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This paper discussed generalized parabolic cylinder function (or GPCF) distribution’ (or GPCFD) probability density
function (pdf) in a manner that is original and never presented before in the literature. For GPCF the closed form
expression of the cumulative distribution function (cdf) is given by means of series expansion of the four Kampé de
Fériet functions and six confluent hypergeometric series of two variables. Numerical results are derived for each case
to validate the theoretical models presented in the paper.

Index Terms—Bessel functions, modified Bessel functions, cumulative distribution function, Kampé de Fériet

function, series expansion, closed form expression, signal analysis, generalized functions, pdf cdf analysis,

hypergeometric series, confluent hypergeometric series of two variables.

1 Introduction

The parabolic cylinder function (PCF) [1] distributions (PCFDs)
are distributions that involve the computation of PCF.

The application of PCFDs is limited to gamma like
properties as described in (Mathai and Saxena, 1968) [2]. In
(Skjong and Madsen 1987) [3] a PCFD is known as the Pierson
and Holmes distribution.

Even in Electrical and Computer Engineering the discussion
of PCF applications is limited to a small number of publications
[4]-[7].

Moreover, the numerical evaluation of the PCF is also

Marvels in analytical derivations series

limited to special software such as (Wolfram 1999-2016) [8] or
a special MATLAB toolbox (Cojocaru, 2009) [9].

Although the pdf of GPCFD was known, I found no
references that discuss the cdf of GPCFD. These facts alone
demonstrate that the cdf of GPCFD in closed form expression
perhaps did not exist prior to this publication.

The real application that generated a very serious interest
researching GPCFDs is because of adaptive GPS signal
detection based on DCAC and more specifically under the
assumption with GPS signal present, the statistics are GPCFDs
(Progri et al. 2016, [14], [15]).
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This paper presents the first attempt to produce a closed form
expression of the cdf of GPCFD. Although I have produced a
closed form expression of the cdf of GPCFD, which contains
four Kampé de Fériet functions (Progri 2016, [13]) and six
confluent hypergeometric series of two variables [10], I do not
believe that this closed form expression is simplified enough to
enable a fast numerical computation of the cdf of GPCFD in
MATLAB.

More theorems are needed to prove that indeed the closed
form expression of the cdf of the GPCFD is indeed a valid cdf.

This paper is organized as follows: in Sect. 2 GPCFD pdf is
presented. The series expansion of the GPCFD is discussed in
Sect. 3. Section IV contains numerical results; Conclusion is

provided in Section V along with a list of references.

2 GPCFD PDF
The GPCFD has its pdf given by

do(x) Zggol(N—k—l)![bo(x)DI;;;éﬁ)cE(lazl](tl;(x)Dk_N[cl(x)]]
frep(X) = - 1)
where Dy (z) is called the PCF (see [10] pg. 1028 9.24-9.25)

and H; (N) is the Hermite polynomials (see [10] pg. 996 8.95)

2 () =3 ag-(x) = % — ag(1); g+ (¥) = 5+ A () ()

a? , a? ,
bo(x) = e+%0"®; b, (x) = e 0r®) 3)
co(x) = aap-(x); ¢1(x) = aay+(x) 4)
do(x) = e~20@GD) (5)
b = i1 (©)
a? = > YR up; 2 = of (7
1,k 22\ _1
D(z) = 272W & 1(5) 277 2 = o), &1 ()} )
atTa 2
1_ 2Ng, 02N 0
¢  V2m(N-1)! ©)

Theorem 1: Prove that the GPCFD fpcp (x; a, b, c, N) given by

(1) is a valid pdf; i.e., prove that two conditions must be met:

freon(x;a,b,¢) =0 (10)
and
fjooofpcu,zv(x, a,b,c)dx =1 (11

where —oo < a,b,c < o0 and N = 1 positive integer.

