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Abstract—This paper examines the VBOC1(«) generalized multidimensional geolocation modulation (GMGM)
waveforms, their time domain representation, the autocorrelation function (ACF), power spectral density (PSD)
function, and the ACF pure signal optimization (PSO) for the generalized subcarrier parameter frequency,
(p =1{1,---,8}); i.e., this paper is an extension of the work that was performed for VBOC1(«) GMGM waveforms
and ACF PSO for the generalized subcarrier parameter frequency, (p = {1,2, 3,4}).

There are a number of reasons why the extension of this work is important.

First, it is not really obvious or intuitive how this extension is done. Second, so far no one has produced results to
clearly demonstrate that this extension does not change the performance results VBOC1(c) GMGM waveforms and
ACF PSO aside from my preliminary investigation. Third, this extension now serves as building block. One, should
be able to easily extend this work for values of p = {9, 10, ..., }; i.e., this work is really the closes thing to a
complete poof that we can give.

Afterwards, by employing any of the optimization algorithms such as sum, product, and MMSE on GPS L1C
BOC(6,1) signals such as VBOCI1(6,1,0.5) we are able to produce ACFs that are one hundred percent more efficient
than the corresponding ACFs of the GPS L1C BOC(6,1) signals. Hence, we have the provision for anew L1C signal:
TMVBO0OC(1,1,29/33,0.5) on the data and TMVBOC (6,1,4/33,0.5) on the pilot.

I am also making provision for the new signal in the military code of the current M-code from the current
B0OC(2,1) to the TMVBOC(8,1,4/33,0.5) in which the data is TMVBO0C(C(2,1,29/33,0.5).

Index Terms—Pulse generation, pulse amplitude modulation, pulse width modulation, multidimensional sequences,

signal design, signal analysis, generalized functions, time-frequency analysis, minimization methods, optimization



methods.

1 Introduction

The main objective of this paper is to introduce the first
VBOC1(a@)

geolocation modulation waveforms so as to fill in substantial

generation generalized  multidimensional
signal design [1]-[38] methodology gaps created over the years
as a results of incomplete signal design methodologies.

In the past, signal design methodology was mainly motivated
on performance metrics, such as sharper ACFs and user
equipment performance measured by the signal ability to
mitigate multipath, mitigate interference, jamming and
product’s ability to produce a working system [26]-[30] or
based on a symmetric signal design waveform; i.e., symmetric
non-return-to-zero (NRZ) [6] (or S-NRZ): the time (or duration)
for which (4+1) signal amplitude voltage occurs is equal to the
time (or duration) for which (—1) signal amplitude voltage
occurs.

The achieved level of success is based mostly on user
segment performance metrics and very little on improvements
from the signal design methodology. Hence, from the system,
design, user equipment engineering point of view we have
achieved substantial outstanding milestones; one would argue
that from the rigorous signal design methodology (asymmetric
NRZ or As-NRZ) point of view we have achieved reasonably
good intermediate steps; hence, the main objective of this paper.

For example VBOC1(a), which is a type of As-NRZ BOC
for 0 < a <1, generalizes the transition from the BPSK
waveform BPSK(t) = VBOC1(ynq=1)(t) to the current S-
NRZ BOC modulation, used extensively in GPS L1 and L2
BOC () (t) = VBOCL (i pya=0)(t) ;

however, in the current GNSS standard the choice @ = 0 in the

frequencies, because
context of VBOC1(y pq)(t) is made entirely arbitrary [12]-
[24].
infinite number of as one cannot arbitrary select @ = 0 as the
best waveform and make BOC(,, »)(t) the standard for all GPS

Because in the interval from zero to one there are an

IIT, TV and other GNSS users without a single explanation
whatsoever regardless of integer values of m and n; i.e., the
sub-carrier frequency [12]-[24].

Initially, the signal design approach for pseudolite
applications [8], [31]-[38] was primarily driven by the
mentality of achieving user performance metrics; however, it

was not until very recently that various signal waveforms
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articulate new objectives of various signal design teams in the
21% century in Indoor Geolocation Systems—Theory and
Applications [6], and Geolocation of RF Signals—Principles
and Simulations [38].

Why is the above discussion so important? First, signal
design and optimization parameter, @, exploits a particular
asymmetry of the As-NRZ signal coding modulation in order to
improve VBOC1(a) signal design and optimization. Second,
the derivation of generalized ACFs and PSDs as a function of
a and p provides for the first time the opportunity to
understand the properties of all individual VBOC1(&) such as
for all positive integer values of p without having to analyze
all individual VBOC1(a) separately. Third, for the first time
ever, optimization theorems show the consistency between the
sum and mean-square criteria [1].

VBOC1(a) pure signal design or broad definition of
generalized ACF and PSD offers a unique signal design
methodology and provides the necessary framework for
VBOC1(a) ACF pure signal optimization [1].

This paper is organized as follows: VBOC1(a) pure signal
design is discussed next. Next, numerical results are provided;
Conclusion is given in afterwards along with a list of references.
VBOC1(a) ACF pure signal optimization is discussed in
Appendix A.

2 VBOC1(a) Pure Signal Design

Detailed discussion on VBOC1(a) pure signal design includes:
(1) VBOC1(a) signal definition and discussion; and (2)
VBOC1(a) generalized ACF definition and discussion; and (3)
VBOC1(a) generalized PSD definition and discussion.

2.1 VBOC1(a) Signal Definition and Discussion

Definition 1: VBOC1(pnq)(t) waveform is a generalized,
periodic function of the BOC(;, »)(t) waveform with period
2T, known as the subcarrier period, for all values of t —oo <
t < oo,

VBOC1 (nn,q)(t) = VBOCT (5,0 (t £ 2T) @)

and the relation of integers m, n is given by
2mT, =nT, =T 2)

where T, is the defined as the chipping period and T is

defined as the integration period.
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Definition 2: One sub-carrier period of VBOC1 iy p o)(t) is
the superposition of two pulses: a rising pulse and a falling
pulse with amplitude/pulse widths, +1/w, and —1/wy
respectively, or a falling pulse and a rising pulse
amplitude/pulse widths —1/wy and +1/w,. respectively that
satisfy the following:

nTc(1ta) _ T(1ta)

W =Tt a) = - ()
_ — _ nT(1¥a) _ T(1Fa)
Wf—Ts(1+a)—T—T1 (4)

VBOCl(m,n,a) (t) = Z?:-w [pwr(tl' Wr) - pr (tz' Wf)] (5)

where
t; =t — 0.5w, — qT, (6)
t, =t —0.5wr —w,. — qT; @)

and p,,(t —ty,w) is a unit rectangular pulse function with
width w centered at t, with amplitude +1.

Although, definitions 1 and 2 completely define the
waveform VBOC1 i,  o)(t); however, the acceptable range of
values of a can be derived from the following theorem.

Theorem 1: Prove that a cannot be smaller than zero and
greater than one; i.e., based on Definitions 1 and 2, the only
acceptable range of a is given by

0<a<li ®)

The proof of theorem 1 is straightforward. Since, based on
definitions 1 and 2 the following holds
Fourier Transform and it is given by

nTe _ Tc

wy +wy = 2T = - ©)

Tc(1+a)

wr=Ts(1+a) = ” (10)

Hence, we can prove that a cannot be smaller than zero or
greater than one in two different ways as follows
0<w,<T;

(an

and
Ty < wy < 2T

(12)

Either solution of (11)/(12) leads to the desired range of
acceptable values of a (8).
This concludes VBOC1(a) signal definition and discussion;

next we continue with VBOC1(a) generalized ACF definition

1 For ease of analysis we assume ' + ' for w,. and ' —" for wy.

and discussion.

3 VBOC1(a) Generalized ACF Definition and
Discussion

I have already developed generalized ACF definition and
discussion in [1] for values of p = {1, -+ ,4}; hence, it remains
to extend that discussion here for values of p = {5,::-,8}
which is accomplished by means of the following theorem.
Theorem 2: Show that, for values of p = {5,6,7,8},
RyBoc1 imepnma (1) is the generalized ACF with respect to p;
Le, (1 RVBOCl(n’n,a) (™) = RVBOCl(pn:n,n,a) ®; p=5; (@
p=6 ; 3)
RVBOC1(3n‘n,a) (@) = RVBOCl(pn:3n,n,a) @; p=7; and (4)
RyBoct amma) (D = RvBoct (ppesmnay (T): P = 8; assuming that

i={01,-7}

RVBOCl(Zn‘n,a) () = RVBOCl(anZn,n,a) @

T.(1+2i-a) )
T143i(a) = # =T,(1+2i —a) (13)
T.(1+2i+a) )
To43i(a) = # =T,(1+ 2i+ a) (14)
i+1)T¢ )
Tyiqi = S0 = 2T (1 + 1) (15)

then R;(7) = RvBoc1 (mnpme (1) is given by the expression

below:
Ri(x) , 0Z|t|<1y,
D
p={1,2,-+,8, -0}
R (1) = Ri(®) , tp=<It|<T1y (16)
p={5,~~~8,---00}
0, Iz| = T,

The first part of R,(t) is exactly the same as (22) in [1]
which was proved to be correct for values of p = {1,---,4}.
The second part of is the R, () extension of the p = {5,---,8}.

The proof of theorem 2 is straightforward. However, one
always wanders how the ACF of VBOC1(a) was produced.
The ACF is the result of integration. In previous publications
[1], [2], [7], [8] we have shown how to produce the ACF of
VBOC1(a) for special cases. Because of the periodicity of the
ACEF is it straightforward to extend the ACF by just plugging in
the p = {5,+-,8} values. The details of this extension will be
provided in a separate journal paper when we discuss the most
general case for p = {1,2,3, - o0}

The closed form expression of R;(t) = Rygoc1 (menpna) ()

is given by:



R1 (T) =

and T is given by (2).
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-
al(F.n,a)

—(4p-1)
—— It 0l <7y
bl(l’,n,a)

i pmnay P=12: 800}

—(p-1+Cp-Da , -1
—-D+@p-Da | TCM , Ty < 1Tl < o)

P
- r I
L2pna Doy
T2pnn,ay P=LL2: 8,00}
3p-2  4p-3
TR T <IT|I<T
P+Tc||:2(a)_||_3
~——
Sona 3(pna)
"3 (pnna)’ p={1,2,
5p—6 —(4p-5)
i LR 1 T
——
) b4(nn,a)

Tapmmay P= (237800
-(p-3)+(2p-3)a 1
Zp-+Cp-a | 1,

14 I
—_— il
YSpna) D5 pmay

Ts(pnn,ay P= (23,8, 00}

|, Tae) < 1Tl < T30

_m-12
P

~—
%6 (p.n.a)
T6(pnnay P= (238,00}
9p—20 . —(4p—9
P+ 2]
4 T
~———

Gona  Pone

T pnnay P= 348,00}

(4p-7)
+T_C|T| ) Tsa) < 7] < 74

bopna)

1 Te < Tl < 170

-(p-5)+@2p-5)a , -1
— )  t It =it =T
P Tcl I\ T < 7l < Tg(a)
_r T
8 pn,a) Patyman

T8(pnn,ay P= (348, o0}

(11p-30) (4p-11)
_—+T—|T|.Tg(a) <t <1
c

S~——
Hwna bq(p,n,a)

To(pnn,ay P= (348,00}

13p—42 (4p-13

Loz | 2O 1) 1y < ol < Trog
e

2owna) b10¢yna)

rlo(ﬂn,n,a); p={4,5,8,---0}

--N+2p-Na . -1
pm TR TC|T| T1o(e) < 1Tl < Ty
_ T

A1 pn,a) b“(p,n,a)

rll(pn,n,a); p={4,5,--,8,---0}

(15p—56) | (4p—15)
—_ T |z, T11(a) <Iltl <1y
_— =
H2on b126pn)

rlz(ﬂn,n,a); p={4,5,8,---0}

17p-72 | —(4p-17)
S 221, 1yp < el S Tysge
A13pn,a) bls(p,n,a)

T3 pnna) p=(5,-8,--00}

—(p-9+@2p-9a = -1
_ v T, ITl ) T3 < |7l < T1a(e
- L

) bM(P,n,a)

T4 nay P58}
19p=90 , (4p-19) e

) Tia@ S 1T < Tis

—r
oo D156,

15 pnnay P58}

21p—-110 |, —(4p—21)
b 20, 1y < el < Typge
S —
16 (pn,a) b16(p,n,a)

rl&(l’n,n,a); p={6,7,8,--0}

—p-1n+@p-1la _T_1|

N R
47 (pna)

T, Tie) < 1Tl < T17gey

b17(17.n,a)
r”(Z’n,n,a); p={6,7,8,-00}
23p-132 + (4p-23) |
p T,
S~— —_—
18, n,a)

tl, 17 < Tl < 71

b1sp e

rls(pn,n,a); p={6,7,8,--}
25p—156 , —(4p-25)

14 T,
~——

(17)

|T|JT18 < |T| < T19(a)

~—_——
“opng  P1oeng

T19pnna)’ p={7,8,--0}

-(p-13)+(@2p-13)a . -1
-5 Tl e Sl St
D -
220p,n.a) bz"(p,n,a)
7200,y P78, 00}
27p-182 | (4p-27
_pT (pT_) |zl T20(a) = 7] < 75y
_— =
a21(p,n,a) bzl(p,n,a)

21 nay P78, 00}

20p-210  —(4p—29)
——— 1], 721 S |7] < T23(q)

- T
Zrona bzz(p,n,a)

T22pmnay P={8}

—(p-15)+(2p—-15)a 1
————+ Tt T S Il S T

- P T,
23 pn.a) by3 o)
23y P18}
31p-240 (4p-31)
_T T 7], T23(a) <lt| < s
—_— =
Hwna b24pm.a)
24 .y P80}
0, Izl =T,

First, we recognize that substituting p = 5 in (17) we get
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Ri(v) =

Equation (18), for p = 5, is an original result not published

before.

