second kind pdf and cdf for a =2, d =0, and p =
—0.25 for the integral and linear numerical approximation;
(bottom) cdf using (62) in the current journal paper and (142)
from Progri 2016 [1].

Figure 2 (b) shows absolute errors of the generalized Bessel
of the second kind cdf for a =2, d =0, p = —-0.25; ie,, p
not an integer.

The important results here are that even for non-integer
values of p the generalized Bessel of the first and second kinds
pdfs and cdfs are validated. For this special case the MATLAB
integral function provides an erroneous solution due to the

presence of infinity or singularity.

4.2 Special Case: d =0, p=0

The pdf and cdfs and the absolute errors of the generalized
Bessel function distribution of the second kinds corresponding
to the special case of d = 0, and p = 0 are shown in Fig. 3.

Figure 3 (a) shows the plots of (top) the generalized Bessel
of the second kind pdf and cdf fora =2, d=0,and p =0
for the integral and linear numerical approximation; (bottom)
cdfs using (98) and (103) in the current journal paper.

Figure 3 (b) shows absolute errors of the generalized Bessel
of the second kind cdf for a =2, d =0, p=0; ie., p an
integer.

For this special case the cdfs computed from using (98) and

(103) are fourteen to sixteen orders of magnitude as accurate as
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the MATLAB integral function.

4.3  Special Case: d = 0, p a Positive Integer

The pdf and cdfs and the absolute errors of the generalized
Bessel function distribution of the second kinds corresponding
to the special case of d = 0, and p a positive integer are shown
in Fig. 4.

Figure 4 (a) shows the plots of (top) the generalized Bessel
of the second kind pdf and cdf fora =2, d =0, and p =2
for the integral and linear numerical approximation; (bottom)
cdfs using (103) Option 1 and (187) Option 2 in the current
journal paper.

Figure 4 (b) shows absolute errors of the generalized Bessel
of the second kind cdf for a =2, d =0, p=2; ie, p an
integer.

For this special case the cdfs computed from using (103) and
(187) are fourteen to sixteen orders of magnitude as accurate as
the MATLAB integral function.

4.4 Special Case: d #0, p =0

The pdf and cdfs and the absolute errors of the generalized
Bessel function distribution of the second kinds corresponding
to the special case of d = 0.5, and p = 0 shown in Fig. 5.

Figure 5 (a) shows the plots of (top) the generalized Bessel
of the second kind pdf and cdf for a =2, d = 0.5,and p =0
for the integral and linear numerical approximation; (bottom)
cdfs using (127) Option 2 and (155) Option 2 in the current
journal paper.

Figure 5 (b) shows absolute errors of the generalized Bessel
of the second kind cdf for a =2, d = 0.5, p =0; i.e., p an
integer.

For this special case the cdfs computed from using (127) and
(155) are fourteen to sixteen orders of magnitude as accurate as
the MATLAB integral function.

4.5 Special Case: d + 0, p a Positive Integer

The pdf and cdfs and the absolute errors of the generalized
Bessel function distribution of the second kinds corresponding
to the special case of d # 0, and p = 0 a positive integer are
shown in Fig. 6.

Figure 6 (a) shows the plots of (top) the generalized Bessel
of the second kind pdf and cdf for a =2, d = 0.5,and p = 2
for the integral and linear numerical approximation; (bottom)
cdfs using (155) Option 2 and (155) Option 3 in the current

journal paper.
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TABLE I: COMPUTATION TIME OF CDFSs

No Ty Tiap Tef1 Tef2 Ty
(s) (ms) (s) (s) (s)

la 4.15 1.2 0.005 0.013 4.17
1b 4.16 3.1 0.014 0.029 4.20
2 0.13 0.1 0.004 0.01 0.14
3 0.16 3.5 0.008 0.012 0.18
4 4.14 0.1 0.22 0.13 4.54
5 4.29 0.01 0.31 0.17 4.62

TABLE II: COMPUTATION TIME OF CDF (155) ViA OPTIONS 1-4

N T Tiap Tef1 Tef2 Ty
(s) (ms) (s) (s) (s)

15 42 31  035() 156(2) 612
25 429 06 050 (1) 166(2) 645
50  4.19 3.2 1.21% (1) 2.00 (2) 7.41
15 418 01  3826(3) 38.14(4)  80.58
25 421 01  60.08(3) 6042(4) 12471
50 4.23 0.032 116.12 (3) 115.89 (4) 236.24

TABLE III: SAME AS I USING PROGRI’S IMPLEMENTATION

N Tint Tiap Tef1 Tef2 T

(s) (ms) (s) (s) (s)
15 42 31  027(1) 024(2) 469
25 429 06  045(1) 032(2) 492
50 414 32 120(1) 074(2) 608
15 418 01  0.18(3) 0.16(4) 450
25 421 01 0203) 0.17(4) 452
50 4.23 0.032 0.25 (3) 0.22 (4) 4.61

Figure 6 (b) shows absolute errors of the generalized Bessel
of the second kind cdf for a =2, d = 0.5, p = 2; i.e., p an
integer.

For this special case the cdfs computed from using (127) and
(155) are fourteen to sixteen orders of magnitude as accurate as
the MATLAB integral function.

Figures 1-6 are necessary because they show that the cdf
accuracy performance is outstanding; hence, it remains to test
the computational speed performance.

The computational times, performed in an AMD A6-3420
APU with Radeon™ HD Graphics 1.5 GHz processor 64-bit
operating system, of all the cdfs is considered in Tab. L. In the
first row of Tab. I the computation times of special case

discussed in Fig. 1 are reported. And so forth.
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Generalized Bessel of 2ndkind pedf: a=2d=0p=0.5
T T T T 7

®pdf
08k <df 3 ((62) Progri 2019, 0 =1 2 15 -05)
|—6— cdf 4((62) Progri 2019, 0 =2

-10 -8 -6 -4 2 0 2 4 6 8 10

20,005 -
A
= 01|

[o—cdf 1 (integral) - cdf2 (L

0015 ! : ! ! . :
-10 K] 6 4 2 0 2 4 6 8 10
Generalized Bessel of 2ndkind § (F, ,):a=2d=0p=05
- : : : Bessel2 : ‘

»
3((62) Progri 2019, 0= 1 2 15 |
19, 0=1 2 IS -05)-cdf4 (62) Progri 2019, 0=2 2 15 -0.5)

o cdf 1 (Integral) - cdf
|—— cdf 3 ((62)

~, 001

-]
&
= 0011 -

0.02
il

L L
0 kY 6 4 2 0 2 4 6 8 10

(a) (top) original generalized Bessel of the second kind pdf and
cdf for a=2, d =0, and p = 0.5, using the integral and
linear numerical approximation; (bottom) original generalized
Bessel of the second kind pdf and cdf for a = 12, d = 0, and
p = 0.5 for (62) and (142) from Progri 2016 [1] Option 3 of
the Kampé de Fériet function.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdf and cdf for a=2, d =0, and p =0.5,
integral — linear numerical approximation; (bottom) absolute
error of the original generalized Bessel of the second kind pdf
and cdf for a = 2, d = 0,and p = 0.5, for (62) — (142) from
Progri 2016 [1] Option 3 of the Kampé de Fériet function; p
not an integer.