Proof of Theorem I: Let us prove them one at a time. First in
order to prove (10) we must show that for all values of —oo <

x <
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do(x) ZN—l(N_k_1)!{b0(x)Dk_N[Co(x)]+b1(X)Dk_N[C1(x)]]
0 k=0 Hk(N)—lak—N = 0

: > (12)

Let us consider the parameters of (12). First, since N is a

positive integer then

N21=>N-120=>W"-1)!=20=1>0 (13)
Hence, substituting (13) into and given that g,, > 0 and o >

0 we have

1 ZNO'WO'ZN
¢ =m0 (9

Next, from (5) we have
dy(x) = e~ %&b > 0 (15)
Next, in order to show that (12) is true we must show that for

—o00 < x < 0

H,(N) n!{bO(x)Dk—N[CO(:z]jil(x)Dk—N[Cl(x)]} >0 (16)
where
n=N-1-k>0, k={01,---N—1} (17)

Let us consider the elements in (17) one at a time. First, since
a > 0 then

a¥* >0 (18)
regardless of N and k. Next, from (17) we have
nl=WN-1-k)!>0, k={01,---N — 1} (19)

Also, from (see [10] pg. 996 8.95 2.) we have

1—2—1(’2‘)N—2+2—2-1-3-(")N—4

k
6

In order to show that H, (N) > 0 we must show that from (20)

H,(N) = (2N)" (20)

_2—3.1.3.5( )N—6+...

the following holds

271 (’;) N-2<1 @1
and

2%-1-3-5(5)No <2213 (BN (22)
or we must show that

(’;) <2N%for k>2 and N > 3 23)
and

5(2")<2-(’DN2; for k>4 and N> 5 24)

Or we must show that
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@<2N2;k22and1vz3 25)
and
5 k(k—1)(k—2) (k—3) (k—4) (k—=5) <2. k(k—1)(k—2)(k—=3) N2 (26)
1-2:3-4-56 1-2:3-4
Or we must show that
k?—k <4N? k=2, N=>3 27)
and
k=D& o2 (28)
6
Or we must show that
AN2 — k2 +k>0,k=2, N=>3 (29)
And
k-4 k-5<Ek-1Dk—-1) <N <12N? (30)

Hence, H,(N) > 0 for k < N. Hence, in order to prove (16)

it remains to show that for —o0 < x <

bo(x) Dx_n[co(x)] + by (x)Dy_plc1(x)] = 0 (1)
From the definition of b, and b, (3) we have

a? 2 a? 2
bo(x) = e %@ > 0; b, (x) =e+%*® >0 (32)

From the definition of the PCF (see [10] pg. 1028 9.24-9.25)

we have

Dy_nlci(x)] >0 for i ={0,1} if k < N

which is true anyway. So, we have proven that (1) is true.

(33)

Next, we have to show that (2) is true. In order to show that (2)

is true, we must show that

Hye(N)n![bo (00D gy [co(0)]+b1 (0D [e1 (0)]]
k=N
C

do(x) TRZE

1%,

Or by changing the order of summation and integration we have

dx =1 (34)

z:1\1_1H}¢(N)711 f_oooo do(0){bo(X)Dg_ Nlco(0)]+b1(X)Dg_ple1(0)]}dx
k=0

T =1 (35

Or
N_ln!{ffooo do(x)boDk_N[co(x)]dx+ffooo do(x)lek_N[q(x)]dx}

Zk:o Hk(N)—lak—N

c =1 (36)
Let us evaluate these integrals separately
Jokn(@, b, ) = [ do(X)bo(x)Dy—y[co(x)]dx 37
and
Juen(@ b, ) = [ d; (x)by (x)Dye_yle; (x)]dx (38)

First, from (2) through (5) and (37) we have
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o ks
—00  (x—b)2 _ﬁ(i x—b)2

e Zaz e 4 2 2aZ

gOk,N (a, b: C) =

c2 2a2
Let us make the substitution

—q(t_x2
y=a (cz 2a2)
We have the following

dy

Substituting (40) and (41) into (39) we have

© —2a?

- y_1\* »?
Jokn(a, b, c) = —2a fm e (“ CZ) e+ D_y(y)dy

which is equal to

© 1 ﬁ
Jorn(a,b,c) = 2a f_oo e " erD_y(y)dy

Substituting the result in (see [10] pg. 842 7.724) we have

a2

N < 1
1 1\ 2 4—4— a 1\ 2
2ay(1-3) ? et Mnen|3(1-3) ]
a,b,c)=
Gokn(a, b, c) a1
which can be simplified as
k—N 2

Jorn(a,b,c) = 2a \E @

Similarly, let us solve the second integral.
First, from (2) through (5) and (38) we have
pe-n[a(z+322)]

f—OO (x—b)2 _ﬁ(i x—b)2
e 2a%2 ¢ 4\c2 2a2

[oe]

glk,N (a, b: C) =

Let us make the substitution

x—b)
2a?