Ri(v) =

Equation (19), for p = 6, is an original result not published

anywhere else.

Ri(v) =

-(p-D+2p-Da _ll

—(p-5)+@p-5)a 1

—-(p-1)+QR2p-1a _1 |

-(»-3)+(2p-3)a _1 |

—(p-5)+@p-5)a 1

-(p-1)+@2p-Da _1 |

—-(p-3)+Rp-3)a _1 |

-(p-5)+(@2p-5)a _ll

-(p-7)+@2p-7)a

Equation (20), for p = 7, is an original result not published
anywhere else. Equation (17), for p = 8, is an original result

not published anywhere else. This completed the proof of

theorem 2.

1- 80 g

7], 0 < |T| STl(a)

|, Ty < 1Tl S 120

p Tc
_3p-2  4p-3
pp +p—|T| Ty < Tl < 13
5p—6  (4p— 5)
p—6 _ (4p-5) <I7| <
» T lzl, s <7l < T4(a)
-(»-3)+(2p-3)a 1
Zpmdriapdla 1 <7l <
> T [zl, Tae < 1Tl < T5(ey
Tp—12 4p-7
— 12 B D e, vy < Il < 76
C
9p—20 (4p 9)
> a 7], 76 < 7l < 7

> T—C|T|. Tr) < |7l < Tg(q

1- 80 g

7], 0 < |T| STl(a)

T ], Tya) < 1Tl S Ta

P
3p-2 , (4p-3)
—— ot e <l <7
5p—6  (4p-5)
—_ < <
> m 7], 73 < |7l < T4

1Tl Ta) S 17l S 750
c

p
-12 4p-7
—I2 4 BB D e, o < el <74
9p—20 9
P2 B2 e, 7 < nl < T
C

I7l, T7() < 17l < T8

14 Tc
(11p-30) , (4p—-11)
5t lth e <l <7
c

1-—

(4p-1)
T|T|, 0 <7l < 1y(9

7Tl iy STl S 1y
c

p
3p-2 -3
— B2 B ), 1y < el <7
5p—6  (4p-5)
—_— < <
> a [7l, 73 < 7] < Ty

It ta@ < el < 750

P
—-12 4p-7
— 2 L B D e, 15y < el < 7
P2 B2 r), 76 < el < T

|, T7a) < 1Tl < Ty

p Tc
1p-30 |, (4p—-11
— R B (e 1y < ol < 7o
13p-42 (4p 13)
e < <
> T 7], 79 < |7l T10(a)

1
> _;lelleO(a) <l € 11w

(11p-30) = (4p-11)
—T+T—|T| Tg(a) < ITl < 79
13p—42 13
B2 _ 829 |, 1 < 1l < Taoe)
p Tc
—_ —_ 2 _
M—lm.ﬁo(a) <l < 1w
p Tc
(15p-56) . (4p-15)
= T <l|ltl<t
P T, | | 11(a) | | 12 (18)
17p-72  (4p-17)
72 Gp-17) <|tl <
> T Izl, 712 < Il < 7139
Zp-+@p=a 1. T3 < 17| < Trae)
14 Tc
19p-90 | (4p—19
— R ), ty40) < 7l < 7
0, |z =T,

Second, we recognize that substituting p = 6 in (17) we get
22 B e, 7 < rl < Taoe)
w——m.ﬁom) < 7l < T

14 Tc
15p—56) | (4p-15
— 250 4 B e, 130 < ol S 7
p Tc
17p=72 -
ﬂ—wlrl. T2 < |7l < 133
p Tc
—-(p-9)+(2p-9)a 1
e L A s <<t
» Tcl | 13(a) | | 14(a) (19)
19p-90 4p—-19
— PR B2t g < el ST
c
Hp110 _ Wp-2D) 1) 1o < el < 16
14 Tc
-(p-11)+(2p-11)a 1
-, —T—C|T|. Tie@) < Tl < 1170
23p-132 | (4p-23
— B2 L B e, Tare) < Il < T
c

0, Izl =T,

Third, we recognize that that for up to values p = 7 in (17)

we get
(15p-56) | (4p—15)
_Usp=56) | (4p-15) <|t] <
. + T. ITl, T11(a) S 17l S 712
-72 -1
M—Mm. T2 < 7l < T3
14 Tc
-(p-9)+@2p-9a 1
f—ilﬂ. T3 < 17l < Tiaw
19p-90 4p—-19
— 0 B, typ < Tl S s
c
B2 B |, 145 < il < Taca)
—(p-11)+(@p-11
W‘%'TL Ti(@ < 1Tl < Ty (20)
c

23p-132

(4p-23)
t— ITl, T170) S Tl S 148
c

25p—156 (4p-25) |T| T
» 418

< <
> T <l = T19(a)

w_im, Trot@ < 17l < Tao(a)
~ TRy (“’”TZ Il 7200 < Il < 720
0, [t| =T,
Corollary 1: From corollary 1 VBOC1(ypa=0)(t) =
BOCnny(t) [1] and from theorem 2, the ACF

RvBOC1 (1m0 () = Reocim (1); hence, prove that from the

generalized ACF with respect to p = {5,6,7,8} and a = 0 is
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equal to the ACF of the BOC modulation with respective (2) R0z m (T = RvBoct pemmame) (T3 P = 63

coefficients; i.e., () Rpocznm (™) = Rvsoct ppesnmame (D3 P =75
(1) RBOC(n,n) () = RVBOCl(p.,Fn,n'a:O) (@ p=5; 4) RBoc(4n_n) (v = RVBOCl(pn=4n,n,a=o) (t); p=8.
-(4p-1) T, 17p-72  —(4p—17) 4T, 9T,
1 +——7|, |tf|<==T; L ], s ) s =E
b Tc 2p P T P 2p
al(pn) v — — S——— —
' P1p,m) 1 Wem  D13gw 13
Tl(pn,n); p={1,8-} T3 0mmy) p={(5,8,}
3p-2 | 4p-3 T, T, 19p-90 | (4p—19) oT, 5T,
S A T —— 7], =<7 ==
4 Tc 2p 2 p T 2p R
a3 b3(p,n) 73 153, 0 b5, my T1s
3 P={180) P15y P=58)
(pn,n) ’
Sp=6 4 Z6p=5) | Te gy o 3 2p110 | “Gp=2) ST 11T
P L p T, e T T 2
a b :—H ayg b1 T16
4(pn) 4(p,n) 4 ) ()
Tatpmny P=28} "6nna) P68}
' 23p-132  (4p-23 11T, 6T,
7p—12 . (4p-7) 3T 2T, el (4p-23) 7], =< < 7] < ==
——+t—7], =<7 £—= : ’ ==
T, ’ Zp Y4 _,p_/ TL Zp ()
c N——
~—— ~—— —
Wm  Pepm Te H8) b18m) T18
- =8 Tla(pn'n);p:{6,~--,8,...}
RBOC (‘[) _ 6(pnn)’ ( , ) . 25p—156+ —(4p—25)| | 6T, < | | < 13T, (21)
(pnn) 9p-20 |, —(4p—9 2T, T, —t—1|,— <[] £
i pT++|T|, fslrlsz—; P T p 2p
P P - g 19(.m) b196m) T19
7(pn) (o) 7 .,
19y P=178+}
7 ;p={3'...'8’...}
(pnn) 27p=182 (4p—27)| | 13T, _ I < 7T,
_ _ ——t—1|,=— < =
_ 130 Gpoiy ST 3 5 7, 2 ”
D T ’ 2p — — ——— ~—— —~
- > < ?-1 21 () 216y T21
9 9 9
(p.1) (pm) T2y P=7,8
Tg(pn'n)ip={3,~.~,8,”'} 29p—210 + —(4p—29) I| 7T¢ <t < 15T,
1p—4z | —Up-13) lo], Te< i) < P T, p T T 2p
— = S—— S—— N
LA Te b 2, ) b2265m) T22
aio b1 T10 A
(pm) (pm) T220mmy P=8:"}
T10(pnny’ p={4,8,} 31p—240 + (4p—31) I| 15T _ 7| < 4T,
_ (15p-56) + (4p-15) |T| 7T¢ < |T| < 4T¢ p T, " 2p T - i)_’
P Tc T T Q240 baa gy T24
alz(pvn) blZ(p‘n) 12 T24(pn,n)
rlz(pn,n) 0, |T| = TC
And T is given by (2). straightforward.
Proof of corollary 1. The proof of corollary 1 is First, we recognize that substituting p = 5 in (21) we get
11p-30 | 4p-11 5T, 3T,
ap-1 Te ———t+—t], =<t ==
I—Tlrl, |T|35—Ts p Te p
c 13p—42  4p-13 3T, 7T,
3p-2 | 4p-3 T, T, — ], =< 7| =
Sw sy feop el | T, g It Sslss
p c p p 15p—-56 , 4p—15 7T, 4T,
5p—6 4p-5 T, 3T, ———t—7|, =<7l ==
R D= ————1l, =<tl<== P Tc "2 22
BOC( n=5n,n) T, 2
pn=>5m, p c p p 17p-72  4p-17 4T, < < 9T,
e N L
= ' 22p7 T p 19p— _
p-90 , 4p—19 9T, 5T,
9p—20  4p-9 2T 5T, — 7|, =< 7| =
BB, Hegpr < T T
P ¢ P 0, It| =T,
Equation (22), for p = 5, is an original result not published Second, we recognize that substituting p = 6 in (21) we get

anywhere else.
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_4p- 1| | |T| < zT_; =T, 13p-42  4p-13 |T|, 3T < | | < 7T 7T
P Tc P 2p
3p-2 4-p 3 Te Te
_3p-2 , 43 e c 71 < L& 15p-56 , 4p—-15 7T, 4T,
p+n”Lm—W—p SEER L B e, T pp] <
5p— -5
pTﬁ—A‘p;—clfL < S% Yp=7z 417 4o o) < e
7p-12 | 4p—-7 3T,
_ -7 < || < e 19p-90 = 4p-19 oT, 5T,
Ro0t gnaonn (D = | =75 0 Tl SrS RIS TE | 1000 a1y ey ST (23)
"‘2%2(’_4?_:"'1_" 2;:: <7l < 27;7 21p-110 _ 4p-21 i1, ST 7] < 11T,_-
p Tc p -
_$ + % 7], % <l < % _23p-132  4p-23 Il ure _ Il < 6Tc
¢ Tc ! r -
13p—42  4p-13 3T, 7T,
i A el 2¢ <« < ¢
gy, e gy < I 0, It 2T,
Equation (23), for p = 6, is the same as (71) in [7]. Third, we recognize that substituting p = 7 in (21) we get
_4p- 1| | |T| SzT_; T, 13p-42  4p-13 |T|, 3T <| |< 7T
P Tc P 2p
3p-2 4p 3 Te Tc
_3p-2 , 43 e c 71 < X 15p-56 , 4p—-15 7T, 4T,
p+n”Lm—W—p SEER B, Te<p] <
5p— -5
pTﬁ—A‘p;—clfL < SZ—?: Yp=7z 417 4o o) < e
14 Tc
7p-12 | 4p—-7 3T, 2T,
_ =7 L 19p—90 | 4p—19 oT, 5T,
R0 ppmmm () r 1 Izl 2p = Irl < ) _T+T_c| l, —;S 7] Sf (24)
"‘2%2(’_4?_:"'1_" 2;:: <7l < 27;7 21p-110 _ 4p-21 i1, ST 7] < 11T,_-
p Tc p -
_M+$| I %Sl |Sﬂ _23p—132+4p—23|_[| 11TC<|T|<_
13p—p42 _ 4p—1c3 It| &p< 7| < 7T, OTC >’ sz B -
) TC ’ —_ —_ Zp 1] |T| = *c

generalized ACF with respect to p = {5,6,7,8} and a =1 is
equal to the ACF of the BPSK, modulation; i.e.,

(1) RBPSKO(T) = RVBOCl(pn:n,n,azl) (®;p=5;

(2) Rppsk, (@ = RVBOCl(anZn,n‘azl) (); p = 6;

Equation (24), for p = 7, is an original result not published

anywhere else. Equation (19), for p = 8, is also an original
result not published anywhere else. This completed the proof of’

corollary 1.
Corollary 2: From corollary 2 VBOC1(ypa=1)(t) = (3) Rppsk, () = RVBOCl(pn:3n,n‘a:1) @p=7
BPSKy,(t) [1] and from theorem 2, the ACF (4) Rgpsk, (1) = RVBOCl(pn:‘m,n‘a:l) (t); p=8.
RvBoci mnae1)(T) = Rppsk, () hence, prove that the
-1 4T, 5T,
-1 4T, 5T, 1 + —=|z| , <lt|£—
1 + =] , =<|7|<== ~ Tcll P Il P
o Te P 2, Uapny " ;"5’
“omn)  pg, o T1s mmn) 1
T14(pnn); p:{s’...’g'.“m}
Tty P58 ) :
' -1 4T, 5T, 1+ |1 e <o) < 2
1 + =7 , =<7l <== ~ Tc p T T p
a it ‘-Tvs P L 7 pm b\-;7 ‘Z_&;
17(pn) b17(p,n) T1g ()
17 o)’ p={6,8,-0}
Ryper (1) = |0 PO Yo w sr ()
BPSKo\T) = - 1 —|t R A
’ Lo+, T | L gl rsisy
c 20mm)  p T
420(p,m) b;:)(p.n) ;; D! “
T20(pnny’ p={7,8,+0}
720 ; p={7,8,---00} pn,
) 1+ 2], Fecpr <™
Lo+ 7kl Tesppl<e | @ T 3
] Bpn)  p
— T
a23(p,n) b:;(p,n) Toa 2{3@,-,1) 24
T ; p={8, o
723 ommy P=(8%0) 23(pnn)’ P }
' 0, |t]| =T,

discussion for values of p = {5 -:-,8}. Next, we continue with

VBOC1(a) generalized PSD definition and discussion for
8}.