FIGURE 1: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (62) and (142) from Progri 2016 [1] Option 3 of the Kampé
de Fériet function for a = 2, d = 0, and p = 0.5.

There are six columns in Tab. I: The first column corresponds
to the number of rows; the second column corresponds to the
MATLAB integral function computations, the third column
corresponds to the linear approximation, the fourth to the first
closed form expression discussed in Sect. 3, the fifth to the total
computation time. Based on the computation times reported in
Tab. I, 6/6 times, the computation times of the cdfs based on the
closed form expression provided in Sect. 3 is significantly (9-
26x) faster than the MATLAB integral function.
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Generalized Bessel of 2ndkind pedf: a=2d=0p=-0.25
T T * T

pdf
—6— cdf 1 (In

-10 K -6 4 2 0 2 4 6 8 10

x
Generalized Bessel of 2ndkind pedf: a=2d=0p=-0.25
T T f

®. pdf
edf3((62) Progri 2019, 0 =1 30005 -129)
—@— cdf 4 ((62) Progri 2019, O =2 3 15 -1.25),

pedf

I - "
-10 Kl -6 4 2 0 2 4 6 8 10

Generalized Bessel of 2ndkind & (FB

):a=2d=0p=-0.25

essel2

[—e— cdr I (Integral) - cdf2 (Lineas

0.06 L L f L L L
-10 -8 -6 -4 2 0 2 4 6 8 10
X

Generalized Bessel of 2ndkind o' (F ):a=2d=0p=-0.25
T T T T

Bessel2

® cdf I (Integral) - cdf 3 ((62) Progri 2019, O =1 3 15 125
|—e— cdf 3((62) Progri 2019, O = 1 3 15 -125)- cdf4 ((62) Progri 2019, O =2 3 15

. I I I
10 i % 4 2 0 2 4 6 8 10
x

(a) (top) original generalized Bessel of the second kind pdf*
and cdf for a =2, d = 0, and p = —0.25, for the integral*
and linear numerical approximation; (bottom) original
generalized Bessel of the second kind pdf and cdf for a = 12,
d =0,and p = —0.25 for (62) and (142) from Progri 2016 [1]
Option 3 of the Kampé de Fériet function.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdf and cdf for a =2, d =0, and p = —0.25,
integral — linear numerical approximation; (bottom) absolute
error of the original generalized Bessel of the second kind pdf
and cdf for a = 2, d =0, and p = —0.25, for (62) — (142)
from Progri 2016 [1] Option 3 of the Kampé de Fériet function;
p not an integer.

FIGURE 2: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (62) Option 2 of the Kampé de Fériet function and (142)
from Progri 2016 [1] Option 3 of the Kampé de Fériet function

fora=2,d =0,and p = —0.25; p not an integer.

For example. If we consider 15 terms during the computation
of the cdf via (155) (see Tab. II) then: (1) the integral approach
is 42 thousand times less efficient than the linear approximation;
(2) The implementation of the the Kampé de Fériet function via
options 1 and 2 is 12/2.5 times more efficient than the direct
integral via MATLAB; (3) The implementation of the Kampé
de Fériet function using the MATLAB hypergeom function via
options 3 and 4 is 9 times less efficient than the direct integral
via MATLAB.
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Generalized Bessel of 2ndkind pedf: a=2d=0p =0
T T T T

1
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S04t
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02k <df 3 ((98) Progri 2019.0 =1 115 -1)
—0— cdf 4((127) Progri 2019,0=3 3 15 -1
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Generalized Bessel of 2ndkind § (FRL 17) ra=2d=0p=0
essel2
T T
|[—€— cdf 1 (Integral) - df2 (Lincar approximation)|
2001 =
&
3
= 002 q
003 | I I I I |
-1 -8 6 4 2 0 2 4 6 8 10
x
14 Generalized Bessel of 2ndkind 4 (F ):ia=2d=0p=0
| 210 Bessel2
T T T T T
<df 1 (Integral) - cdf3 (98) Progri 2019, 0= 1 1 15 -I)
” " —— cdf 3 ((98) Progri 2019,0 = 1 1 15 1) - cdf4 ((127) Progri 2019,0=3 3 15 -1)
78 AR mPran
z0 > 2t
[ A
1 I I I I I I
10 3 % 4 0 4 6 8 10

(a) (top) original generalized Bessel of the second kind pdf*i
and cdf for a =2, d =0, and p = 0, for the integral*¥ and
linear numerical approximation; (bottom) original generalized
Bessel of the second kind pdf and cdf for a = 12, d = 0, and
p = 0 for (98) Option 1 of the Kampé de Fériet function and
(127)* Option 3 of the Kampé de Fériet function; p an
integer.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdfand cdf for a = 2, d = 0, and p = 0, integral
— linear numerical approximation; (bottom) absolute error of
the original generalized Bessel of the second kind pdf and cdf
for a=2,d =0, and p = 0, for (98) Option 1 of the Kampé
de Fériet function — (127) Option 3 of the Kampé de Fériet
function; p an integer.

FIGURE 3: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (98) Option 1 of the Kampé de Fériet function and (127)
Option 3 of the Kampé de Fériet function for a =2, d =0,
and p = 0; p an integer.

The implementation of the Kampé de Fériet function using
the Progri’s phypergeom function via options 3 and 4 in Tab. III
is 527 times more efficient than the save via MATLAB
hypergeom function. In summary, the Progri implementation of
the Kampé de Fériet function (see Progri 2018 [2], Appendix A)
is the optimum in performance and speed (option 4); but it
requires  Progri

implementation of the generalized

hypergeometric function.
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® pdf
cdf 3 ((103) Progri 2019,0=1 115 1)
—0— cdf 4 ((187) Progri 2019,0=2 3 15 1)
T —
-10 8 6 -4 2 0 2 4 6 8 10

Generalized Bessel of 2ndkind § (Fien) 1@=2d=0p=2
T T

[—e— cdf 1 (Integral) - cdf2 (Linear
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Generalized Bessel of 2ndkind § (F

Rmm):azzdzol):Z

T T T
®- cdf 1 (Integral) - cdf 3 ((103) Progri 2019,0=1 1 15 1)
|—e— cdf 3 ((103) Progri 2

9,0=1 115 1)-cdf4 (187) Progri 2019,0=2 3 15

(a) (top) original generalized Bessel of the second kind pdf and
cdf for a =2, d =0, and p = 2, for the integral and linear
numerical approximation; (bottom) original generalized Bessel
of the second kind pdf and cdf for a =2, d =0, and p = 2
for (103) Option 1 or the recursive algorithm and (187) Option
3 of the Kampé de Fériet function; p an integer.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdfand cdf for a = 2, d = 0, and p = 3, integral
— linear numerical approximation; (bottom) absolute error of
the original generalized Bessel of the second kind pdf and cdf
for a=2, d=0, and p =2, for (103) Option 1 or the
recursive algorithm — (187) Option 3 of the Kampé de Fériet
function; p an integer.