We have the following

yza(i+

c2

dax
dy =322 1%:=2y - %

Substituting (47) and (48) into (46) we have

o —pg2(Y_1) 2
Guen(a,b,0) = 2a %, e &) D, (y)dy
which is equal to
——(y_ciiz) v?
Jien(a,b,c) = 2a f_ooe t esD_y(y)dy

Substituting the result in (see [10] pg. 842 7.724) we have

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(43)

(49)

(50)
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2

kN 6_41 L
2a(1-3) 7 e heen| 5027
Juen(ab,c) = e (51)
which can be simplified as
k=N 2
3 az 2
Guen (@ b,c) = 2a \f— ()7 eseDin (=%) (52)
It turns out that
k=N g2
T3\ 2 yachp, (2
o (@ b,€) = guen(a,b,c) = ) G "5 (53
Finally, substituting (53) into (35) we have
k=N a2
ey PO )T S0 ()
“TN5 i =1 (54)
Or we need to set
N o o k
NOK 3354\/; N Hk(N)n‘( ) Dy N(\/—,_-Z)
E a_l_N Zk:(] ak = 1 (55)
Substituting the value of (9) into (55) we obtain
a? N o
S Af2a - 3
¢ = v _ Ve () aniss mon(5) vien(Fa) (56)

2N g, 02N = N
Corollary I: Let us prove that in fact (see [10] pg. 842 7.724)

is correct.

Proof of Corollary 1. Let us assume that a = 0, k = 0, and
N = 1. From (42) we obtain

(y_c%) 2 o,
[ - 21 - [ _2_1 -
Joe % edDenyOdy = [ e e+ D (Ndy (57
From (see [10] pg. 1030 9.254 1.) we have
b0y = E[1-o(2)] (58)
Substituting (44) into (43) we obtain
3y2 3y2
o [1-0(F) [Se™ 7 ay-25e” 7 ®(L)dy
\/gf_w[ e ] dy = ¥ (59)
e 22172

Let us solve these two integrals one at a time. The first integral

is given by
[e] _ﬁ 2 ro0 2 21
e zdy= |S) e dx= |7 (60)
The second integral is given by
[Se o (L)dy =0 (61)

77

Using the series expansion of the error function ®(y) (see [10]
pg. 889 8.253 1.) we have

k., 2k+1
22 (62)

(2k+1)!!

CD(y)——e v Y=o

Or the series expansion of error function @ (%) is given by

28_%212”:0 kzklyzk+1 2e_y2—222°=0 1y2k+1
Y\ _ 22k _ 22(2k+1)!!
® (ﬁ) - NS - Vi (63)
Substituting (63) into (61) we obtain
2 fjooo e_Zyz 220:0 1y2k+1 dy 2 Zw_ow
22(2k+1)! 22(2k+1)!! _
= = = =0 (64)
Finally, the answer to (61) becomes
Frlide - flE-z 5

Instead, 1f we employ the result from (see [10] pg. 842 7.724)

we have

1 e oy - N LMORNE-NEETR ey

Hence, (65) is identical to (66).

Let us assume that a # 0, a’ = ;iz, k=0, and N = 1. From

(46) we obtain
—M 2 2 (- ti)z
e e4Dk Oy = [ 2 D_;(y)dy (67)

which is equivalent with

)2 (f -—)2
o é—% [e™ 2 [1-0(F)]ay
- i D_y(y)dy = —

\/ZE_ s
T

which can be decomposed into two integrals the first of which

(68)

is

2a’\?

VIy-2a_
2a'2 ( Y V3 2a'2 2a'2
[=4) -/ 0 _x2 =
2e 3 [ e ™ dx me 3

2 RE 2 R
T T

And the second of which is given by (if we make the

(69)

substitution x = 3y — %)
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which can be written as (see [10] pg. 891 ex. 8.259 1.)