And T is given by (2).

The proof of corollary 2 is straightforward so we leave that
as an exercise to the reader. values of p = {5,

This concludes VBOC1(a) generalized PSD definition and



4 VBOC1(a) Generalized PSD Definition and
Discussion

We have already developed VBOC1(a) generalized PSD
definition and discussion in [1] for values of p = {1,---,4};
hence, it remains to extend that discussion here for values of
p = {5-:+,8} which is accomplished by means of the following
theorem.

Theorem 3: Show that, GVBOCI(m:np,n,a) (f) is the
generalized ACF with respect to p = {5,6,7,8}; i.e., show that

@) GVBom(n_n_a) = GVBOCl(pFn,n_a) (fip=5;

(2) Gvpoct gpme ) = Gveoctpneynna s P = 6;

() Gveoct gpme ) = Gveoctpnesnna s P =7

4) GVBoc1(4n_n,a) )= GVBOCl(pn=4n_n_a) (f);p=8.

Utilizing the generalized PSD of GVBOCI(m:np,n,a) )

definition given by

VOVEH=VA(F)
GVBom(pn_n,a) H=F {RVBom(pn_n,a) (T)} = fQ@

Journal of Geolocation, Geo-information, and Geo-intelligence

where V(w = 2nf) = ?{v(r) = VBOCl(m_nya)(t)} is the
Fourier Transform (FT) of f(t) (see (31) and (32) in [1])

GVBOCl(pn,n‘a) (w) =2 fooo RvBoci pnna (Dcos(wn)dr  (27)

or from (53) in [1] show that
GVBom(pn_n,a) (w) = 2G¢ (28)

where Rypoci,, ., (T) is given by (15), T, is given by (2).
Proof of theorem 3: The proof of theorem 3 is straightforward
and is very similar to the proof of theorem 2.
Assuming that the reader is familiar with the derivation in
theorem 6 in [1]; we compute the generalized PSD of

VBOC1 pnna)> OF GVBOCl(pnna) (w), as a FT of the ACF such
as by extending the result in (40) in [1]

GyBOCt (pm ) (w) =2 fow Rvpoct pnna) (D)cos(wr)dr = 2% [f:l_ L Tipnna (D)cos(wr)dr = Yitnpna (w )] (29)

where t; and 7; (onna) (1) are given in the expanded expression
of RVBOCl(pn,n,a) (7) in (15).

Based on the observation of (29) and (17) the computation
of GVBOCl(pnna) (w) is in general a laborious process because

it involves the computation of twenty-four integrals to obtain
the generalized expression of Gygoc1 () (w).

Let us provide the details for obtaining the twenty four
integrals that lead to the generalized expression of
GVBOCI(pnna) (w) given by (29) by considering the derivations

(41)-(47), in [1] we can obtain the expression for generalized
PSD of VBOC1 pnpq) OF GVBOCl(pnna) (w) as follows

1.3=1 gi(pn,n,a) ((J)) + Zi6=4 'gi(pn,n,a) ((J)) + Z?=7 gi(pn,n,a) ((IJ) + 2%2210 'gi(pn,n,a) ((J)) +

G :P={1~-~,8,~-~} Gzip={2,'“.8,"'} G3;p={3,~-~,8,~-~} G4;p={4,~-~,8,~-~}
Gvpoc1 (w) =2 ! (30)
n, 15 18 21 24
(prna) 2212 Jipnme (@) + Xiz15 Gigpnna (@) + Xiz18 Jigpmna (@) + LiZ21 Gy p e (@)
Ga;p={5-8} G4;p=167,8,+} Ga;p={7.8} Ga;p={8,}
The final expression of the generalized PSD of Gs/c = Y1 Gis/c (32)
Gvsoc1 (f) as . .
(m=pn,n.a) Or by performing the computation of (30) and (32) and
GyBoc nmna) (w) = 2(Gs + G¢) (€2)) . . .
g separating the sine terms yields
where
(p—1sin(x) (p-1)sin(x) , (p—2)sin(2x) (p—2)sin(2x) , (p—3)sin(3x) (p—3)sin(3x) , (p—4)sin(4x)
D ) ' ) D ' ) D ' )
p:{l.n‘g‘“.} p:{z,.n‘g‘“.} p={3,~~,8,--~} p={4,--~,8,~~}
(p—4)sin(4x)  (p—5)sin(5x) (p—5)sin(5x) , (p—6)sin(6x) (p—6)sin(6x) , (p—7)sin(7x) (p-7)sin(7x) , (p—8)sin(8x)
D ' ) D ' ) ' ) D ' )
_ p={5-8,} p={6,8,} p={7.8-} p=(8,} _
G = - =0 (33)
where And ditto separating the cosine terms produces
T,
x ==f (34)
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(2—4p){cos[@]+cos[@]}+(4p—3)cos(x)+4p—1+(6—4p){cos[x—(32_a)]+cos[x—(S;a)]}+(4p—7)cos(2x)+(4p—5)cos(x)+
p=(18,} P C oYy
(10—4p){cos[@]+cos[@HH@—11)cos(3x)+(4p—9)cos(2x)+(14—4p){cos[x(72_“)]+cos[—x(72+“)]}+(4p—15)cos(4x)+(4p—13)cos(3x)+
p=038,} g
(18—4p){cos[@]+cos[@]}Hw—19)cos(5x)+(4p—17)cos(4x)|+(22—4p){cos[—x(1;_“)]+cos[—x(1;+“)]}+(4p—23)cos(6x)+(4p—21)cos(5x)+
=58} pr vy
(26—4p){cos[@]ﬂ:os[@]}+(4p—27)cos(7x)+(4-p—25)cos(6x)+(30—4p){cos[@]+cos[@]}HM)—31)cos(8x)+(4p—29)cos(7x)
— p={78,} p={8,}
Ge = T (35)
Since, from (31) Gs = 0 for any values of p; hence, (31) and (28).

becomes equal to (28).
Now, let us compute the individual expressions of

GvBOC1 (0 (w) for values of p = {5,---,8} based on (35)

First, for p =5 from (33) and (26) and after some

manipulations we obtain

38—36{(305[@]+C05[@”+64C0$(x)—28{€05[@]+COS[@]}+48COS(ZX)—20{COS[@]+COS[@”+3ZCOS(3X>
—12{cos xX7-a) +cos x(7+a) +16cos(4x)—44cos x0-a) +cos Gt +2cos(5x)
om0 = oo o 5 52 6
Equation (36) is original and it is not published before. Second, for p = 6 from (35) and (28) we obtain
46—44{cos[@]+cos[@”+80cos(x)—36{cos[@]+cos[@]%64{05(2){)—28{cos[@]+cos[@”+48cos(3x}
—Zo{cos[@]+cos[@]}+32€os(4x)—12{cos[@]+cos[@]}+16cos(5x)—4{cos[x(1;_a)]+cos[x(1;+a)]}+2cos(6x) p
GVBOCl(én,n,a) (w) = w?T, (37)
Equation (37) is original and it is not published before. Third, for p = 7 from (35) and (28) we obtain
| 54—52{1:05[@]+cos[@]}+96c05(x)—44{c05[@]+cos[@]}+80c05(2x)—36{cos[@]+cos[@]}+64eos(3x)
—28{C05[@]+C05[@]}+48C05(4x)—20{c05[@]+COS[@]}+3ZCOS(SX)—IZ{COS[@]+COS[@]}+16COS(6X>
—4fcos[FA3ZD | og[¥ATON 5 s(7x)
GyB0C1 o pe (@) = Lo wzi o lracontre (38)

Equation (38) is original and it is not published before.

e2-cofcos 2] cos 0251

—12{cosl

+11Zcos(x)—52{cos[@]+cos[T]}+96cos(2x)—44{cos[—]+cos[—]}+80cos(3x)

—36{cos[@]+cos [@]}+64c05(4x)—28{c05[@] +cos

[x(l:;—a)] +cos[x(12+a)]}+16cos(7x)—4-{cos[

Fourth and finally, for p = 8 from (35) and (28) we obtain

x(3+a) x(5—a) x(5+a)

2 2
[—x(9+a)]}+48cos(5x)—2O{COS[@]H:OS [@]%32605(6@

2
x(li—“)]+c05[@”+2cos(8x)

GVBOCl(gn,n,a) (w) =

Equation (39) is original and it is not published before.
Equations (26) through (37) complete the proof of theorem

Theorem 3 is the most important theorem of the PSDs of
VBOC1(a) for p ={1,---,8}. This concludes VBOC1(a)
generalized PSD discussion. Next, we continue with

VBOC1(a) numerical results or examples p = {6,8}.

5 Theoretical, Numerical Results

We  discuss VBOC1 g 1,4)(t)
VBOC1(g1,4)(t) because VBOC1(414)(t) is the generalized
BOC(61)(t) = VBOC1(41,4=0)(t) on GPSLIC pilot signal [1]-
[17] and VBOC1(g44)(t) is the generalized BOC(g,)(t) =
BOC(40,5)(t) = VBOC1(g 1 4=0)(t) is the provision for a new

two  examples: and

(39)

w?T,

GPS military M-code [1]-[17] on both GPS L1 and L2
frequencies pilot signal that will enhance the two most
important waveforms in the GNSS community at the present

time.
5.1 VBOC1(a) Examples

In this subsection we present, numerical results of VBOC1(a)

examples signal using the exact closed form expression found

in this paper.

Corollary 3: From definition 1, VBOC1 4 1 4)(t) is simply
VBOCl(m:6,n=1,a) (t) = VBOCl(m:G,nzl,a)(t + ZTs) (40)

and the relation between Tg and T, is given by
12T, =T, 41)

hence,
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Te
VBOC n-sne1,0)(t) = VBOCL gognesey (£ ) (42)

Corollary 4: From definition 2, the inequalities of w;., wy,

and a are as follows

_ T(1-a), _ T(1+a)
=y W T, (43)
T, T, T,
Osw,=Zor —swy<s—=0<a<1 (44)
12 12 6

hence, VBOC1 4 1,4)(t) is simply

VB0C1(6'1'Q)(t) = VBOClT(ﬁyLa) (t) + VBOle(6'1'a)(t)(45)

Where
— 6
VBOC1T(61,0)(t) = Xn=—co Li=1Pw, (t1, Wy) (46)
— 6
VBOC1f(61,0)(t) = Xtz oo L1 Py (E2,Wp) 47)
1— 23|1:|' 0<ld < T.(1-a)
T, 12
SStila Il Te(-@) 7] < Telra)
6 T, 12 12
8 m' T.(1+a) <l < Te
30T, 12 6
4_ 19|r|' Te <l < Te(3-a)
.’ 6 12
—143a¢ || T.(3-a) To(3+a)
RVBOCI(&L“)(T) = 2 _T_c' 12 < |T| < 12
_5+L|T|' MS |T| Sﬂ
T, 12 6
715k 27 o] < TeC=)
3 T, 12
70l Te-o) o] < TeCr@)
6 T, 12 12
_6+i|ﬂ‘m$ |T| Sﬁ
T, ' 12 6
Because  Rypocig,, (T) is a special case of

RvBoc1 (om0 (t) it is easy to see that it satisfied all conditions
of theorems 2 and 3.

Corollary 5: Prove that the ACF of VBOC1 g 4)(t) given
by (49) will result in BOC(41)(t) for a = 0 as indicated in
definition 1 in [1] and BOC(; /,1)(t) for @ =1 as indicated in
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ti=t—05w, —(n+ D[ =] i={1-6} @8)

12

Tc

tz=t—0.5wf—wr—(n+i)[TSE12

If we consider only one chipping period or twelve subcarrier
periods of VBOC1 g 1,4)(t); i.e., for p = 0 we get

VBOC1(61,0)(t) = 81 [w, (b2, w,) + 1oy (2, wf)] (50)

ti=t—05w,—(1+0)[ =X i={1-.6 ()

12

ty=t— 05w —w, - (1+0) [T, =] i={1,6} (52)

Based on Theorem 2 (17) we find the ACF for

VBOC1(61,4)(t), Or Rypoci,, o, (T) given by

TC
1+5a  |t| Te(7-a)
6 T, 12
17 9t| T (7+a 4T,
— 4+ = M < |T| < Pkl 4
3 T, 12 6

7lt| 4T, Te(9-a)
5——, - < |T| < A )
7. 6 12
1+a || Te(9-a) Tc(9+a)
2 T, 12 12 i

44 M' Tc(9+a)
T, 2

Te(7+a)

<t <
12

’

<|t| < (53)

slrlsﬂ
6

T(11-a)

§_M ﬁ< |T| <
12

3 1. 6 -
5+ T,(11-a T.(11+a
a_m c( )S |T| < c( )
6 T, 12 12
[t Te(1l+e
—1 40 O
12

T
0, |zl = T,

’

definition 2 in [1].
Proof of corollary 5: The proof of corollary 5 is
straightforward. First, we substitute values of @ = 0 in (53)

and we get Rygoci gy azo) () = Riocenm (t) as indicated in

(71) in [7].