FIGURE 4: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (103) Option 1 or the recursive algorithm and (187) Option
3 of the Kampé de Fériet function for a = 2, d = 0, and p =

2; p an integer.

5 Conclusions

The main focus on this masterpiece journal paper is to validate
the entire derivations of the closed form expressions provided
in Sects. 2 and 3 namely: (1) the cdf of the generalized Bessel
of the second kind pdfs/cdfs in the current journal paper
corresponding to five special cases: one for non-integer values

of p and four for integer values of p.
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B ]
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(a) (top) original generalized Bessel of the second kind pdf*"!
and cdf for a = 2, d = 0.5, and p = 0, for the integral®!' and
linear numerical approximation; (bottom) original generalized
Bessel of the second kind pdf and cdf for a = 2, d = 0.5, and
p = 0 for (127) Option 2 of the Kampé de Fériet function and
(155) Option 2 of the Kampé de Fériet function; p = 0 an
integer.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdf and cdf for a=2, d =05, and p=0,
integral — linear numerical approximation; (bottom) absolute
error of the original generalized Bessel of the second kind pdf
and cdf for a = 2, d = 0.5, and p = 0, for (127) Option 2 of
the Kampé de Fériet function — (155) Option 2 of the Kampé
de Fériet function; p an integer.

FIGURE 5: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (127) Option 2 of the Kampé de Fériet function and (155)
Option 2 of the Kampé de Fériet function for a = 2, d = 0.5,

and p = 0; p an integer.

Option 1 does not produce any output when the number of
terms exceeds fifty. Option 2 is the most accurate and the most
computationally stable option for the implementation of the
Kampé de Fériet function. Option 2 was added for the first time
to perform the computations of this journal paper.

For cases discussed in Figs. 1 and 2, the direct integration is

not accurate due to the presence of infinity or singularity.
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(a) (top) original generalized Bessel of the second kind pdf and
cdf for a = 2, d = 0.5, and p = 2, for the integral and linear
numerical approximation; (bottom) original generalized Bessel
of the second kind pdf and cdf for a =2, d = 0.5,and p = 2
for (155) Option 1 of the Kampé de Fériet function and (155)
Option 2 of the Kampé de Fériet function; p an integer.

(b) (top) absolute error of the original generalized Bessel of the
second kind pdf and cdf for a =2, d =0.5, and p =2,
integral — linear numerical approximation; (bottom) absolute
error of the original generalized Bessel of the second kind pdf
and cdf for a = 2, d = 0.5, and p = 2, for (155) Option 1 of
the Kampé de Fériet function — (155) Option 2 of the Kampé
de Fériet function; p an integer.

FIGURE 6: Numerical calculations of the generalized Bessel of
the (a) second and (b) second kind absolute error pdf and cdf
for (155) Option 1 of the Kampé de Fériet function and (155)
Option 2 of the Kampé de Fériet function for a = 2, d = 0.5,

and p = 2; p an integer.

We can say with absolute certainty that all the closed form
expressions provided in Progri 2016 [1], 2018 [2] have been
simulated and tested. The numerical results obtained from the
closed form expressions in Fig. 1 to 6 are several orders of
magnitude more accurate than those obtained from the linear
approximation simulation results presented initially in Progri
2016 [1].

Numerical results are derived for each case to validate the

theoretical models presented in the paper.
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For each generalized Bessel distribution model, the closed
form expression of cdf is given by means of series expansion of
the modified Bessel functions which leads to incomplete
gamma functions, hypergeometric series, and the Kampé de
Fériet functions.

It is also shown that for most practical applications the
generalized Bessel function distribution cdf of the first and
second kinds can be represented in closed form by means of the
family of well-known the Kampé de Fériet functions to within
fourteen to fifteen orders of magnitude accuracy.

In summary, the Progri implementation of the generalized
hypergeometric function and the Kampé de Fériet function is

the optimum in performance and speed.
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F,1(x; a,0,0). The main reason for showing this is to make sure
that scholars understand the difference of both algorithms.
From Progri (2016, [4] (127)), we have ¥ (k + 1)

k k+1,1,1;
. . . k+1)=—F "’1]+ 1 164
8 Appendix A: Inefficient Implementation of ¥ )= k+22; v (164)
F1(x;,a,0,0 o . .
21( ) Substituting (164) into (96) yields
There is another inefficient algorithm for computing
. 2k . 2k 2k
T e =Y v =S I -
Zl;.o=0¢2k72kz+1 * Zk=0 ©), e * Zk=0 WD), (k! +x¢(1)2"=°(§) (k!
Fp1(x;a,0,0) = = k = e Zk (165)
The second summation of (165) can be computed from It remains to compute the first summation as follows
p
generalized hypergeometric function [31].
() s
co 2 —
Y Ty m =0k (555 1) (166)
2. k LA
k+1,1,1; /1) x2K o (k+rDm@Om@®mi™ 1y x2k o kFDmOm@Wm1™ 1y x2k
© kF[ k+2,2; 1](3)}:2(2_}(_ © kXm=0 (k+7£l)m(27r3mmm!(3)k;_k_ © kXm=0 (k+7;l)m(7;l)mmm!(f)k;_k
Zk:o 3 - Zk:o 3 - Zk:l 3 (167)
(k+1)(§)k(1)kk! (k+1)(5)k(1)kk! (k+1)(5)k(1)kk!
Which is identical to
k+1,1,1; /1) x2K k+2)mWmWm1™ 1 2(k+1) 3 2\
Zw kF[ k+2,2; 1](3)k;_k — Zoo (k+1)2m=0 (k+73r‘l)m(2m)mmm! (3)k+1;€2(k+1) — ﬁlzoo ZOO (2)k+m(§)k(1)m(1)m (;C_2> ﬂ (168)
=0 k() Wikt k=0 W+2)(3), , , Wiear G+ ! 226 ZHZ0EMZ0 (), (), @@ K !
Finally, Dr. Progri has successfully derived for the first time Kampé de Fériet function [11]-[13] as follows
Y. g y p
that this summation which can be written with the help of the
k+1,1,1; 2k 2k 3011
Zoo kF[ I:—+2,2; 1](%)1(32% _ ﬁlzoo Zoo (z)k"'m(%)k(l)m(l)m (;C_Z) ﬂ — £1F1:1;2 2 2’ 1’1’x 1 (169)
k=0 (k+1)(§)k(1)kk! 22 ¢ k=0 4m=0 (3)k+m(§)k(2)k(2)m k! m! 22 ¢ 1:2;1 :E, :2; 1s
2
Substituting (166) and (169) into (165)
x2k+1 231 112 2!%;1. ; 13
? Y+ 1) S5 23—3171:2;'1 25, x1,1 +x¢(1)1Fz(5;5.1;x1)
=0T L2k 1 i5,2;2;
Fyu(x;0,0,0) = . Zn (170)