2a

2
a’? x? 3 VZno
R e g <3x2JlT‘ ) (71)

s s
n n

which can be simplified as

n2
2a'2 (‘Ey_%> 2a'2 Z,
I 2 o(Fay €’ ”“"< 5“) 72)
B - V3
Substituting (72) and (69) into (68) we obtain
5 2 2a'2
o %—w me 3 [1—<I><\Ea’>]
[Se* % DL(dy =————"2 (73)

Finally, substituting the relations of D_;(y) in (43) we obtain

2
2 (y-d)

2
0 1 a- ,
[2e" E DLy = [T, (La) (74)

If we had to use (44) we would have obtained

ﬁ_(y—fi’)z 2

[e3) 4 1 2 e 2 a

[2e" E Do)y = [Zesn, (L2) (75)
Again, we see that (75) is identical to (74).

This concluded the discussion on the parabolic cylinder

function distribution.

3 Series Expansion of GPCFD CDF

In this section the series expansion of GPCFD cdf is given. The
work that is needed to produce the cdf of GPCFD is not yet
completed. Although I have been successful to produce the
closed form expression of the cdf of GPCFD its simplification

still remains an issue.

3.1 GPCFD CDF

From the definition of the pdf of GPCFD, we define its

corresponding cdf as

Journal of Geolocation, Geo-information, and Geo-intelligence

Fpcpn(x;a,b,c) = f_xoo freon(t a, b, c)dt (76)
—ow < a,b,c <o and N = 1, which can also be written as

x n-17Po Pk Nlco@Lb1 Dy yle1 )]
[ oo @0 (&) Xge= 01 H(N)~1ak—N

c

Fpcpn x) = (77)

where C is given by (56).

Interchanging the order of summation and integration we

obtain
N1 oo do(®]bo(ODy_yleo(®)]+b1 (D _ple1 (O]]de
F, o M)t 78
pcon (X) c (78)
If we define next
Jokn(x;a,b,¢) = f_xw do(t)bo (t) Dy—n[co(®)]dt (79)
and
Juen(x;a,b,c) = f_xw do(t)by (t) Dy_y[c, (D)]dt (80)
then if we substitute (79) and (80) into (78) we obtain
Z1}2,_111![gok,N(x;a,b,t:)+g1k,1\,(x;a,b,¢:)]
=0 s
peon (G @, b, ¢) = . 81)
Fpepn(X; a, b, €) Hie @)

c
It remains to compute the functions gy n(x;a,b,c) for

i ={0,1}.
First, from (2) through (5) and (79) we have

[x _penfalaisd)

gOkN(x a, b C) © (t-b)2 a2(1 _t-b dt (82)
e 2a% ¢ 4(?“?)
Let us make the substitution,
1 t-b
y=a(z-5) 5)
We have the following
1 x—b
dy= - 1o, yo ) (84)

Substituting (83) and (84) into (82) yields

Dg-n(¥)

Joxn(ab,c) =—2a[° » (X_L)Z — dy (85)
e a c2) 71
where
N 1 y? \/ﬁyq) 3y
T (1175 p32
Do u() = E2072) 7 ) (86)
24e’ %
where
1 x—b
xo=a(z-33) (87)
1 =Nk (83)
2
#=1_N_"‘=l_1 (89)

Substituting (86) into (85) yields
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2
CP(A%;YT Vzy® H%;%)
VI 00 T(W) T'(4)
24 fxo ZaZ(X_LZ) dy
a
Join(a, b, c) = o (90)

As we can see the integral (90) can be split into two integrals

avr f°0 (/1%;}12_2)

22-1r(w) Jx Zaz(z_iz)z dy ©n
e a ¢

gOklN(a b,c) =

And
3y
V2r oo VP43
Jokzn(a,b,c) = — 2,{1_1?.7(1/1)]‘ ( z 2) d 92)

Z
x
0,42 (X_Lz)
e a c

Let us try to solve integral (91) based on one definition of
the confluent hypergeometric function [11] as follows

. w?
1\ (0l € 2 uA—1(1—wH-1gy
()

X0 2 Y
o o) o2 )
%0 a2 1) 4 NE)
e a
Changing the order of integration in (93) produces
uy?
Ly Jy uAt(a-wHt f;:%dydu
o ""(’157) dy = (E2) (94)
%0 sa2(2-3) r=1(3)rarw
e a