11} T, 7T,
—_—_— = < —
1-81 g <k 6- oz slkl=g
c 12 17 9l 7T, 2T,
8, 21l T ., |-—+—, <<=
—— 4 , =<t <= 3 T, 12 3
30T 12 6 7lel 2T, 3T,
4 2ok E<|r|<& S_T'TSMST
= T’ 6 =T 12 Sl 3T, 5T =
RVBOCI(Gn,n,a:O) (T) - 17|t] 3T, Tc —4 + ﬂ, < = | | < == RBOC(én,n) (T)m (54)
-5+ , =<t <= T, 6
Te 3 8 3l 5T 11T,
17 15l T, 5T, = , —=< ||
STaossl=T | e v
c l| 11T
1+8 =< <
—6+—1i"',%s|r|s% T 4 <l=T
¢ 0, |7] =T,
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Second, we substitute values of @ =1 in (53) and we get

RVBOCl(én,n‘a:n () = RBOC(1 J2nn) (1) = Rppsk () as indicated

—'Ti', 0< 7| <T,

Rypoct @ = 4
(en,n,a=1) 0’ |T| 2 TC

Equations (54) and (55) complete the proof of corollary 5.
Corollary 6: From definition 1, VBOC1 (g 4(t) is simply
VBOCl(m:S,nzl,a)(t) = VBOCl(m:B,n=1,a) (t t ZTs) (56)
and the relation between T and T, is given by
16T, =T, (57)

hence,
VBOC1(m=gn=10)(t) = VBOCl(m=gn=1) (t+ ) (58)

Corollary 7: From definition 2, the inequalities of w;., wy,

and a are as follows

_ T(1-a), _ Tc(1+a)
= s W =T (59)
Te T, Te
<w,<-<£ = £ 0<ac<
O—Wr—160f e SWr s ;0<a<1 (60)

hence, VBOC1 g1 4)(t) is simply

VBOC1(g1 0)(t) = VBOC1r (g1 () + VBOC1f(g 1 oy (£)(61)

Where
317 To(1-a)
1-—,0< 7] < Y
c
—7+15 Te(1-a Te(1+a
rttse I Tl g < T
8 T, 16 16
11 29 Tc(1+a T,
e O <Z
4T, 16
17 27|1:| T,_- <l < TC(3 @)
4 T, ==
—5+13 T.(3-a T.(3+a
Stida I C(_) <t < C(_)
8 T, 16 16
_n skl TeBHe) o] < E
2 T. ' 16 -
RVBOCl(sn,n,a:O)(T) - 13 237 TC <l < TC(S a)
2 T, =
-3+11 Te(5—a Te(5+a
eI C(_) <t < C(_)
8 T, 16 16
29 21 Tc(5+a 3T,
B, A TeGra) gy < e
4T, 16 8
31 19[¢ 3T, Te(7-a)
PR <ll< 16
c
—14+9a _ m Te(7—a) < |T| < Te(7+a)
8 T.” 16 — - 16
177 Te(7+a) T,
-8+——, =—<|r| <<
T, 16 2
Because  Rypocig, (t) is a special case of

RvBocimna (1) it is easy to see that it satisfied all conditions

= RBPSKO (®

in corollary 2 in [1].

VBOClr(S 1,a) (t) = Zn——oo Zl 1 pwr (tli Wr)

VBOle(8,1,a) ) =2Yr—o Z?=1 pwf(tz: Wf)
t; =t—05w, —(n+1i) [TS E%]; i=1{1,

t2=t—0.5wf—wr—(n+i)[

.. ’8}

=<l i={1,-

11

(55)

(62)
(63)

(64)

8} (65)

If we consider only one chipping period or twelve subcarrier

periods of VBOC1 g4 4)(t); i.e., for p = 0 we get

VBOC].(&LQ) (t) =

tl_t—OSWr—(1+l)[ P

t=t—05w —w, —(1+0) [T =% i={1,

Based on Theorem 2 (17) we find

VBOC1(g1,4)(t), or Rypocig, ., () given by

157 T, Te(9-a
_BH T g < O
T, ' 2 16
1+7a |1l Te(9-a) Te(9+a)
o D <] g
8 T, 16 16
31 137] Te(9+a 5T,
—_ = M < |‘L'| <
4 T, 16
29 11fz7] 5T, Te(11-a)
—-——, —L< | | < -
4 T, 8 16
3+5¢ |t Tc(ll @ <l < T(11+a)
8 T.’ - - 16
13 97 T, (11+a)
—— 4, Skl
2 T,
1 7 3T,

2 T,

)

’

<7l < e
16 4
< |T| < Te(13—-a) iv

) = =

4 16
S43¢ I T(3-a@) _ o] < Te(13+a)
8 T.’ 16 - 16

U3l 7T _

T Sl

M'Tc(ls a) < |T| < TC(15+05)
16 16

7| Tc(15+a
_1+u:C(—)S|T|STc
T, 16

TC(15 a)

7+a

8 T,

0, |t] =T,

of theorems 2 and 3.

E]. i={1,-,8}

21 [Pw (e W) + P, (22, w7)] (66)

(67)

-,8} (68)

the ACF for

(69)
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ACF I Ch: VBOCI111(6,1,0.5) vs BOC(6,1) Q Ch: VBOC1Q1(8,1,0.5) vs BOC(8,1) PIGS
T T T T
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1 T T
a === | Ch: VBOC1Q1(6,1,0.5)
S 05t - vs1Ch: BOC(6,1) i
<
= 0
&)
8 0.5
>
1 | I | | | 1 I
0.2 0.15 0.1 0.05 0 0.05 0.1 0.15 02
1 T T
o == Q Ch: VBOC1QI(8,1,0.5)
S— 05 + vs BOC(8,1) -
=
o 0
2
g 05
>
B | I I | I | I
0.2 0.15 -0.1 0.05 0 0.05 0.1 0.15 02
T(ps)

(@) ACF of VBOC1(gnn,05)(t) vs BOC(gnn)(t) onl channel and VBOC1 (g ,0.5)(t) vs BOC(gyn)(t) on Q channel.

FD BB PSD of I Ch: VBOCI11(6,1,0.5) vs BOC(6,1) Q Ch: VBOCIQI(8,1,0.5) vs BOC(8,1) PIGS

-70 [
g Y PN Tawocen |
E;: -100 \ \/ \ / \/ \l
é -110 v v
E -120
2 -30 -20 -10 0 10 20 30

-70 [ [
- ~ |
cwl s AL | A aA A~ AL
NI VAYAVAVAYS 'aVle\ ' aTaVYATAYAY
EREAR A8
E -120
@] -30 -20 10 0 10 20 30
(o4

£ (MH;

7)

(b) PSD of VBOC1 (61,n,0.5)(t) Vs BOC(nn)(t) onIchannel and VBOC1 (g p 05 (t) vs BOC(gnn)(t) on Q channel.

FIGURE 1: Simulation results of VBOC1(gnn,0.5)(t) vs BOC(gnn)(t) on I channel and VBOC1 (g 5,0.5)(t) vs BOC(gyn)(t) on Q

channel.

Corollary 8: Prove that the ACF of VBOC1 g, 4)(t) given
by (69) will result in BOC(gy(t) for a« = 0 as indicated in
definition 1 in [1] and BOC(y /,1)(t) for @ =1 as indicated in
definition 2 in [1].

Proof of corollary 8: The proof of corollary 8 is
straightforward. First, we substitute values of @ = 0 in (69)
and we get RVBOCl(Gn,an)(r) = RBOC(Gn,n)(T)' This is an

original result not published anywhere else.
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Second, we substitute values of & =1 in (69) and we get in corollary 2 in [1].
RVBOCl(én,n‘a:n () = RBOC(1 J2nn) (1) = Rppsk () as indicated
Izl
1-=, 0<|t|<T,
RyBoct g paer (D) = Te = Rppsk, (T) (71)
(en,n, )
0, || =T,

Equations (70) and (71) complete the proof of corollary 8.

Corollary 9: From theorem 3 the PSD of VBOC1 (g1 4)(t) or
GyBocis, ) (w) is obtained from (37) by substituting in (34)
p =6 . Prove that GVBoc1(6_1_a=0) () = GBOC(()J) (f) and
GVBoc1(6,1,a=1) f) = GBPSKO (-

From theorem 3 the PSD of VBOCleg;4)(t) or

. . fTc :
GVBOCl(G’La:O) (f) = TCSIHCZ(fTC)Slnz (TE]__Z) = GBOC(é'l) (f)VI

as indicated in (corollary 1 in [1]) as depicted in Fig. 2, also
after some simplifications of (37) and @ = 1 we obtain

GVBom(é_l_a:l) (f) = T sinc*(fT,.) = Gapsk, 6 (73)

. : fTc
GVBOCl(S’La:O) (f) = TCSIHCZ(fTC)Slnz (7-:._6) = GBOC(g'l) (f)

as indicated in (corollary 1 in [1]) as depicted in Fig. 2, also

after some simplifications of (37) and @ = 1 we obtain

GVBom(g_l_a:l) (f) = T sinc*(fT,) = Gapsk, 6 (75)

as indicated in (corollary 2 in [1]).

Equations (72) through (75) complete the proof of corollary

In Fig. 1 (a) the ACF of VBOCl(14=05)(t) or
TVBOC1 (6 1 405 () is shown with solid green has lower peaks
than the ACF of BOC.1)(t) or TBoc 6'1)(1') in dotted red;
hence, VBOC1(414=05)(t) should offer better interference
protection than BOC(1)(t) or the current GPS III L1 data-
code. In Fig.1 (a) also the ACF of VBOC1(g; 4=05)(t) or
TVBOC1 (g1 o, 5)(‘r) is illustrated with solid green has lower

GyBocigg, o (w) is obtained from (39) by substituting in (34)
p =8 . Prove that GVBOCI(S,La:o)(f) = GBoc(s,l)(f) and
GVBom(g_l_a:l) = GBPSKO ().

Proof of corollary 9: The proof of corollary 9 is
straightforward. After some simplifications of (37) and a =

0 and if we substitute w = 2mf it can be shown that
(72)
as indicated in (corollary 2 in [1]).

Next, after some simplifications of (39) and a = 0 it can be

shown that
(74)

peaks than the ACF of BOC(g)(t) or TBOC 1)(1') in dotted
red; VBOC1(g14=05)(t) should offer
interference protection than BOCgy(t) or GPS M-code.

hence, better

Further details of the new signal in the military code of the

current M-code from the current BOC(2,1) to the
TMVBOC(8,1,4/33,0.5) in  which the data is
TMVBO0OC(2,1,29/33,0.5) will be provided in a new

publication.

Similarly, in Fig. 1 (b) the PSD of VBOC1 (s 4=05)(t) or
GyBoci(g1 qmos) (f) is depicted with solid green is quasi-flatter
and wider than the PSD of BOC.1)(t) or GBOC(G,l)(f) in
dotted red; hence, VBOC1(414=05)(t) should offer better
interference protection than BOC 4 1)(t) or the current GPS III
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L1 data-code. In Fig. 1 (b) also the PSD of VBOC1 g1 4=0.5)(t)
or Gypoci (g geos) (f) is displayed with solid green is quasi-
flatter and wider than the PSD of BOCg1)(t) or Gpocg,y) H
in dotted red; hence, VBOC1 (g 4=05)(t) should offer better
interference protection than BOC(g1)(t) or GPS M-code.

This completes the detailed discussion on VBOC1(a)
generalized ACFs and PSDs which contains four definitions,

three theorems and nine corollaries.

6 Conclusions

This paper is the first complete discussion on pure signal design
for the first generation VBOC1(p = {1,---,8}, @) generalized
multidimensional geolocation modulation waveforms.

Contrast the results of this paper with previous signal design
methodologies, this paper offers for the first time a complete
pure signal design methodology subject to both signal design
and optimization parameter a and generalized signal design
and optimization parameter p.

Signal parameters a and p not only define the waveform
VBOC1(a) and generalized ACFs and PSDs but they also play
a very important role in the optimization of VBOC1(«a)
generalized ACFs and PSDs. The computational technique
offers a unique and original description of the generalized
ACFs and PSDs of VBOC1(a) as functions of both @ and p.

In the paper it is argued that the selection of BOC(1,1) on the
GPS L1 civil data code and BOC(10,5) (or the military code or
M-Code) on both GPS L1 and L2 frequencies is entirely
arbitrary because BOC modulation is a special case of
VBOC1(a) for @« = 0 or @ = 1; hence, all the current state-
of-the-art GNSS waveforms exhibit sub-optimal signal design
performance even at the end-user when generalized global
objective functions are applied.

The above is based on a discussion of VBOC1(a) pure
signal optimization in [1]: (1) the criteria for validating the
closed form expression of the generalized ACF of VBOC1(«)
known as a set of continuity theorems; and (2) the criteria for
selecting the optimum 0 < a < 1 based on a set of criteria
known as optimization theorems regardless of generalized

parameter p (or subcarrier frequency).
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9 Appendix A VBOC1(a) ACF Pure Signal
Optimization

Detailed discussion on VBOC1(a) pure signal design is given

in the beginning of this paper. VBOC1(a) ACF pure signal

(1) VBOC1(a) generalized ACF

continuity theorems and (2) generalized ACF optimization

optimization includes:

theorems.
9.1 Generalized ACF continuity theorems
Theorem 4:  Prove that the  generalized ACF

RVBOCl(m:pn,n,a) (), given by (17), obeys the continuity
theorem of the first kind; i.e., it is a continuous function for
every value of T, p = {1,--,8}, and continuous values of 0 <
a<l

Proof of theorem 4: The proof of theorem 4 is straightforward.
In order to prove that the ACF, RVBOCI(m:pn,n,a) (1), given by
(17), obeys the continuity theorem of the first kind; i.e., it is a
continuous function for every values of T, p = {1,---,8}, and
continuous values of 0 < a <1; it suffices to prove that
RVBOCl(me,n,a) (1), given by (15), and p = {1,:-+,8} obeys
the continuity theorem of the first kind; i.e., it is a continuous
function for every values of t.

Since, ACF RVBOCI(m:pn,n,a) (1) was already shown in [2] to
obey the continuity theorem of the first kind p = {1, -+ 4} it
that the ACF
RVBOCl(m:pn,n,a) (1) obeys the continuity theorem of the first
kind p = {5, ,8}.