Equation (170) is just as accurate as (96) but is
computationally much more expensive; hence, it is not

recommended in implementation.

9 Appendix B: Alternative Implementation of
FBesseiz(x; a, 0,p)

I initially developed the alternative implementation of

Fipesselz(x; a,0,p) then later on I discovered the recursive

algorithm which is discussed in Sect. 3.2. It is also important to
note that both the recursive approach and the direct
computation algorithm, discussed here, produce similar
performance in terms of accuracy and computational load. The
only drawback to the direct approach is that it is more complex
than the recursive algorithm.

When d =0 and p a positive, fgpessez(X; @, 0,p) is
given by (34).

Following from Progri 2016 [1], (50)-(53), substituting (31)
into (121) of Progri 2016 [1]
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1/)(k+1)+1/)(p+k+1) ln pt2k
f ZP 1(-nk (ZI k- 1)!(2) +(_1)sz 0 k'(p+k)‘ (2) dt
FBesselz(X;a,0,p) = PeT)) (171)
Changing the order of summation and integration we obtain
2p-1yp_l e N 1)Pzeo W+ D+(p++1)] o e2PH2Rar (_ 1)1022 I ln_t2p+2kdt
2k t 2Pz 2k=0 2k tp k=0 2k
FoBesselz (x; a, d,p) — k!2 2 k!(p+k)!2 2 k!(p+k)!2 (172)

The first integral is pretty straightforward to compute (see
90).
We start with the first summation. Substituting, (90) into the

2k+
X
p-1 PRVt |xop-13PC

C2(p.d)

first summation of (172) and performing a series of identities

yields

(p k-01(3), (~xF

) _ Hk=0" oy a2k _ (%)kk!
F1(x;a,0,p) 0 o0 p#0 (173)
0 p=20
Equation (173) can be written with the help of the modified generalized hypergeometric function as follows
2P~ 1xF (pgl)rj;z;—xl]
Fu1(x;a,0,p) = P il p %0 (174)
C2(p.d)
0 p=0

The second integral is also pretty straightforward to compute

x2p+2k+1

Jo eprkge = (175)

2p+2k+1

W+ D)+ (p+k+1)] [ t2P+2Kat

Z}?:o = Zw

[Wk+D+(p+k+1)]

Substituting (175) into the second summation of (172) yields

x2P+2k+1
2p+2k+1

Kki(p+k)122k k=0

Substituting (176) into the second summation of (172) yields,

x2P+2k+1

o [1P(k+1)+¢(17+k+1)]m

( 1)” Zk=0 22K (k2

22KK1(p+k)!

_ o [P+ DI

(176)

o [l +p@+i+Dlxk
k=1""(2p+2k+1)k!(p+k)!

+)(2p+12

Fra(x;a,d,p) = & od)

Where, here we use the continued fraction expansion of the

rational function; hence, we have

2Pz C2(p,d)

(177)

) [w(k+1)+tp(p+k+1)](p1)kx1

p,2p1 YO+ (P+1)+EE
Tzz(xia'd'p) COZx

P3)k®2)k k!

2P4p,T(p2) Cz2(p,d)

Equation (178) can be computed recursively.

The third summation function of (172) can be computed

(178)

The second integral is more difficult to compute directly, so

we integrate by parts

from the third integral.
2p+2k+1 %X 2p+2k+1 2p+2k+1
[Finte2p+2ieqy = [m O =i (32 timin ()2 ] [F e2zeqy (179)
2 2/ 2p+2k+1l 2/ 2p+2k+1 x50 \2/ 2p+2k+1|  2p+2k+1
o 2p+2k+1 computed using L’Hopital’s rule (see also (89)) [28]
The lower limit of In (E)x— k=0,1,--- can be
2/ 2p+2k+1
lim ln( ) XD 2pi2kt2 im — x:l = ZPHEKAZ i x2PH2kE2 — (180)
x=0 2/ 2p+2k+1  2p+2k+1 x—0 x~2P—2k-2 2p+2k+1 x50

Substituting (179), (180) into the second summation of (172)

yields
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2p+2k+1

X +2k

ppad I 1n—t2p+2kdt (x)zf:o 2pF2k+1 Doy zzo+2k+1fO erretac

k=0 T k=022k ki)t 22Kk (p+io)! (181)

Faz(x;a,d,p) + Fra(x;a,d,p) = =

C2(p,d)

Next, we work on the first summation of (181). Substituting

C2(p.d)

(175) into the second summation yields

x2D+2k+1 <k
oprokeT x2P O
o0 2p+2k+1 T 182
2ie=0 kol ~ 21 by o T P22k (182)
Equation (182) can be written with the help of the generalized hypergeometric function [31] as follows
x2P+2k+1
yoo g _ X0 o  x,] (183)
k=0 22kpi(p+i)l  2piT(py) | P17 P3:P2i X1
Substituting (183) into the first summation of (181) yields,
x2P+2k+1
(-)P2, /x\ oo 2p+2k+1 x\(=1)P2 x2P1
rn(3) s n(%) FI 1]
P k=02k k1 (p+k)! 2)2P2p, T(py) (PLIP3P2iX1
Frs(x;a,d,p) = — e Lt 184
2s( P) C2(p.@) C2(p.d) (184)
For the computation of the second summation of (181) we and after performing the integration we obtain
employ the series expansion of the incomplete gamma function
x2k+2pq K
CDP g0 GRF2pD?  COP2 gp, g0 PURPUKE
P 2k=032Kp(p+k) _ 2P4pyp k=00p3) P3) P2k
Fru(x;a,d,p) = = 2! — TP 185
24( P) C2(p.a) ¢ (p.a) (185)

Equation (185) can be written with the help of the

(-1)P x2P1

generalized hypergeometric function, ,F3, [31] as follows

Frulx;a,d,p) = mmzps[pppﬁps;}?s;pzixﬂ (186)
Finally, substituting (174), (178), (184) and (186) into (172) Fipesselz(X; @, 0,p)
produces the desired closed form expression of
1
_ (p-1)|P-72 (-1)Px2P1 oo [PEk+D+Pp(p+k+D] ()X
2P~ 1xF PO | 3_2 —x1 +—2p4p11’i(p2)[w(1)+zp(p+1)+2 EHPCHP ! kkl,
. — 2
Fepesselz (x5 a,0,p) = +ln( )(zplz)z:—f‘(;:) [P1;p3.p2%1]+ %2% [P1,p1;03,03,P2:%1] (187)
C2(p,d) x>0
0, x<0

Equation (187) is an original expression not published

anywhere else; however, care must be shown in the
computation of generalized hypergeometric functions [31].