In order to solve (94) first we have to solve the following

integral

2
uwy” y 1

©_ ez " 2a(Z-3)
RS 2 a c
Lo/ oy dy = [ e y
e c
From (Gradshteyn, Ryzhik 2007, [10] pg. 108 2.33 ex. 1) we

have

95)

[oe]
a2
2=z 3 u 2a
v
2 e ¢ erf] /2——3/—
u u 2

2

(o] e 2 _ l
X md T2 ~ Zazu (96)
a ¢z . = (1_1)
X0
Equation (94) can be simplified as
uZLZ 1 —2a25_4—[1 f(ﬁ )]
“ i — E_ e —er ur
fxo md}’ = \/;217 o—2a2c %2 97)
e a ¢z
where
B 98)
And
i = _u
RN (99)

Next, we have to solve the following integral

79
A ) flul l—wH—1y
Ta-u)k- v Yo" —2aZc —4—u—2
ffo SHe2@2c H(1-u2) du = BV c2aZc 7 (100)

The expression in (100) cannot be solved by means of
normal integration. Instead, we will use the series expansion of
the exponential function (Gradshteyn, Ryzhik 2007, [10] pg. 26
1.211 ex. 1)

A 2 —4~—2\TM
g2t w — g (CETD) (101)
Substituting (101) into (100) produces
. [C4u2] uA—1 (k-1
ut -k o Sm=0 W=
Ifo 2ife2a%c” 41(L1 —Z)d 3 1 2a2 - (102)
an_iec—‘l'

Changing the order of summation and integration in (102)

yields
2a? m 1uA—1(1—w)Hi-1
| JoTpmmr —du
f ut1(1-w)k1 Zm 0 peot (103)
0 yge2atc™*(1-u72) 13 202
n_EZEe c*

Finally, it remains to solve the integral in (103) as follows
(see Gradshteyn, Ryzhik 2007, [10] pg. 317 3.197 ex. 3)

fl ur1(1—y)H-1

0 gy W =BAWFW, LA+ 8 H) (104)
where
v=m-— % (105)
1
p=1 (106)
Finally, substituting (104) into (103) produces
[Za ] B(A,u.)F(le+,u.4)
1wt l(a—y)k-1 Vi Zm=o o
\f Jo ey du = = (107)
2v2e c*
In order to solve the following integral
\/7 1u1_1(1—u)“_1erf(ﬁu')du
A-1 -1 ’ 0 2a?
LTt erf(v2u') 2o ot
0 T du = T (108)
2ue2€_4 *(1-%) n 22v2e c*

We need to the series expansion of the erf(\/fu') (see
Gradshteyn, Ryzhik 2007, [10] pg. 889 8.253 ex. 1) as follows

p2my12m+l
— —Zu
erf(vV2u') = DRI TR (109)
Substituting (109) into (108) produces
j2m, 1 2m+1
1 Im=o EmrDn ¢
lul_A(l—u)”_leﬁerf(\/fu’)du 0 (1) 1By 1-Agie2U2x0?
J = ¢ (110)
0 3 zﬁ _2a? _txga 2a2
22iie c*e ctu? e 2 T &
where
12 2a? ~2 2 4xpa
2u'" — v X 2 (111)
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In (110) we change the order of summation and integration

and we obtain
p—1,,12m1

1(1-u) du
0 T2xn2
0 ul—Aﬁezu X0
fl ui_}‘(l—u)“_lx/ﬁerf(\/fu’)du _ Zm=0 2= ZM(me Dl 112
0 3 ,a? _2a? - 2a2_4xpa ( )
22%ie cte c*u? ect ¢z

It remains to simplify and solve the integral in (112). But first
we must simplify the following
uwP™ = (fix, — aii~lcm2)2mtl (113)
We expand (113) using the binomial expansion (see Arfken
and Weber 1995, [12], pg. 317 binomial theorem) as follows

u'™ = x,™ U2 (1 - atitcmH™ (114)
where

m =2m+1 (115)
Or

ulm’ — Xom,ﬁ2m+1 Z:}O: ( )( a~—1 Z)q (116)