Because the ACF Rypoci y, .0, (T) is an even function of 7

only remains to extend and prove

it is sufficient to check the continuity of Rygoc1yn_mna) (t)

for values of T given by

T(1+2j-a) _ Tc(14+2j+a) _ g+nTc  _
txi(@) = [—zp LT Tsi@] T, S THsi@l T, S T¥[3+31'1] (76)
Where
i={123}+3/={{1,23} - 83p-23p—13p}}; j = {01, 7}, and p = j + 1 = {1, 8} (77)
First, we substitute values of T=13;(a@) in  RvBoci(yye (D), given by (17), and we obtain

(4p-1)(1-a) _ 1-2p+(4p-1) —9+19a -114+23a -13+17a —-15+31
RVBOCl(pn,n,a)[TZT—l(a)]:1_ £ 20 L= £ zpp <= T a. 2 a, T2 a, P a. (78)

p=5 p=6 p=7 p=8

On the other hand, we have
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_ _ —(p-D+@p-Da 1-a _ 1-2p+@p-Da _ _)-9+19¢ -11+23a -13+17a -15+31a
Rypocipnna [t =1n(@)] = » I 2 = Rvpocipnnae [t-1(a)] = o ' 12 ' 12 ' 1 (79)
p=5 p=6 p=7 p=8
Second, we substitute values of T=tg,(@) in  RvBocipenne (D> given by (17) we obtain
-(p-1D)+2p-Da 1+a 1-2p+(4p-3)a —-9+17a —-11+21a -13+4+25a -15+29a
R T=1@@)|=——7""T""7"-——7= = 80
VBOCl(pn,n,a)[ 2( )] » 2p 2p 10 ) 12 ) 14 ) 16 ( )
p=5 p=6 p=7 p=8
On the other hand, we have
_ _ 3p-2 | (4p-3)(1+a) _ 1-2p+(@p-3)a _ | -9+17a -11+21a —13+25a¢ -15+29a | _
RvBOC1 e [T = TH2(@)] = -t = 20 =T T 16 (= RvBocipne [T-2(@)] (81)
p=5 p=6 p=7 p=8
Third, we substitute values of T = T35 in Rygoct (o) (1), given by (17), and we get
_ _2-3p , 4p-3 _ p-1 _ 4 5 6 7
RVBOCl(pnyn,a)[T =1_3(a)] ——+—p ' 5'6'7"%8 (82)
p=5 p=6 p=7 p=8
On the other hand, we have
_ _ 5p—6—-4p+5 _ p-1 4 5 6 7 _ _
RVBOCl(pnyn,a)[T = T43(a)] =T 5 T 5 Vs5's’'7°’'8 (" RVBoc1(pn,n,a)[T =1_3(a)]. (83)
o] (o] ) o]
p=5 p=6 p=7 p=8
Fourth, we substitute values of 7=r13,(a) in RyBoct (e (T)> glven by (17), and we obtain the following
_ _5p—6  (4p—-5)(3-a) _ 3-2p+(4p-5)a _ ) -7+15a -9+19a -11+23a —13+27a
RvBoC1 ey [T = T-a(@)] ==——— > = = , , , (84)
EE P D 2p 10 12 14 16
otz 14 16
p=5 p=6 p=7 p=8
On the other hand, we have
_ _ —(-3)+(@p-3)a 3-a _ 3-2p+(4p-5)a _ | -7+15a —9+19a -11+23a -13+27a | _
RvBoC1 ey [T = THa(@)] = - 3= 2 i BT e e = RvB0oC1 (o [T-2(@)] (85)
ooz 14 16
p=5 p=6 p=7 p=8
Fifth, we substitute values of T =1(a) in RVBOCl(np:zn,n,a) (1), given by (17), and we get
_ _ -(»-3)+(2p-3)a 3+a _ 3-2p+(4p-7a _ ) —=7+13a -9+17a -11+2l1a —13+25a
RVBOCl(pnna) [T - T—S(a)] - 5, T oy T - ’ ’ ’ (86)
i p ) 2p 10 12 14 16
p=5 p=6 p=7 p=8
On the other hand, we have
_ _ 7p-12 | (4p-7)B+a) _ 3-2p+(4p-7)a _ ) -7+13a —9+17a —11+21a -13+25a | _
RvBoC1 ey [T = Tas(@)] = — Tt 2 = 20 Vo 'm0 1 = RvBOC1 (0 [T-5 (@) ]1(87)
—_—— —m— Y— —— Y———
p=5 p=6 p=7 p=8
Sixth, we substitute values of T = T34 in Rypoci a0 given by (17), yields
_ _ _7p-12  2(4p-7) _p-2_) 3 4 5 6
RvBocipmna (t=1¢)= > + ~ T 5 )15’6s’7'3 (88)

[ v v R e
p=5 p=6 p=7 p=8

On the other hand, we have
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_ _9p-20-2(4p-9) _p-2 _ ) 3 4 5 6 [ _
RVBoc1(pn,n,a)(T—T+6) =T 5 T 5 T)s5’s'7’s —RVBoc1(,,n,n,a)(T—6) (89)
L L A R
p=5 p=6 p=7 p=8
Seventh, we substitute values of T =13,(a) in Rveoctynna) (1), given by (17), we obtain
_ _9p-20 (4p-9)(5-a) _ 5-2p+(4p-9a __ )-5+1la -7+15a —9+19a -11+23a
RvBOC1 e [T = T-7(@)] = 2p = 2p = o 12 1 1e (90)
p=5 p=6 p=7 p=8

On the other hand, we have

—-(p-5)+(2p-5)a _ (5-a) _ 5-2p+(4p-9a

—5+11la —-7+15a —-9+19a -11+23«a
oD

RVBOCl(pn,n,a) [t =t (@] = = RVBOCl(pnyn,a) [t-7(a)] = )

P 2p 2p 10 12 14 16
p=5 p=6 p=7 p=8
Eighth, we substitute values of T=13g(a) in  RvBocigy,ye (), given by (17), and we get
_ _ —(-5)+@p-5)a 5+a _ 5-2p+(4p-11)a _ ) -5+9a -7+13a -9+17a -11+21a
RVBOCl(pnyn,a)[T =1_g(a)] = > > 2 = o 12z 12 ' 16 (92)
p=5 p=6 p=7 p=8
On the other hand, we have
_ _ 5+a _ —-2p+5+a _ ) —=54+9%9a -7+13a -9+17a -11+21a
RVBOCl(pnyn,a)[T_T+8(a)]_ 1+_2p =2 —RVBoc1(pn,n,a)[T—s(a)]— o ' 12 12 16 (93)
p=5 p=6 p=7 p=8
Ninth, we substitute values of T = T34 in Rygoc1 () (1), given by (17), we get
_ _13p-42 3(4p-13) _p-3 _ ) 2 3 4 5
RVBoc1(pn,n,a)(T—T—9) == T 5 T 5, T)5’s’7'%s (94)
L L A L
p=5 p=6 p=7 p=8
On the other hand, we have
_ __13p-42  3(4p-13) _ p-3 _ )2 3 4 5
RVBom(pn_n_a)(T = Ty9) == T, ~ 5 = RVBoc1(pn,n_a)(T—9) V3’5" 7"% (95)
- - ) —
p=5 p=6 p=7 p=8
Tenth, we substitute values of 7 =7Tg0(@) in RyBoct ppnay (T)- glven by (17), we get
13p—42 (7-a)(4p-13) —2p+7+(4p-13)a —-3+7a —-5+11la —-7+15a —-9+19«
R T=1_q9(a@)] = - = = 96
VBOCl(pn,n,a)[ 10(@)] » 2p 2p 0 ' 1z ' 12 ' 1e (96)
p=5  p=6  p=7  p=8
On the other hand, we have
_ _ —-71+@p-7a 7-a _ 7-2p+(4p-13)a _ _ )=3+7a —5+1la -7+15a -9+19«x
RVBOCl(pn,n,a)[T_T+10(a)]——p T » _RVBOCI(pn,n,a)[T—IO(a)]— o ' 1z 12 ' 16 C)
p=5 p=6 p=7 p=8
Eleventh, we substitute values of 7=7g;1(@) in  Rveocigye (7): given by (17), we get
_ _ =(-71+@2p-7Na 7+a _ 7-2p+(4p-15)a _ ) -3+5a —5+9a -7+13a -9+17a
RVBOCl(pnyn,a)[T =1_p(@)] = » > 2 = o 12 ' 12 ' 16 (93)

p=5  p=6  p=7 p=8

On the other hand, we have
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_ _ _(15p-56) | (4p-15)(7+a) _ 7-2p+(4p-15)a _ _)-3+5a -5+9a -7+13a —9+17a
RVBoc1(pnynya) [t =1,1(0)] = " + 2 = 2 = RVBoc1(,,nm) [t_11(@)] = o ' 12 ' 12 ' 1e (99)
p=5  p=6  p=7 p=8
Twelfth, we substitute values of 7T=r134, Iin RVBOCl(pn‘n‘a) (1), given by (17), we get
_ _ _(15p-56) , 4(4p-15) _p-4 _ ) 1 2 3 4
RVBOCl(pn,n,a)(T =T_12) = — v + b 5 )5'8’7’® (100)
[} “ S} o)
p=5 p=6 p=7 p=8
On the other hand, we have
17p-72  4(4p-17) _ p—4 1 2 3 4
RVBOCl(pn,n,a)(T =Ty12) = o == RVBOCl(pn,n‘a)(T—lz) SYs'&s5’'7"'3& (101)
[} “ S} “
p=5 p=6 p=7 p=8
Equations (76) through (101) complete the proof of theorem p ={5,6,7,8}.
4 for the first twelve values of 7,4, ..12(¢) and p = {5,6,7,8}. Thirteen, we substitute values of T =13(a) in
The next content is entirely new because now we will test the RyBoct e (T)> glven by (17), and we obtain
continuity theorem for next twelve values of 7,13 14..24(4) and
_ _ 17p-72 (4p-17)(9-a) _ 9-2p+(4p-17)a __ ) -1+3a —3+7a -5+1la -7+15a
RvBoct (ppna [T = T-13(@)] = 2 = 2 e T Tl (102)
p=5  p=6  p=7 p=8

On the other hand, we have

-(p-9)+@2p-9a _ 9—a _ 9-2p+(4p-17)a —14+3a —-34+7a —-5+11la —-7+15a (103)

RVBOCl(pn,n,a)[T=T+13(a)]: =RVBOCI(pn,n,a)[T—13(a)]: 0 ' 12 ' 12 ' 16

p 2p 2p
p=5  p=6 p=7 p=8
Fourteenth, we substitute values of 7=Tg4(@) in RvBocipopna (T)> given by (17) we obtain
_ _ ~(-9)+@2p-9a _ 9ta _ 9-2p+(4p-19)a __ )-1+a —3+5a —-5+9a -7+13«a
RvBoct pnef = T-1a(@)] = ——=———7== 2 e R Py (104)
——
p=5 p=6 p=7  p=8
On the other hand, we have
_ _ 19p-90 | (4p-19)(9+a) _ 9-2p+(4p—19a _ )—1+a —3+5a —5+9a —7+13a( _
RvBOC1 e [T = T14(@)] = — v + P = P Y0 1z 12 16 = RvBOC1 (e [T-14(@)]1(105)
p=5 p=6  p=7 p=8
Fifteenth, we substitute values of T =735 in RvBoc1 gy pa) (T)> glven by (17), and we get
_ __19p—90 | 5(4p-19) _ p-5 _ 12 3
RVBOCl(pn,n,a)[T_T—ls] == +—p =5 = 0, 2,73 (106)
p=5 - “w o)
p=6 p=7 p=8
On the other hand, we have
_ _ 21p-110 5(4p-21) _ p-5 _ 1 2 3| _ _
RVBOCl(pn,n,a) [t =1415] = r = - 9_, v e T g (T RVBOCl(pn‘n‘a) [t =7_15] (107)
p=5 - w (o}
p=6 p=7 p=8
Sixteenth, we substitute values of T =1g4(a) in RVBOCl(pn,n,a) (), given by (17), and we obtain the following
_ _ 21p—110 (4p-21)(11-a) _ 11-2p+(4p-21)a _ ) -1+3a -3+7a -5+1la
RvBOCL (e [T = T-16(@)] == P = P =10 i (108)

p=6 p=7  p=8
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On the other hand we have

_ _ —(p-11)+@2p-11)a 11-a _ 11-2p+@dp—21)a _
RVBOCl(pn,n,a) [t=t46(@)] =——————= =

—143a —3+7a —5+1la
» 2 2 12 12 ' 16 = RVBOCl(pn,n,a) [t_16(a)] (109)
p=6  p=7  p=8

Seventeenth, we substitute values of 7 =1,(a) in

RVBOCl(np:Znna) (1), given by (17), and we get

-(p-11)+@2p-11)a 11+a 11-2p+(4p-23)a -1+a —-3+5a —-5+9a
R T=1_1,(a)] = - = = 110
VBOCl(pn,n,a)[ 17(@)] » 2 2 12 ' 12 ' 16 (110)
p=6  p=7 p=8
On the other hand, we have

_ _ 23p-132 | (4p-23)(11+a) _ 11-2p+(4p—23)a _ ) —1+a —3+5a —5+9a( _
RvBOC1 o [T = T17(@)] = — » + P = P =V 1w 16 (= RvBocipnng [r-17(a)] (111)

p=6 p=7 p:B

Eighteenth, we substitute values

of T=715, in Rvsoci gnma (1), given by (17), yields

_ _ 23p-132 | (4p-23)6 _ p—6 _ 1 2
RVBOC1(pn_n_a)(T =T 1) = » + v =5 = 2 v 7 g (112)
p=6 -
p=7 p=8
On the other hand, we have
_ _ 25p-156 6(4p—25) _ p—6 _ 12 | _
RVBOC1(pn_n_a)(T =Ty18) = s =5 = 2 v s (T RVBOC1(pn_n,a)(T—18) (113)
p=6 “_ -
p=7 p=8

Nineteenth, we substitute values of 7 =1319(@) in  RvBoci(y,,q () given by (17), we obtain

_ __ 25p-156 _ (4p-25)(13—a) __ 13-2p+(4p-25)a _ ) -1+3a —3+7a
RVBOCl(pn,n,a) [t =1_19(a)] = » 2p = 2p = 2 ' 16 (114)
S—— S——
p=7 p=8
On the other hand, we have

_ _ =(p-13)+(2p-13)a  13-a _ 13-2p+(4p-25)a
RVBOCl(pnyn,a) [t=Tip@]=""—""—-——=

—1+3a -3+7«a
» 2 20 —RVBom(pn,n,a)[T—w(a)]— EEVEARTE (115)
p=7 p=8
Twentieth, we substitute values

of T=1g(@) in RyBoc1mma (1), given by (17), and we get

_ _ —=(p-13)+(2p-13)a  13+a _ 13-2p+(4p—-27)a _
RVBOCl(pnyn,a) [t=1@]=—"—"—-—"= =

—1+a -3+5
=3 = (116)
P 2p 2p 14 16
p=7 p=8
On the other hand, we have
_ _ 27p-182 | (4p-27)(13+a) _ 13-2p+(4p-27)a _ _ )J-1+a -3+5a
RVBOCl(pnyn,a) [t = T420(@)] = - " + 20 = 20 = RVBOCl(pnyn,a) [T-20(@)] = 12 ' 16 (117)
p=7 p=8
Twenty-first, we substitute values of

T =15, in RyBoct ppn ey (T)- glven by (17), we get
_ _ 27p-182 | 7(4p-27) _ p-7
RVBOCl(pn'n'a) (T=12)=- » + =

N | o

’

p p

(118)
p=7 p=8
On the other hand we have

@ | =
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29p-210  7(4p-29) _ p-7

p p p

RVBOCl(pn’n,a) (T=1421) =

Twenty-second, we substitute values of 7 = 7g,,(a) in

__29p-210 (4p-29)(15-a) _ 15-2p+(4p-29a __

RVBoc1(pn_n_a) [t =7_22(a)] 20

On the other hand, we have

RVBoc1(pnynya) [1 = 1422(a)] v .