The obvious question is as follows. Is (187) the right

equation? While numerically we will test this at the numerical,
theoretical results section, we can still test analytically for at
least one data point: (1) d =0, p = 0.

Hence, for d = 0, p = 0 from (187), we obtain.

k
xp
x[Pp+I, +zp(k)]f—)'k n(2)1Fa (35101 ) +oF3 (5505101
FiBesselz(x;a,0,0) = x>0 (188)
C,(0,0)=m
0 x<0

Equation (188) is identical to (98); thus, completing the
proof for d =0, p = 0.
This concludes the derivations of the special case for d = 0

and p # 0, p apositive integer.

10 Appendix C: Inefficient Implementation of
Fa3(x;a,d,0)

If we were to employ the continued fraction expansion of the

incomplete gamma function in F,3(x; a,d,0) we have
p g 23
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The second integral is equal to

x ™y (2k+1,td) d 1 t2RFLe—dt | o (%)m (dzz—ztz)m d 139
———dat = t™ - ————| at
Iy a2kt f Sk (S0 (4d) (et 2(k+1) Lim=0 (k+2)m(ke+3) (189)
m 2/m
Which is equivalent with
[ x - az\™ x - az\™
[ elerzme=deqy( 4 S epktzmtig=degy( 4
Zm=0 (k,+§ (k+1)§j ) =2(kd+1)z;.$l:0 (k+2)m(k+§) <2 )
fxt 1y(2k+1, td)d 2/m 2/m (190)
0 azk+1 (2k+1)
Utilizing the result from Progri 2016 [1], (81) we obtain
[ y(2k+2m+1,dx)<£>m yQ2k+2m+2,dx)(d% ™
0 d2k+2zm+1 22 _d Zoo d2k+2m+2 22
m=0 3 "2(k+1) <m=0 3
k k k k
fxt L kened) e ( +2)m( +)m G+ 2)n +2)m (o1,
0 azk+1 (2k+1)
Finally, substituting (191) into (117) yields,
1\™ 1\™
% 0y(zl\t+2m+1,dx)(2—2) : 1 Z%ol_uy(zk,+2m+2,dx)(2—2)
5o (k+%)m(k+1)m 2(kt1) =M= (k+2)m(k+%)m
. _ “k=0 d2k+1(ak+1)22K (k12
Fa3(x;a,d,0) = ) (192)
Which is identical to
y(2k+2m+1,dx) y(2k+2m+2,dx)
Zoo d2k+12k+2m (k)2 1 Zoo d2k+12k+2m g2
k'm=0(k+§) (et Dm2k+1)  278M=0 0y (k+§) (k+1)(2k+1)
. — 2)m m m™M\*2)m
Fa3(x;a,d,0) = ) (193)
Next, we work on the first summation of (193). Substituting (19) into the third summation yields,
an expansion of y(2k + 2m + 1,dx) from Progri 2018, [2]
(dx)2k+zm+1e—dx[ 0 x5 dx oo b1
yletam1,dx) @k+zm+1) | n_o(k+m+%)n(k+m+1) "2lkam 1) Sn= 0(k+m+2)n(k+m+%)n
™ d2k+12k+2m g2 — Yo d2k+12k+2m ()2 194
Zicm=0 (k+3) (e Dm(2k+1) Zicm=0 (k+3) (et Dm(2k+1) (194)
m m
Which is equivalent with
(2k+2m+1,dx)
o ki —ax ) eam(@s (1)m(1>n—";,’;;,’;2, 0o, Dm0
Lim=o (k+2)_(k+Dm(2k+1) - xe Liemn=0 G) &) G) 5 Zicmn=o @ 3) G) (195)
2/m m 2/k+m+n k+m+n k+m k+m+n k+m+n\2/k+m
Equation (195) can be written efficiently by the help of the Appendix E) as follows
Srivastava’s Triple Hypergeometric Series F®[x,y,z] (see
yQk+2m+1,dx) TE V.
wo d2k+12k+2m (g2 e—dx F(3) é P x1,xz.xz +%1:(3) R é 2 X1,%2,%
F 4.0 m= (k+%)m(k+1)m(2k+1) —————— 2555 196
231(x' ada, ) - Cz(O,d) Cz(O,d) ( )

The last summation can also be written by means of the of the Srivastava’s Triple Hypergeometric Series F ®[x,y,2] (see
Appendix E).

(an?kram+z—dx| 3 e 3
k+zm+2) n=0 N 3)“n=0
l (k+m+2)n(k+m+2)n 2(k+m+2) (k+m+ ) (k+m+2)n
azk+12k+2m )2

(k+z)m(k+§)m(k+1)(zk+ 1)

vy(2k+2m+2,dx)
d2k+12k+2m ()2

(k4 2)m (I3 ) (k+1D)(2k+1)

~ Ym0 =~ Tm=o (197)

Which is equivalent with
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y(2k+2m+2,dx) x1x2 xz x1x2 xz

Ly @R _ dxte | Wkam(3), OmOn 252 s Dieam(3), OmOn 252 (198)
2 &km=0 (k+2)m(k+§)m(k+1)(2k+1) 4 k,mn=0 (2)k+m+n( )k+m+n(2)k+m 3 ~kmn=0 (§)k+m+n(2)k+m+n(2)k+m

Equation (198) can be written efficiently by the help of the Appendix E) as follows
Srivastava’s Triple Hypergeometric Series F®)[x,y,z] (see
y(2k+2m+1,dx) TSR S T PR
5o A2R+1,2k+2m (g2 dx2e—dx|p®3) R 2 X1, X2, +%1;(3) . 2 X1,%2,%
4.0 'm‘o(k+%)m(k+1)m(zk+1) 2542 5282 199
Fazz2(x;0,d,0) = c2(0,d) - 4C,(0,d) (199)

Finally, substituting (196) and (199) into (193) produces a

computationally inefficient implementation of F,5(x; a, d, 0)

1
B T —ns— =1l
’ sy dx ’ 14
F® 3 § 2 X1,X2,X2 +7F(3) 3 § X1,X2,X2 [+
_’1::_; _________ 2’_::_; _____ ==
—dx 2772 272
x PR I P iy
TZS(x; a, d: 0) = % ©) 3 ' E X1,X2,X2 +2F(3) ' A X1,X2,X2 ||+ (200)
e T 2025 =im =
2
x>0
C2(0,d)
0, x<0

Equation (200) is an original expression not published

anywhere else; however, care must be shown in the

computation of the Srivastava’s Triple Hypergeometric Series
F®Ix,y,z] (see Appendix F).