Substituting (116) into (112) yields,

#meo()(54) e

iic2
50 0 1-A(1—q)1-Re2U2x0?
fl uwlAmerf(Vau')du _ Em=0T M —2MGminu 117
0 3 zﬁ _2a2 2a2_4xga ( )
(1-u)H-122%e c*e c*u? ect 2

Changing again the order of summation and integration in
(117) yields
() it 2y,

0
nlg—2m)g2 ¥

00
T
)
[ee] C
fl ui_}‘\/ﬁerf[ﬁu’]du 22m=0 2-2M 2m4D)l (118)
0 3 2[1:ﬁ_2] —2xg2-4%0a, 2a2 \
[1-u]l~HKii22e a=2c* e 2t

Finally, it remains to solve the integral in (118) as follows
(see Gradshteyn, Ryzhik 2007, [10] pg. 349 3.285)

21
¢1(A q—2m;A+u; _TZ)

1 l 1(1 u)“ 1
fO (g-2m) x2, MU= B~1(4u) (119)
(1-3) z

Next, substituting (119) into (118) we obtain

()8
0 q Xp“1
fi ul_lﬁerf[ﬁu']du Zq:[) Jia —q ¢1(lq 2m;A+u; __Z>
(i [cz
[1-u]l~Hge a”2c¢t  ~m=0 2 2M2m+1)!
: B —2x, 2+4"‘0a+2a2 (120)
2 B-1(Awe ° ct

Next, substituting (107) and (120) into (93) yields
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i]mF(vl-lﬂti)
= LA+
\/;meCT!“
3 2a% 1 -
2 22e ¢* B=1(Aw)r~1(z)r(r
o o(222)ay e Ar=1(3)rOTw)
Yo —afy 12 (q)xm’ xg?1 (121)
23 22) 2g= 0[ =™ q’l(M EmiAy T'Z>
2
Zm=o0 < 272M(m+ 1)1
2a2_, 2 _4xpa
ect 0 T BT AWr()raorew
Next, substituting (121) into (91) yields,
[ v/1/1+p. )
vm2” 2200 m! -
2
( a )q>1 A,q—zm;uu;—x%%
avm E?IO=U ( [—_a]_q )
00 c2
Zm=0 xp ™ 2=2M(2m+ 1)1
e—ZXQZ—MZ—(Z)a
Joran(a,b,c) = e (122)

B1(AmI(r2(wet-te ¢t
Next, let us try to solve integral (92) based on one definition

of the confluent hypergeometric function [11] as follows

2
3 f1 e%u”_l(l—u))‘du
(_) fooy 0 d

wyo(ui)a 2/ %o y_1)?
X ’ ( 23121> - = F(ez;(5+;) ) (123)
’ ezaz(a‘—z) #

Changing the order of integration in (123) produces

uyz

1, 2
2 Jout 1(1—u)’1f;°7y8 ~dydu
o, z(X_L)
e “\a"e2

)2 dy = r—l(g)r(u)mu)

In order to solve (124) first we have to solve the following

[

3
© yq’(#g

X
0 542 %_
e

(124)

(?u|"‘ N

integral
2
a cz) dy (125)

Equation (125) can be written as follows

o W _,p2(¥ 1) S
fxo ye 2 2a (a cz) dy — fxo ye 2()7 b Zycz+c4)dy (126)
Next, we recognize that exponent of the exponential function
inside the integral in (125) can be written as
2 2 2
R I N

c? 4—u

Next, substituting (127) into (125) yields

(v-522)
ol B Tic
a_cz) dy = Jxg7e —2 d (128)

a2/ u
e‘zﬁ(ﬁ)
Next, in (128) we make the substitution

y =ly—— = y=L+-— (129)
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Hence, we obtain the following
dy' =tidy = dy = i (130)

and

yoln =y =2 le (131)

Next, substituting (129), (130), and (131) into (128)
produces
uy?_, 2(y_1)? ©(y' +=%)e=2v"? ay’
f ye 2 —2a (a cz) dy = fu (y ucza)ze ” d (132)
ﬁze_zc_‘l(m)
Equation (132) can be broken into two integrals:
© _50y2
uy Z_Lz © —2ylzd I afu,eNZy dy
[2yes 20(Gg) gy ST O e (133)