Twenty-third, we substitute values of T = t1,3(a) in

—(p—-15)+(2p-15)a _ 15—a _ 15—2p+(4p—29)a

RVBoc1(pn_n_a) [t =7 _23(@)] = - 2

On the other hand, we have

—(p-15)+(2p—15)a  15+a _ 15-2p+(4p-31a

31p-240 + (4p-31)(15+a) _ 15-2p+(4p-31a

RVBoc1(pn_n_a) [t =T423(@)] = » 27

Twenty-fourth and finally, we substitute values of 7 = 73,4

31p—240

RVBoc1(pn_n_a) (T=724) =~

On the other hand, we have

+8(4-p—31) _ p-8 _ { 0 }
p 14 p p""’

21
0 1
= RVBOCl(pn‘n,a)(T—9) =173 (119)
p=7 p=s
RyBoct e (T)> glven by (17), we get
— —-1+3a (120)
2p 16
p=8
-143
2p = RVBocl(pn,n,a) [T—ZZ ((Z)] = { 11-; a} (121)
p=8
RyBoct e (T)> glven by (17), we get
—14
il Ty (122)
P2l
—14
2p = RVBoc1(pn_n,a) [t_23(@)] = 16a (123)
——
p=8
i Rygoci g (1), given by (17), we get
(124)
=8
} (125)
p=8

RVBoc1(pn_n_a) (T=T424) =0= RVBoc1(pn_n_a) (T_24) = { Y

Equations (102) through (125) complete the proof of theorem
4 for the second twelve values of 7,1314..2400) and p =
{5,6,7,8}.

Equations (76) through (126) complete the proof of theorem
4 for all twenty-four values of 7,1 7...24¢¢) and p = {5,6,7,8}.

Theorem 5: Prove that the ACF Rygoci o (1), given
by (15), obeys the continuity theorem of the second kind; i.c., it
is a continuous function for every value of T and p = {5,6,7,8}
and a = {0,1}.

Proof of theorem 5: The proof of theorem 5 is straightforward.
In order to prove that the ACF, RVBOCl(m:pn,n,a) (1), given by

(17), obeys the continuity theorem of the second kind, 1.e., it is

_ 1-2p+(p-Da _ 1 {—9 -11 —-13 —15}

1+ =

RVBOCl(pnyn,aw) [T1 0] = —Zp = 2

On the other hand, from (80) and (81), @ =0, and p =

10’ 12’ 14’ 16

a continuous function for every values of 7, p = {5,6,7,8} and
a = {0,1} it suffices to prove Rypoc1 () (1), given by (17),
obeys the continuity theorem of the second kind; i.e., it is a
continuous function for every values of T.

Since, we already proved in theorem 5; i.e.,
theorem of the first kind that Rygocq P (1), given by (17),

continuity

for or every value of 7, p = {5,6,7,8} and for a = [0,1] we
can employ the results of theorem 4 to prove theorem 5.
First, we prove that Rygoc1,,, . ) (1), given by (17), obeys

the continuity theorem of the second kind for {t,(a), 7,(a@)}.
From (78) and (79), « = 0, and p = {5,6,7,8} we have

(126)

{5,6,7,8} we have
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1-2p+(4p-3)a _ _ 1 _
o =—1++=

RvBOC1 (e [T2 (0] = P

10’ 12’

Next, from (78) and (79), a =1, and p = {5,6,7,8} we
have

1-2p+4p-1

RVBOCl(pnna 1)[ (D] = 2p =1 = Rppsg, [0] (128)

1

p

1-2p+4p-3
2p

RVBOCl(pnna 1)[ 2(1)] =1

Second, we prove that RVBom(pnM) (1), given by (17),
obeys the continuity theorem of the second kind for

3-2p+(4p-5)a 7

{—_9 -11 -13 —15}_

4567
= {5558 = Rusocs puamn (15D
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2’ 16 VBOC oy |71 (0)] (127)

Equation (128) results from definition 2 (Progri 2015) [1].
Finally, from (80)-(83), a = 1, for p = {5,6,7,8} we have

(129)

{ra(@), s ()}

From (84) and (85), a = 0, and for p = {5,6,7,8}, we have

RVBOCl(pnna 0)[ 74(0)] = Py =-1+ % = {%,;—2._1—141,_1—1:} (130)
On the other hand, from (84)-(87), a =0, and for p = {5,6,7,8}, we have

RvBoc1 (ynnazo [ts(0)] = W =-1+ % = {;—;‘;_;3'_1_141'_1_163} = Rvpoct ynna=o) [r4(0)] (131)
Next, from (82)-(85), a = 1, for p = {5,6,7,8}, we have

RVBOCl(pnna 1 [r,(D] = % 1 _% {:'2':';} RVBOCl(pn,n,a:m [r3(D)] (132)
On the other hand, from (86)-(89), a =1, and for p = {5,6,7,8}, we have

RVBOCl(pn,n,azl)[ s(D] = % 1 % {2'2'3'2} RVBOCl(pn,n,a:m [t6(D] (133)

Third, we prove that Rygocy () (1), given by (17), obeys
the continuity theorem of the second kind for {7,(a), 75(a)}.

From (90) and (91), a = 0, and for p = {5,6,7,8}, we have

RVBOCl(pn,n,a:O)[ 7(0)] = W =-1+ % = {;—(5)‘1—27';—:._1—161} (134)
On the other hand, from (90)-(93), a =0, and for p = {5,6,7,8}, we have

RVBOCl(pnna o [t5(0)] = w =-1+ % = {1_5'1_27';_:‘—1_161} = RVBOCl(pn‘n‘azo) [z7(0)] (135)
Next, from (88)-(91), @ = 1, and for p = {5,6,7,8} we have

RVBOCl(pnna 1 [r;(D] = W =1 —g {z‘Z‘i'Z} RVBOCl(pn,n‘a) [t6(D)] (136)
On the other hand, from (92)-(95), a = 1, for p = {5,6,7,8}, we have

RVBOCl(pnna 1)[ 5(D] = w =1 % {z'z'j':} RVBOCl(pn‘n‘a) [to(1)] (137)

Fourth, we prove that Ry goc1 () (1), given by (17), obeys
the continuity theorem of the second kind for {t,,(a), 711 (@)}.

7-2p+(4p-13)a _

RVBOCl(pnna 0)[ 10(0)] 2p

On the other hand, from and (96)-(99), « =0, for p =

7-2p+(4p— 15)a _

1+
2p

RVBOCl(pn na=0) [r1:(0)] =

e l= {2 AT

From (96), (97), @ = 0, and for p = {5,6,7,8}, we have

10’12’ 14" 16 (138)
{5,6,7,8}, we have
3 -5 -7 -9
{E 112" 12’ g} RVBOCl(pn‘n‘azo) [710(0)] (139)
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Next, from (94)-(97), a = 1, for p = {5,6,7,8} we have,

7-2p+(4p—-13) 3 _ (2345
RVBOCl(pnna 1) [710(1)] % =1- ; {5 ’6’ 7 ’ 8} RVBOCl(pn,n,a) [T9(1)] (140)
On the other hand, from (98)-(101), @ =1, and for p = {5,6,7,8}, we have
7-2p+(4p—-15) 4_ (1234
RVBOCl(pnna 0 [r1: (D] = % =1- 5 {5 1grg 8} RVBOCl(pn,n’a) [712(D] (141)
Equations (126) through (141) complete the proof of theorem Fifth, we prove that RVBOCl(pn‘n‘a) (1), given by (17), obeys
2 or continuity theorem of the second kind for the first twelve the continuity theorem of the second kind for {t,3(a), 714(a)}.
values of 7;5..1,(a ={0,1}) and p = {5,6,7,8}. From (102), (103), @ = 0, and p = {5,6,7,8} we have

RYB0CH gy [T13 (O] = T2 = 1 4 2= {2, 22 22 ) (142)
On the other hand, from (104), (105), a =0, and p = {5,6,7,8} we have

RYB0C1 gy [F14 (O] = D = 1 2= {2 22 22 T = Ry [T13(0)] (143)
Next, from (102), (103), @ = 1, and p = {5,6,7,8} we have

oD = 202 81221 s
Finally, from (104)-(107), @ = 1, and for p = {5,6,7,8} we have

Ry30c1 gy memny 11 (D] = 2220 = 1 =2 = {0,223 = Rypoca o (715 (D] (145)
Sixth, we prove that RVBOCl(pn,n,a) (1), given by (17), obeys From (108), (109), @ = 0, and for p = {6,7,8}, we have

the continuity theorem of the second kind for {t,¢(@), 7,7 ()}.

RvBOC1 (e [T16 (0)] = W -1+ % = {;_21'1_:’;_:} (146)
On the other hand, from (108)-(111), for p = {6,7,8}, we have

RvBOC1 (e [T17(0)] = W -1 +%— {121 IZ I:} RvB0C1 e [T16 (0)] (147)
Next, from (106)-(109), a@ = 1, and for p = {5,6,7,8}, we have

RvB0C1 ey [T16 (D] = T2 = 1 =2 = {0,222 = Rypocry, o 115 (D] (148)
On the other hand, from (110)~(113) a = 1, for p = {6,7,8}, we have

RyB0C1 ey [T17 (D] = P2 = 1 =2 = 0,220 = Rypocr o [T15(1)] (149)
Seventh, we prove that RVBOCl(np,n,a) (1), given by (17), {t10(a), T30 (@)}.

obeys the continuity theorem of the second kind for From (114), (115), @ = 0, and for p = {7,8}, we have

Ry80C1 ey [20(0)] = EEEE0E = -1 4 28 = {21, ) (150)
On the other hand, from (114)-(117), « = 0, and for p = {7,8}, we have

RYB0CH gy [F20 ()] = 208 = 1 4 22 = [ 2 = Ry [T10(0)] (151)

Next, from (112)-(115), a =1, and for p = {6,7,8} we have
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RVBOCl(pn,n,a:n [t10(D] = W =1- g = {0‘%%} = RVBOCl(pn‘n‘a) [1(D] (152)
On the other hand, from (116)-(119), a = 1, and for p = {7,8}, we have

RVBOCl(pn,n,a:n [t20(D] = W =1- % = {0' %} = RVBOCl(pn,n,a) [r21(D)] (153)
Eighth, we prove that Rygoci,,, ,,(7), given by (17), obeys From (120), (121), @ = 0, and for p = 8, we have

the continuity theorem of the second kind for {t,,(a), T,5(a)}.

RyBoct pmnamo) [T22(0)] = w =-1+ % = {1—61} (154)
On the other hand, from and (120)-(123), a = 0, for p = 8, we have

RyBoct pmnamo) [723(0)] = W =-1+ % = {I—;} = RvBoc1 gy nqmoy [ 722(0)] (155)
Next, from (118)-(121), & = 1, and for p = 8 we have

RVBOCl(pn,n,a:n [r22(D] = w =1- % = {%} = RVBOCl(pn‘n‘a) [721(D)] (156)
On the other hand, from (122)-(125), for p = 8, we have

RVBOCl(pn,n,a:n [r23(D] = W =0={0} = RVBOCl(pn,n,a) [724(D)] (157)

Equations (142) through (157) complete the proof of theorem
5 or continuity theorem of the second kind for the second twelve
values of Ty314..24(a = {0,1}) and p = {5,6,7,8}.

Equations (126) through (157) complete the proof of theorem
5 or continuity theorem of the second kind for the second twelve
values of 7, ,..,,(a ={0,1}) and p = {5,6,7,8}.

Corollary 1 in [2] holds; i.e., RVBOCI(pn,n,a) [0] =1 = max
regardless of p or a ; ie., RVBOCl(pn,n,a) [t;(@)] <1

regardless of p or a.

RVBoc1(,,n,n,a) [t ()]

9.2 VBOC1(a) ACF Optimization Theorems

At this point we are certain that closed form expression of the
ACF, Rypoc1 (onna) (1), given by (17), is the correct one and we
are ready to find the optimum 0 < a < 1 that minimizes the
out of phase ACF based on certain criteria known as the
VBOC1(a) ACF Optimization Theorems.