F3)

Frs(x;a,d =0,0) = x

Evaluating the Srivastava’s Triple Hypergeometric Series

The obvious question is as follows. Is (200) the right
equation? While numerically we will test this at the numerical,
theoretical results section, we can still test analytically for at

least one data point, d = 0.

(201)

F®[x,y,z] [18]-[22] (see Appendix E) at d = 0 yields

1 k
I R Rt B VB ¥ 6).6).%
&) 2 = 22k 11,33 4.
i P1ed— - —;X1'x2le -2k 0() (), (xk =2fs (2’2’2’2’1’x1) (202)
2 d=0
Substituting (202) into (200) yields
JFs (3223 1
FBesselz (¥;a,0,0) = (Szz(i),z();zn 1) (203)

Equation (203) is identical to (95); thus, completing the
proof for d = 0.

This concludes the derivations of the special case for d # 0
via  the of

and p=0 inefficient

Fi3(x;a,d,0).

implementation

11 Appendix D: Recursive Implementation of
TZZ (x; a, d, p)

The function F,,(x;a,d,p) can also be implemented

recursively based on the recursive expansions of the incomplete
gamma function; however, this approach is not as accurate as
the expansion via the modified generalized the Kampé de Fériet
double hypergeometric series developed by Progri 2019.

From (138) we have,

[Wlks ) +ppricr ) LEETEELL0 PR oo et D (prie D B2
7 ( d ) ( 1)17 Zk =0 22K ()2 ( )P WY@+ p+1)] AZDF1 + =1 PYLTATETaY (204)
22X 4, & p) = C2(p.d) 2p2 C2(p.d)
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Where, here we use the continued fraction expansion of the

incomplete gamma function (see Progri 2018 [2], (1))
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xXg®o—dx

a=2p+2k+1

y(a,dx) = ®d(1,a+ 1;dx) (206)

y(2p,,dx) = x?P1a?Pie” ®(1,2p,; dx) (205) Employing the continued fraction expansion for y(2p,, dx)
1
(205), and y(a,dx) (206) we have,
k
x2PH1 [ (k+ D+ (p+e4 D] gmgn L (L a+15dx)
_1)Pe—dx [WD+P @+ DT 1,2+2p;dx) +x*P T a=2p-
Fro(x;a,d,p) = ( 1)21;‘: 2p+1 k=1 kl(p+k)! (207)

Equation (206) can be computed recursively, Vk = 1,2, -+

C2(p.d)

Substituting (205) and (208) into (204) produces the final

y(a, dx) = 20,y [2pak, dx] — (dx)?P2ke=9% (208) expression of F,,(x; a,d,p)
X d=0
x®(1,a + 1; dx) = |alo@,a;dx)-1] d£0 (209)
d
_ 2P, —dx flr cdx)— dx)—
e zlz)wizlrtzz) {[w(1)+w(p+1)]<1>(1,2pz;dx)+2p1Z;}'°=1[%+1/)(k):pik:w@w)]&iﬁ@’z-)k["[q’(l"’;d") 1]:[‘1’(1'”2(”;")"1") 1]]}
Fro(x;a,d,p) = (210)

Equation (210) is an original algorithm for computation of
F,,(x;a,d,p) but it is several orders of magnitude less
accurate than the direct computation via (142). However, in

computational performance (210) and (142) are about the same.

12 Appendix E: The Srivastava’s
Hypergeometric Series F®[x,y, z]

Triple

It appears that the cdf of the Bessel function distribution of the

second kind involves the use of Srivastava’s triple

Oy = g | A (BY; (B (BM): (O (€7 (€7
by 2 = E5 By s 65 6 (67): (s (s ()™

where A(l,m,n) is given by

All,m,n) =

((4)) 11 iman ((Bb;Blg’;Bl””’))l+m;m+n;l+n ((C':;Cé’;ccl;'))l:m;n

C2(p.d)

hypergeometric series F®)[x,y,z] [18]-[22]; hence, it is
appropriate to introduce this function here and provide a

computationally efficient algorithm.

The Srivastava’s triple hypergeometric series F®[x,y, z] is

given by

x! ym zn

Z] = me,n=0 A(l, m, n) ETRT

' m! n!

(211)

(Ee) (G ¢! .¢!" )
( ¢ )l+m+n ( ggr g”) l+mm+n;l+n

where ((Bb;Bl’”;Bl”,”))l;m;n denotes a triple generalized

Pochhammer symbol as defined by

(B3 Bhyi By, = ((B0),((B5)), (BE)), =(213)

An efficient implementation of
((Bb))l+m ((Cél))m

() «t

3) = o= Ym
FG [x; 3z Z] - ZL:O ((Hh))l 1 Zm:O ((Gg))Hm ((H}’u))m

Ifweset x = 0 then the F®[x, v, z] is reduced to a Kampé
(@), (€) ym
b y_2n=0

((Hh:H}’u;Hf’II”))l;m;n

(212)

where ((a))k denotes a single generalized Pochhammer

symbol as given by

((A0), = M§=1(4)),, = (ADk (A2 (A (214)
Y oo ((Aa))l ((Bl’)r)) ((Blryllr )l ((Cc’;/ ) Zn
_'Z " +m+n p m+n ~ +n - n _| (215)
L () F ((Gg,))mm((cg,,))“n ((rfh )n n!
de Fériet double hypergeometric series as follows
’/ ”H Cc’;l n
(A, (@)), (1), ((ct), 2 216)

©) =%
022 = X (o ) ()

() yyam ((c;!;,))mm((cg,’,,))n (Cpn) o
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Which can be written in compact form as

F®]o, y,7] = ab :b,c’;b" crr

This concludes the discussion on the Srivastava’s Triple
Hypergeometric Series F®[x,y, z]. Next we discuss a super-
efficient implementation of the Srivastava’s triple
hypergeometric series F®)[x,y,z] based on the a supper
efficient implementation algorithm of the Kampé de Fériet
double hypergeometric series developed by Progri 2018 [2],

Appendix A.