Theorem 6: Prove that the ACF RVBOCl(m:pn,n,a) (1), given

by (17), obeys the optimization theorem of the first kind; i.e.,

find the values of a that minimizes the out of phase ACF,

argmin : — argmin ¥ RyBoC1 e [ti(a)] (158)
RVBoc1(pn,n,a) [2P ()]
where
ti(a) = [Tc(l’;_;!—“) = ¢[1+3j(@] Tc(1+2_21+“> = T[2+3i(a)]] (159)
And
i={1,2}+3j=[{1,2}, - {2p—12p}],p=j+1={1,---8},and j = {0,1,--- 7}. (160)

Proof of theorem 6: The proof of theorem 6 is also
straightforward. Because the min-max of the ACF of

VBOC1 (ypna)(t), OF Rypocy (o) (1), that depends a on for
values of p = {5,6,7,8} and t'(a) for i = {1,2,-- 2p} given

by (158); hence, it suffices to show that show that (158) holds.
First, for p = 5 find the value of a that minimizes t1(a),

oy TH0(a)
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1 4 1-2p—(1—-4p)a 1-2p—(B—-4p)a 3-2p—(5—-4p)a 3-2p—(7—4p)a
Rvsom(pnna)[‘f (@)] RVBOCl(,m_n,a)[T (@] mln[S 2p—(9—4dp)a 5-2p—(11—4dp)a T—2p—(13—4p)a 7—2p—(15—4p)a
8 9-2p—(17—4p)a 9—2p—(19—4p)a
argmin| Rvoc1 ., [T5(@)] * RvBoct e [T (@] | - arg o (161)
[R VBOCT e [T (@] RVBOC1 (01,00 [T (@)]
Optimization theorem of the first kind says that proving (161) is equivalent with proving the following
10 ; _ . [50-20p—(100-40p)a], . _ .
argmin ¥.:21 Rypoci ., . [ti(a)] = argm{;n[ o ], ->—-14+2a=0;0<ac<1 (162)
Hence, we find minimum a = 0.5 and it is independent of Substituting, ¢ = 0.5 in (161) we obtain
p . This completes the proof of theorem 6 for p=5.
-05 05 —-05
T,0.5 T45 5
. RVBOCl(pnna) [ 2 ] ' RVBOCl(an) [ _05 05 _0'5]
argmin T 55 T95 0.5 (163)
R < R <
VBOC1 (p 1,09 ] VBOC (p 1,09
Second, we find the value of a that minimizes t!(a), ™2(a) forp=6
1 4 1-2p—(1-4p)a 1-2p—(B—-4p)a 3-2p—(5—4p)a 3-2p—(7—4p)a
RVBOCl(pnna)[T (a)] RVBOCl(pn,n,a)[T (@] mm[ 5—2p—(9—4p)a 5—2p—(11—4p)a 7—2p—(13—4p)a 7—2p—(15—4p)a
9-2p—(1 9-2p—(19— 11-
argm1n| RVBOCl(pnna)[T ()] - RVBOCl(pn_n,a)[TS(a)] | =arg p-(17-4p)a p—( 4p)0;p ~2p—(@2l-dp)a 11-2p-(23—4pa (164)
9 12
[Rvsom(pn_n,a) [T2@)] ** RvBoc1 (e [T (D]
Optimization theorem of the first kind says that proving (164) is equivalent with proving the following
. P . [72-24p-(144-48p)a
argmin 2331 RVBOCl(pnyn,a) [Tl(a)] =argmin [T] (165)
Hence, we find minimum a = 0.5 and it is independent of a = 0.5 in (158) we obtain
p. This completes the proof of theorem 6 for = 6 . Substituting,
T,0.5
[ Rveoct g T45] Rvs0c1 ) [T75 [ s Zos 0 o3
c c —05 05 —0.5
argmin | RvBoci g, ,q [ ] RvBoct ynme [ (166)
T8. 5 Tcll 5
RvBoc1pnna |2 ] Rvoci uney |72,
Third, we find the value of a that minimizes 7'(a), ' (a) forp=7
1 4 1-2p—(1-4p)a 1-2p—B—-4p)a 3-2p—(5—-4p)a 3-2p—(7—4p)a
l[RVBf)“(pnna)[T @]+ RvB0C1 ) [T (@] ]I . [ 5-2p—(9—4p)a 5-2p—(11-4pla 7—-2p—(13—4p)a 7-2p—(15—4p)a
8 a [9-2p—(17—4p)a 9-2p—(19—4p)a 11-2p—(21-4p)a 11-2p—(23—-4p)a
argmlnI RYBOC1 i [T (@] RVBOC1 (00 [P (@] [ _ 13-2p—(25-4p)a_13-2p—(27—4p)a (167)
12 = {
| RYBOC1 (e [T (@] ** RVBOCT 0 [T (D] | 2
14
|RVBOCT (i [T (@] RvBOC1 (000 [T (@]
Optimization theorem of the first kind says that proving (167) is equivalent with proving the following
. X min[98-28p—(196-56p)a]
argmin 332 Rypoct e 7 (@)] = arg =~ 5 (168)
a T p
Hence, we find minimum a = 0.5 and it is independent of Substituting, ¢ = 0.5 in (167) we obtain
p . This completes the proof of theorem 3 for p=7.
T,0.5 T,3.5
[ RvBoct pmna [?] Rvsoci e [ 2 ] | 05 —05 0.5 -05
T 4.5 T.7.5 | 05 -0.5 05 -0.5
RVBoc1(,,nm)[ ] VBOC1 [ ] 05 -0.5 05 -0.5
: 0.5 —0.5 169)
argmin < [TCS 5] R [Tcn 5] P (
VBOCLpnn.a) VBOClpnna | 2p
T,12.5 7,135
RVBOCl(pn,n,a) [_Zp ] RVBoc1(pn,n,a)[ 2 ]
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Fourth, we find the value of a that minimizes t1(a), ..., 1%(a) for p = 8
1-2p—(1-4p)a 1-2p—(B-4p)a 3-2p—(5-4p)a 3-2p—(7-4p)a
5-2p—(9—-4p)a 5-2p—(11-4p)a 7-2p—(13-4p)a 7-2p—(15-4p)a
a | 9-2p—-(17-4p)a 9-2p—(19-4p)a 11-2p—-(21-4p)a 11-2p—(23-4p)a
13-2p—(25—-4p)a 13-2p—(27—-4p)a 15-2p—(29-4p)a 15-2p—(31—-4p)a ,170)

2p

RVBOCl(pn'nya)[Tl(a)] RVBoc1(,,n,nva)[T4(a)] ]

RVBOCl(pnyn,a) [5(a)] - RVBOCl(pn’n,a) [78(a)]

arg minl | = arg

a lRVBoa(pn,n,a) [z°(a)] - RvBoctpnna [7*2(a)]

RVBOCl(pnyn,a) [e3(@)] - RVBOCl(pn’n,a) [7'¢(@)]

Optimization theorem of the first kind says that proving (170) is equivalent with proving the following

min[128-32p—(256—56p)a]
a

: 16 i —
argmin iy RVBOCl(pn'n,a) [Tl(a)] = arg 2p (171)
Hence, we find minimum « = 0.5 and it is independent of in (170) we obtain
p. This completes the proof of theorem 3. Substituting, & = 0.5
T.0.5 T.3.5
[ RVBOCl(pnnaz)[ ] RVBOCl(pnnot)[ ] ] 0.5 —-0.5 0.5 -0.5
R [Tc4 5] ) [Tc7 5] lgg —g::: 0.5 —0.5]
| Frrotonnn 5, ] Rumocionan [57] |_L82 285 83 28 -
arg maln T.8.5 T,11.571 | — 2p ( )
RVBOCl(pn,n,a)[ 2p ] RVBOCl(pnna)[ 2 ]

R T,12.5 R
l VBOCl(pnna) 2p o VBOCl(pnna)

T155|
=l

Equations (161) through (172) complete the proof of theorem the ACF of VBOC1nna)(t), OF Rypoci (e (7). for all

6; i.e., the optimization theorem of the first kind proves that values of p.
a = 0.5 minimizes the out-of-phase autocorrelation peaks of Corollary 10: It follows immediately from (172) that
T.0.5 T.3.5
[ RVBoc1(,,nm)[ ] RVBOCl(pnnat)[ ] ] 05 -05 05 —-05
Te4.5 Te7.5 05 -05 05 -05
RvBoct pmna [_Zp ] “*RvBoct o [_Zp ] lo.s -05 0.5 —o.s]
lim S 71151 | = lim 0:5-=05-05 =05 ‘0'52 05 =05 = (173)
p—>°<>| RVBOCl(pn,n,a) [ Czp ] ” RVBOCl(pnna) [ Czp ] | pme b
T.12.5 TCIS 5
lRVBoc1(,,n,n,a)[ 2p ] RVBOCl(pnnot) ]J

which is another reason why a = 0.5 is the optimum delay for 4 in Progri (2015, [2]) for p = {5,6,7,8}.

the out-of-phase autocorrelation peaks of the ACF of Theorem T: Prove that the ACF Rypoci,,_.,. . (7). given
VBOCL (pn,n,a)(8), OF Rypoci yp y,a (T)- for all values of p. by (17), obeys the optimization theorem of the third kind; i.e.,
We will leave as an exercise to the reader to prove Theorem find the values of a that minimizes the out-of-phase ACF
RVBoc1(,,n,n,a) [c(@)]
arg main : - arg main ]_[?fl RvBoci pnna [t;(@)] =0 (174)
RVBoc1(pn,n,a) [?P ()]

ti(a) for i = {1,2,---2p} given by (159) in theorem 4 and (159); hence, it suffices to show that (174) holds.

p = {5,6,7,8}. First, we find the value of « that minimizes
Proof of theorem 7: The proof of theorem 7 is also 1(a) - t1%a) in (159) for p = 5. Optimization theorem of

straightforward. Because the min-max of the ACF of the third kind says that proving (159) is equivalent with proving

VBOCT (py,n,a) (), OF Rygoci pynay (T)- that depends a on for the following

values of p = {5,6,7,8}, i = {1,2,--- 2p}, and () given by

. 10 s [2i-1-2p—[4(i-1)+1-4pla] [2i-1-2p—[4(i-D+3—-4pla] _
arg maln {Hi:l RVBoc1(pn,n,a) [Ti(a)]} — arg ma}n 1=, [ 2 ] [ 2 ] =0 (175
o= Ao | -(2122]
20—1-2p—[4(G -1 +1—-4pla= 0 4(i-D+1-4ply_g;_r15..5y 19715711773 (176)
2i-1-2p—[4(i—1)+3—4pla=0 |, _ _2i-1-2p | _{9 7 53 }
4(i-1)+3-4p p=5,i={1,2,-5} 17’13°9°5’

There are three observations from (176). The first is that « {{9 7 5 3 1} {9 7 5 3 1}} f . Substitufi
I or =5 . Substituting,
depends on p . And the second is that minimum «a = 9°5 P g
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. 9 7 5 31) (9 7 53 . obtain
minimum a={{—,—,—,—,—},{—,—,—,—,1}} in (161) we
19°15"11°7’3)" (17137 9’5
5=p p=5 5B p=§
T TTe 5—917 P1—75 517511 plfs
RVBOCl(pn,n,a) [19p] RVBOCl(pn,n,a) [13p] BT 53 =5 5 00 0 0
i STe] ... 3T i Sors -
argmin RvBoctpnna [llp] RvBoctpnna [5;;] - argm;nfpzs = [0 0 0 O] (177)
R ol R 7] b
VBOC1pnna) |3 VBOC1pnna) [
From where (175) is obtained. The third observation is that of third kind is 0 because we set it to be equal to 0.
minimum value of (177) according to the optimization theorem Second, it is also straight forward to show that for p = 6
o = 2172 | ={£ili§l}
|2i—1-2p—[4(i—1)+1—4pla=0 4G-D+1-4pl g i(12,..6) 23’19’15’11°7’3
argmin |, . - a (178)
@ [2i—1-2p—[4(—-1)+3—4pla=0 |, _ _2-1-2» | ={21L§§ }
4(i—-1)+3—4p p=6,i={1,2,-6} 21’17’13’9’5’
There are three observations from (178). The first is that . 11 9 7 5 31) (11 9 7 5 3 .
) o minimum a = {—,—,—.—,—,—},{—,—.—.-,—.1} in (174)
depends on p . And the second is that minimum a = 237197157 11°773) " L21 7177137975
119 7 5 3 1) (11 9 7 53 o we obtain
{{—.—.—,—.—,—},{—,—,—,—,—, 1}} for p = 6. Substituting,
23’19”15°11°7'3) 721717 13" 9’5
o = 2172 | ={£ili§l}
|2i—1-2p—[4(i—1)+1—4pla=0 4G-D+1-4pl g i(12,..6) 23’19’15’11°7’3
argmin |, . - a (179)
a [2i—1-2p—[4(i—-1)+3—-4pla=0 _ _2i-1-2p | Z{Eiiii }
4(i-1)+3—4p p=6,i={1,2,--6} 21’17’13’9’5’
The third observation is that minimum value of (179) we set it to be equal to 0.
according to optimization theorem of third kind is 0 because Third, it is also straight forward to show that for p = 7
_ 2i-1-2p | _ {13 1 9 7 5 3 1}
. . a=——— = T g
|2i—1-2p—[4(i—1)+1—4pla=0 4G-D+1-4pl 7 (1 5.7} 27'23%19’15711°7’3
argmin |, . - a (180)
@ [2i—1-2p—[4(-1)+3—4pla=0 |, _ _2i-1-2» | ={£Eiiiil}
4(i-1)+3—4p p=7,i={1,2,--7} 25’21’17’13’9’5’
There are three observations from (180). The first is that « Substituting, minimum a=
depel’lds on p . The SeCOl’ld iS that mll’llmum a = {13 11 9 7 5 3 1} {13 11 9 7 5 3 1} . 174
27°23719”15711°7”3) " (2572171771379’ 5’ in (174) we
1311 9 7 5 3 1) (1311 9 7 5 3
(Erszz2g ez orp-7 |
27'23”19°15"11°7"3) " (25721717713 9" 5 obtain
7o p=7 7B p7
[ 13T, 11TC‘| & é é &
Rvpocipmna [27p] * RvBoct pnma [le] AR
9T, 7T, 9 7 5 0 0 0O
| Rvbocignna [19p] " Rvboci g [13p] . =2 7 0 00O
arg min 5T, a7 |—>argm‘7}nf =lo 0o 0 o (181)
RVBOCl(zm,n,a) [E] RVBOCl(zm,n,a) [5] p=7 0 0
Te Tc
RVBoc1(pn,n,a) [5] RVBOCl(pnyn,a) [;]
The third observation is that minimum value of (181) because we set it to be equal to 0.
according to the optimization theorem of third kind is 0 Fourth, it is also straight forward to show that for p = 8
=2 | (s 755y
aremin 20—1-2p—[4(i-1)+1—4pla=0 . 40-D+1-4pl_g (1.8} 31°27723719’15°11°7’3 (182)
B 2i—1-2p—[4G-1)+3—4pla=0 __2i-1-2p z{g‘g‘g,z‘lg,g,l}
4G-D+3~4pl g (17..) (29725721"17°13°9"5
There are three observations from (182). The first is that « Substituting the values of a=
depel’lds on p . And the SeCOl’ld iS that mll’limum a = {15 13 11 9 7 5 3 1} {15 13 11 9 7 5 3 1} . 174
31727°23719715°11°7°3) 729”25 21717137 9" 5’ in (174)

31°27"23"19715"11°7°3) " (2972521717 13’9 5’

{{55211331},{52511531}}f0rp=8_ .
yields
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IR [ISTC] R [13TC]]
VBOCL (pnna) | 31p. VBOCL (pnna) | 25p
11TC] 9TC]
. RVBOCl(P".n.a)[ZSp VBOCL pnnay [17p N .
TN R 2] .- R 5Ty | argmn
| VBOCL (pnna) |T5p VBOCL(pnna) | op |
| RvBOC1 pnna 7p] RVBOCl(pn,n_a)[p |

The third observation is that minimum value of (183)
according to optimization theorem of third kind is 0 because
we set it to be equal to 0.

Equations (175) through (183) complete the proof of theorem

We leave as an exercise to the reader to prove that Corollary
3 in [2] holds; i.e., Vp half of the as (or odd ones) are smaller
than 0.5 and the remaining half (or even ones) are greater than
0.5 for p = {5,6,7,8}.
RVBoc1(,,n,n,a) ['(@)]
arg min :

a

RVBoc1(pn,n,a) [?P ()]

which is equivalent with

25 ai@bi®@) _ a@ib®) _ a@b®)
3Pl a@ital®) — lla®)l?

®min =

(185)

where t¢(a) for i = {1,2,-- 2p} given by (159) in theorem 3
and p = {5,6,7,8} and vectors a(p) and b(p) are given by

- 1-2p 1-4p
1-2p 3-4p
—— e
p=G-8)| |p=(-8)
3-2p 5—4p
3-2p 7—4p
p=(2,8) p={2,8}
5-2p 9—4p
5-2p 11-4p
—— Ry gt
=G-8 |p=G-8)
7-2p 13-4p
7-2p 15-4p
—— Ry
p=(4,-8} p={4,-8}
9-2p 17-4p
9-2p 19-4p
S——— Dy gt
P=(5.-8) p={5,8}
11-2p 21-4p
11-2p 23-4p
S——— oot
p=(6-8}| |p=(68}
13-2p 25-4p
13-2p 27-4p
—— T
p=178 p={7.8}
15-2p 29-4p
1
RVBOCl(pn,n,a) [T ((1)] LS_’%E 31—{:)p
: === 110 Sy = r(p,a) (186)
R @) o
VBOC (pnna) b(p) )

Proof of theorem 8: The proof of theorem 8 is also straight
forward.

First for p = 5 from the optimization theorem of the fourth
kind (or in the mean square sense); i.e., find the values of a
that minimizes the out-of-phase ACF,

RVBOCl(pn,n'a) [7!(a)]

-0 (187)

arg min :
a
RVBoc1(pnynya) (%P (@]

©
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©
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ee]
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ee]
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(>N e an]
SO OO

It is also straightforward to show that Corollary 4 in [2] holds;
i.e., @ = 0.5 is the asymptotic value for which the product
optimum as from the optimization theorem of the third kind
approaches the sum optimum « from the optimization theorem
of the first and second kinds.

Theorem 8: Prove that the ACF Rygocy (m=npm.) (1), given
by (17), obeys the optimization theorem of the fourth kind (or
in the mean square sense); i.e., find the values of a that
minimizes the out-of-phase ACF,

RVBOCl(pnyn,a) [!(a)]
: -0

(184)

RVBoc1(pn,,,,a) (%P ()]

which is equivalent with

e = L2 a@bi®) _ a@)'b®) _ a®@)b®) _ , Ib@I? (188)
mnT sl @B a@ta@)  lla@l? lla@)II?
where
1-2p 1-4p
1-2p 3—4p
3-2p 5—-4p
3-2p 7-4p
5-2p 9-4p
5-2p 11-4p
7-2p 13—4p
7-2p 15—-4p
RVBOCl(pnyn,a) ['(a)] 9-2p 17-4p
: =9;i—192_;“pa5r(p,a) (189)
10 p p
RVBOCl(pnynya) [z'°(a)] YOR o)
Hence, substituting (189) into (188) we obtain
_ 4@p-1)2+@p-3)2+2p-5)%+2p-7)2+(2p—9)?]
Amin = T0p—1)2+ (4p—3)2+ (@p—5)2+ (Ap—7)2+ (4p—9) 2+ (4p—11)2
+(4p—13)2+(4p—15)2+(4p—17)2+(4p—19)2
4x165
=222 = 0.4962 (190)
1330

Second, we leave as an exercise to the reader to show that for
p = 6 from the optimization theorem of the fourth kind (or in
the minimum mean square error (MMSE) sense), i.e., one finds
the values of a that minimizes the out-of-phase ACF, based on

the solution that we found for p = 5

Ib®)II? Ib®)|I>+2(2p-11)?
L=2-P2=5_ =7 =S
Umin = 2 T 2 a@I?+(ap-21)2+(ap-23)?
p=6 p=5
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FIGURE 2: Illustration of ACF optimization theorems.

_ 4x286
~ 2300

= 0.4974 (191)

Third, we leave as an exercise to the reader to show that for
p = 7 from the optimization theorem of the fourth kind (or in
the minimum mean square ervor (MMSE) sense); i.c., one finds
the values of a that minimizes the out-of-phase ACF, based on

the solution that we found for p = 6

ﬂPSElﬂf HEEEZHE+Z(2p—13)2
 _o_PT7_ _ 56
fin = 2 Ll ? la@)I2 +(4p~25)2+(4p-27)2
p=7 D=6
= 455 _ 0.4981 (192)
3654

Fourth, we leave as an exercise to the reader to show that for
p = 8 from the optimization theorem of the fourth kind (or in
the minimum mean square ervor (MMSE) sense); i.c., one finds
the values of a that minimizes the out-of-phase ACF, based on

the solution that we found for p = 7

Ib®)I1? Ib®)|2+2(2p-15)*
=P8 __9 P=7
Fmin la@)||? la®)I12+(4p~29)2+(4p—31)2
p=8 p=7

29

_ 4%680
~ 5456

= 0.4985 (193)

Equations (187) through (193) complete the proof of theorem

We leave as an exercise to the reader to show that Corollary
5 in [2] holds; i.e., @ = 0.5 is the asymptotic value for which
the mean square optimum as from the optimization theorem of
the fourth kind approach the optimum «a.

Corollary 11: or performance enhancement or efficiency
both in terms of optimization theorems of the first kind and
fourth kinds.

Performance enhancement or efficiency based on the
optimization theorem of the first kind or Yy (p 4 is defined as
absolute value of the ratio or the sum of all out-of-phase
autocorrelation peaks that depend on a by their number as
follows:
|Zi2£1 RVBOCl(pn,n,a)[Ti(a)” _

2p

Yipa) = |1 =2 12a - 1] (194)

As we take the limit as p — oo we find efficiency only as

function of a as follows:

Vi@ = lim Yy = 2 — 1| (195)
or |2a¢ — 1| =0 or @ = 0.5 gives efficiency equal to zero or
infinite improvements of the performance enhancement.
Performance enhancement or efficiency based on the
optimization theorem of the fourth kind is defined as the ratio
of the sum of all out-of-phase autocorrelation peaks squared by

their number and denoted by Yimg(p,q) as follows:

2
Dri RYBOC1 () [Fi(@)]

_ rea)trpa)

Yimspa) = 2p 2p

_ b®b@)-[b@) Ta@)+a@) b@)]a+a@)tap)a®
2p

_ Ib@I?-4lb®)?a+lla@)|*a’

2p
Ib(@)I1
_ Ib@)I2-4llb ()l a+2, > 2 osa?
2p
Ib®)lI? 2
_ @I, 6
2 [1 4a+amm(p)a ] (196)

As we take the limit as p - © = ap,;,(p) = 0.5 we find

efficiency only as function of a as follows:

Yims) = ;1_{{}0 Yimspa =1 —4a+ 4q?
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=(1-2a)?=4(0.5 - a)? (197)

For a = {0,1} we have Y;ys(a=f0,1}) = 1 as opposed to for
a=0.5 we have Yjyg(g=05) = 0; hence, a = 0.5 offers
100% efficiency or for @ = 0.5 VBOClppneq) is 100%
more efficient than either BOCpn ) or BPSK, in mean
square sense in terms of out-of-phase ACF.

This concludes the detailed discussion on VBOC1(a) ACF
pure signal optimization: (1) VBOC1(a) generalized ACF
continuity theorems and (2) generalized ACF optimization
theorems. Next, we discuss some example on numerical

theoretical results.
9.3  Numerical, Theoretical Results

Very accurate simulation and interference results on
VBOC1(a) and VBOC2(a,1 — a) ACFs and PSDs are given
in Chap. 7 of (Progri 2015) [6] and (Progri 2012) [7].

However, detailed discussion on optimum « ; i.e., the
simulation results of the optimization theorems 3 through 6;
corollaries 5 and 6; simulation results with optimum a = 0.5
VBOC1(nnq) and VBOC1 3y p4) are unique and original to
this journal paper that the reader cannot find in (Progri 2015)
[6] and (Progri 2012) [7].

Figure 2(a) presents the a optimum vs. order p of
VBOC1 (5 n,q)(t). There are four curves shown in Figure 2(a):
(1)-(2) first through third correspond to VBOC1 pppa)(t)
and 4; (3)

VBOC1 (5 n,q)(t) optimization theorem 5; and (4) correspond

optimization theorems 3 correspond  to

to VBOC1(pnnq)(t) optimization theorem 6 or in the mean

square sense. The first curve which corresponds to

" The definition given here avoids that two possible signals are defined: one
where the +1/w, part is longer than the —1/w;, and one where the —1/wy
part is longer than the positive +1/w,; hence, avoiding allowing the parameter
a to take on values in the range —1 < a < 1; hence, reducing the complexity
of continuity and optimization theorems by a factor of two.

i One can observe a repeatability pattern in (53). It is this exact repeatability
pattern that can be employed to visually check the accuracy of (53). This is not
a guaranty but it provides some form of trust into the accuracy of (53). The
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VBOC1 (ppnq)(t) shows that as p changes from two to one
hundred a,p; is either equal to or converges to 0.5 regardless
of generalized optimization parameter p (or of sub-carrier
frequency) and regardless of the optimization theorem(s).

The argument can be made that the choice we make for a
will equally affect the standardization of the waveforms
regardless of sub-carrier frequency; i.e., even though the
choices on BOC(y1)(t) = VBOC1 (41 4=0)(t) on GPS L1 data
signal and BOC(;,1)(t) = BOC(195)(t) = VBOC1 (3 4=0)(t)
or the GPS military M-code (Progri 2015) [1], (Progri 2012)
[7], (Progri et. al. 2007) [8], (Betz 2001-2002) [12], and (Sousa
and Nunes, 2013) [24] on both GPS L1 and L2 frequencies
were arbitrary it only happened by accident that they have the
same efficiency. Next, we consider how efficient are these
choices?

Figure 2(b) depicts the efficiency Yy and Yimg(e)
corresponding to VBOC1(ppna)(t) respectively vs. signal
design and optimization parameter «. As shown in Figure 2(b)
efficiency for either Y;(,) or Yimg(e) at @ = 0.5 equals to
Yi(a=0.5) = Yims(a=0.5) = 0 in corollary 6 of (Progri 2015, [2]).

The argument can be made that the choices on
BOC(1,1)(t) = VBOC1(1,1 4=0)(t) on GPS L1 data signal and
BOC(3,1)(t) = BOC(1¢5)(t) = VBOC1(3,4=0)(t) or the GPS
military M-code (Progri 2015) [6], (Progri 2012) [7], (Progri et.
al. 2007) [8], (Betz 2001-2002) [12], and (Sousa and Nunes,
2013) [24] on both GPS L1 and L2 frequencies are arbitrary
and 100% inefficient in terms of out of phase ACF; i.e., BOC
modulation is just as inefficient as the BPSK modulation in

terms of out of phase ACF.

exact check is given by means of the continuity theorem in the generalized form
in Appendix A.

i Ditto (53).

v Ditto (53).

v Ditto comment on (69) can be applied in (70).

Vi There was an error in (72) in [7]. Equation (72) is the correct expression.

vi "+ " denotes the transpose of a vector a.
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