13 Appendix F: A Super-Efficient
Implementation of the Srivastava’s Triple
Hypergeometric Series F®[x,y, z]

The main purpose of this section is to develop a supper efficient

(BD)ym (( C’))m ym
(69),,,, (1)), ™

A super-efficient implementation of the Srivastava’s triple

((€),

F® [x,y,z] (),

=Zzo

Zmo

hypergeometric series F®[x,y,z] [18]-[23] should be able to
take advantage of the super-fast implementation of the
generalized hypergeometric function [27], [31]; i.e., reduce the
computation of the Srivastava’s triple hypergeometric series

(Aq ] JF. Ag, e, A

o
(C)c Cl'

’C ] aF Ay, Ay Gy,

(A)a' (B )bl (B)b: (C )cn (B”)brn (C”)c/n
eg g h’ g” hrr (E)E’ (G )gl (G)gl (H’)hl! (G”)glll (H”)hlll

ZnO

29

z] (217)
implementation  algorithm of the Srivastava’s Triple
Hypergeometric ~ Series  F®[x,y,z] [18]-[23] that

accomplishes the following three criteria: it is numerically very
stable, computationally very efficient, and numerically very
accurate; 1i.e.,
F®[x,y,z2]

MATLAB is no longer impacted by the numerical stability,

the Srivastava’s triple hypergeometric series

[18]-[23] function numerical evaluation in

efficiency, and accuracy. I hope that the Srivastava’s triple
F®[x,y,z] [18]23]
presented in this appendix, can be implemented in MATLAB in

hypergeometric ~ series function,
like manner as the generalized hypergeometric series function
hypergeom(a,b,z) [30].

The Srivastava’s triple hypergeometric series F®[x,y, z]
[18]-[23] is defined as
(O tomen, (05 (G5)y (c80),
@omen (@@0),, (), (@), ™

F®[x,y,z] [18]-[23] into the computation of a double

(218)

summation.
For that we need to write the definition of the generalized

hypergeometric series as follows [31]

((Aa)) x

Z (Al)m"'(Aa)m ﬂ
((C )) m| m=0

(€)m - (CIm m!

x] = Xm0t (219)

Employing a well-known identity of the Pochhammer symbol [29] into the formulation of the Srivastava’s triple hypergeometric

series F®[x,y,z] [18]-[23] the latter one can be written as

(€ ((B50), 2t () (@) e (€8)), ((B5)). ym ((4™) (E5M), ((54)) ((€n),, -~
FOx,y,z] = X2 0s L= m — - = 220
2] = 2= G (), (o) ). ™ (), ((05). (). o), 7 20
Where the following notation is used By =B, +m (222)
AM =A,+1+m (221)
Equation (219) can be split into the product of three summations
(o), ((B5r1)) (B5)) 1y () ((€2))_((BH)) (Catm), (85M),((E5%)) ((€tin),, pnym 1
F®lx,y,2z] =¥ Ly, m mye, = = ——= (223
= G ), T e 0@, T, (), (), o), e 2
The inner hypergeometric series can be written as
1) (B (B") o (C") ), (5, ((555)), ((¢4),
[ B € e ) (), (5m), ((B54) (e8i),, on 024)

(E™)o(G'™) 3, (G"™) gur (H" Y

(™) ((e5m) ((agh)) (Cagan), ™
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Where

da=ab',b",c" and b=e,g',g" h" (225)

((at),((8)) (@), ()
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Substituting (225) into (224) yields a 2-dimensional supper
fast and accurate summation of the Srivastava’s triple

hypergeometric series F®[x,y, z] [18]-[23] as follows

((40)),(B),((B5)) ((€0))
F(3) oy, — O(; l l 1 l
[x,y,2] = ¥i2 (@), ((69)) ((647)) (Gin),

Next, we need a computationally efficient algorithm of

((4),, ((8)) (B, (), (D), ((6D)) .

((65)) . and (Hi ).

Let us consider for example the computation of ((Aa))m

((44),, = My (A),, = ey E?AZ) (227)

For large values of m > 1 and A} > 1, I'(4™) - oo;
hence, an efficient computation of ((Afl))m/((Eé))m is
required.

From the definition of the Pochhammer symbols (4;);+m

[29] we have the following

(), =TI (4¥) (228)
Substituting (228) into (227) yields
((AD),, = TTEr TS (AF) = TS TIE. (4F) - (229)

Before we can perform the computation of (226) can we

(b)), ((88)), (5)),(ctr)

;.;z dF~
* (@), (), () h), @ "

Mo T (4 ”‘)Ha’“& 1, (s

Im m "l "
[(A Da(B™)y (B" )y (C™)err |ymt ) o)

(E™)e(6™) g (6" gur(H It o

Similarly we can write exactly the same formulas for

((8) . (®Bi),, (€),, (ED),. (&) . ((&) .

and (Hy,),, as follows

Mo M- (BE) TTRE

((5)),,,(6h),,((cir), B

Which can be further simplified as follows:

(at),((8)) (@), ()

vl | A (7 ] (i

) I (B5) ML (Bo) TIELa (<)

m _l—[m lnl 1(

(@), (), () Ch),,
If we define g, as below

_ (4} )Hz (85 )Hf"i(Bbf)Hf'i( i)

k= T, (6 T, 60 117, (a25) T (AlF) (239)
Similarly, we can write
?:1('45'() H?:1(BII§) e 1(31’;’//{) i= 1(Cik) (240)

Pre = M2, (B8 T, (61 12, (o1 ) T (HF)

Then we can eliminate the singularity in the computation of

the Srivastava’s triple hypergeometric series F®[x,y, z] [18]-
[23] as follows

(49),,((#4)),,(@8), (8
((z8),,((e9)),,((c50), Ch)e

= [T ax (241)

=0 e, (689 L, (6) MY, (65) T, (1)

((B;,))mz b TP (BY) = T T1ea(BY) (230
((B5)),, = ML TR (Bey ) = TR TI22a (B5Y) - (231)
((Ccr)) _ cl H’}? Ol(C'k) Hm 1 cll(C/k) (232)
((ED),, = ITi=1 [R50 (EE) = TTise TTE=1 (EE9) (233)
((6) =ML (6) =TI T (6) @234
((6)) =ML (65) = TR T, (Gg¥) (239)
((Hi)),, = T TS (H*) = TS T, (HiF) - (236)
write the following term as:
lk)l-[k—o Hl 1( lk)l-[;(n—o1l-[¢l:/1( Ik)
H?’1(G )Hk o T (%) (237)
(238)
((4a)),(B0)),((B5)) (),
242
((Ee))l((Gg))l((Gé’,,))l((yh))l [Tz e (242)
Next, by defining
Qm = ITi56 ais (243)
= [0S s Qm ) = TTRS, 5 (244)
= [Tio P (245)
Py =TliZopis P(x) = Tiemy 25 (246)

By substituting (244) and (246) into (226), yields
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F(g)[x,yyz] = Z?,Omzo pl(x)@m(Y)dFl;

Finally, let us try to re-compute (247) or (225) using the

31

(A™)q(B™) s (B")yrr (C") e

247
(E™)e(6™) 516" (H 247
technique that we just demonstrated in (223).
((ah)),,(55)) ((55)),, (€ 12 ((46),,(55))((B50), (00 ym (), ((B5), ((B54)) ((€E00),, o -

F(3)[x,y,z] = me,nzo

This concludes the super-efficient computation of the
Srivastava’s triple hypergeometric series F®[x,y,z] [18]-[23]
function. It is numerically very stable, computationally very

efficient, and extremely accurate. | have performed an efficient

i Dr. Progri has implemented the Kampé de Fériet function (or double
hypergeometric series [1]-[16]) in MATLAB in in like manner as the generalized
hypergeometric series function MATLAB implementation hypergeom(a,b,z)
[30]. This function in called k=kamdefer(a,b,z,0p); where a and b are 3-
element cell vectors each, z is either a vector/matrix of two rows, op is an
optional vector of two elements. In the current implementation op(1) can only
contain four values, 1:4 corresponding to four implementation options of the
Kampé de Fériet function; op(2) is the maximum number of terms in each
summation. If the user calls k=kamdefer(a,b,z) then op(1)=4, and op(2)=30.
The MATLAB function kamdefer(a,b,z) is proprietary information of Giftet Inc.
and it is copyrighted by Giftet Inc. 2018.

i Dr. Progri has implemented the Srivastava’s triple hypergeometric series
function [18]-[22] in MATLAB in in like manner as the generalized
hypergeometric series function MATLAB implementation hypergeom(a,b,z)
[30]. This function in called s=srivastava(a,b,z,op); where a and b are 7-
element cell vectors each, z is either a vector/matrix of two rows, op is an
optional vector of two elements. In the current implementation op(1) can only
contain four values, 1:4 corresponding to three implementation options of the
Srivastava’s function; op(2) is the maximum number of terms in each
summation. If the user calls s=srivastava(a,b,z) then op(1)=4, and op(2)=30.
The MATLAB function srivastava(a,b,z) is proprietary information of Giftet Inc.
and it is copyrighted by Giftet Inc. 2019.

i Although K, (|x]) = K_,(|x|]) for p <—1/2; however, in a future
publication we will show the required modifications of the Generalized Bessel
distribution form as given by Progri 2016 [1] and 2018 [2] to produce a valid
pdf and cdf. The main reason for this is that the material of this journal paper
is challenging enough as is. These set of journal papers will set the stage for
this future journal paper.

V' Inimplementation we will use Progri implementation of the hypergeometric
function phypergeom(a,b,z,0p), as it is as shown in this journal paper, about
twenty-five times faster than the MATLAB hypergeom(a,b,z). This function is
proprietary information of Giftet Inc and it is part of Giftet Inc. Indoor
Geolocation Systems—Theory and Applications [17] library.

v This result cannot be obtained from (62) by setting p = 0.

Vi Ditto iV.

Vi The function F,,(x;a,d,0) can also be implemented via a recursive
algorithm. Substituting (109) into the first summation of (107) yields,

y(2k+1,dx)
w(l)y(l'dx) s Z}}’o 1w(k+1) d2k+1
da k=

Rt
Ful0,d,0) = c2(0,a) — (N
Where
- o n (dX)™
10 o 0012100 = B ] .
_ x2k+1g2k+1—dx
yQk +1,dx) = TCD(LZ + 2k; dx) 3)

Employing the expansion for y(1,dx), and y(2k + 1,dx) we have,

X2k
P2 +2kidx)

P(xe D (1,20 +e~Wx TR, 1+ (k)] a2 @

Fyi(x;a,d,0) = 0D

(&), (@), ((c30))_), & (&), (6B)), ((e50)) o), ™ ((8E™), ((e5), (b)), (i), ™

implementation of the Srivastava’s triple hypergeometric series
F®[x,y,z] [18]-[23] function in MATLAB in like manner as

the generalized hypergeometric series function
hypergeom(a,b,z) [30].
Equation (3) can be computed recursively, Vk = 1,2,---
y(2k + 1,dx) = 2ky(2k, dx) — (dx)**e%* 5)
_x =0
x®(1,2+2k;dx) _ 142k -
(1+2k) T e 1+2k;dx)-1 d+0 (©)
d

Substituting (2) and (6) into (1) produces the final expression of
Fpi(x;a,d,0)

k
E3 v
e*d’f{w(1)xq>(1,2;ax)+2?:1[%+¢(k)]&[% }
@)

T21(x; a,d, O) =

C,(0,d)

This recursive approach is fast; but, it is not nearly as accurate as the expansion
by means of generalized Kampé de Fériet function.

Vil There are a few differences between the generalized Kampé de Fériet
function and the normal Kampé de Fériet function [11]-[13]. In the generalized
Kampé de Fériet function the outer sum terminates and the Pochhammer
exponent may be negative vs. in the normal Kampé de Fériet function [11]-[13]
the outer sum goes to infinity and the Pochhammer exponent is always
positive. More discussion about the similarities and differences of the will be
published in a separate journal paper.

ix Option 1 fails after 50 terms; hence, option 1 is numerically unstable!

X Option 1 fails after 50 terms; hence, option 1 is numerically unstable!

X Warning: Infinite or Not-a-Number value encounteredat =0 .

Xi \Warning: Reached the limit on the maximum number of intervals in use.
Approximate bound on error is 3.9e-06. The integral may not exist, or it may
be difficult to approximate numerically to the requested accuracy.

Warning: Infinite or Not-a-Number value encountered.

Xl Ditto xi.

XV Ditto Xii.

x Exactly the same result can be obtained if (159) was used with Option 3 of
the Kampé de Fériet function.

xi Ditto xi.

i Ditto xii.

xii There are a few differences between the generalized Kampé de Fériet
function and the normal Kampé de Fériet function [11]-[13]. In the generalized
Kampé de Fériet function the outer sum terminates and the Pochhammer
exponent may be negative vs. in the normal Kampé de Fériet function [11]-[13]
the outer sum goes to infinity and the Pochhammer exponent is always
positive. More discussion about the similarities and differences of the will be
published in a separate journal paper.

*x \We employ the shorthand notation p,, = p + k.

X | do not believe that | have seen this symbol (or notation rather) introduced
anywhere else; hence, this symbol (or notation rather) that denotes the
product of three generalized Pochhammer symbols is introduced here for the
first time.
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