2e 2_(4 u)
The first integral in (133) is solved very easily as follows:

o0
- 2 —Zyl2 |
2y! 2
f Y= dzyr e w

! —2}” = = — =
fu’ ye dy 4 4 4

— 2
e 2ul

(134)

The second integral in (133) is also solved very easily as
follows (Gradshteyn, Ryzhik 2007, [10] pg. 108 2.33 ex. 1):

® 29?2 g1 _ Eerf(\/fyl)“.; _ El—erf(ﬁw)
S e dy—\/; i (135)
Substituting (134) and (135) into (133) we obtain
2 a mw1—erf(v2ur)
- ﬁ_zaz(z_%)z _ 9—24u 2 : J; ﬁsz
o yer Tl dy = 7 (136)

Before computing the integral we recognize the following
simplification
2a(2x0-%)
a’?( u 2] c2
2|5 (%) - = 20(2x0-2)

— c2 2 4 Xou
- 2x0 +

c2

— 2% x?
(137)

Next, we have to solve the following integral (Gradshteyn,
Ryzhik 2007, [10] pg. 349 3.385)

X0
v—1 w-1 _(_T>u
1u (1-w) e

du=B(v,w)¢1<v,1;w+v X_ol)

0 2 ‘4
(138)
4ezx0——(2x0 CZ)
where
1 N-k _ 1
U—#ZE—TZE—A (139)
w=a+1="F41=2—y (140)

Next, we have to solve the following integral by substituting
(101) as follows

2 .—45-2\" ]
2
o w-1aegw-1 P (a— W15 %
2|Jo T —du=J; 3 du
2

3
_U)2
(1 4) €

(141)
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Changing the order of summation and integration into (141)

yields
(2a2c7%) flLu)"‘;idu]
u\M+3
\/7 1 uv— 1(1 u)Wzl du:z;.?l_o (1_1)
3 7 B m!
l 12e (1-3)
e (142)
2a-1c2e’ct
Substituting (104) into (142) produces
a2c4 m m E,v;v W;l
s e el
2|Jo a2 )
u 3 _264(1—2)
(1-5)% T
22 (143)

2a~1c2e rd
Next, we have to solve the following integral using (109)

vt _— 22my, 2m+1
1wV 1 a-wW- 1erf(\/—ul) f @AW Sm= 0 ZmFDl
0

I du

2=
i c4u2

3
f— —Z—N
i3e N 2ﬁ3ezu e c*u2

(144)

a‘ln_lzﬁczez‘cl_“
In (144) changing the order of summation and integration
and substituting (111) yields

Mmooy 1 w—1
prer e, g,
22 y o u3e2" X0
u3e ctu? _ ~m=0 (2m+1)! 145
ﬁ - zﬁ_ll-xga ( )
a~ln—12yZc2e’ a-1c2e’ct ¢2
Next, we substitute (116) into (145) and we obtain
! q
bora w1 —w-1
1(1-wWterf(v2ur) fol 1 O(q)[ucz] o
fo 7_2 P du Z°° Z_meo uz_ZmeZu x§
ul-vyde ~ctu? m=0 (zm+1)!! (146)
az - a? 4xpa

282 285
a~ln~12y2c2e" c* a~1c2e"ct 2

Changing again the order of summation and integration in

and after simplifications (146) yields

s (TG ]fou”‘lﬂ;w“;ldu

1(1-wW— 1erf(\/—ul) ]
uq-2-2mgy ¥

Jo P

o0
wl1-vg3e a2 _ Zm=0 27 2My =M/ (2m4+ 1)1 (147)
ﬁ - —ox 2_4x0a+2£
a~ln-12yZc2e’ a~lcze 70Tz A

Finally, it remains to solve the integral in (147) as follows
(see Gradshteyn, Ryzhik 2007, [10] pg. 349 3.385)

2
X0l
(o] <vq 2-2m;v+w; 24)

1 u? 1 1-u)¥ 1
[ (1__)(q(2 z)m) =, du = W) (148)
4
Next, substituting (147) into (148) we obtain
IIM
el = — ;21'2:,2” = (149)

2 —2x 22
22 B-lww)a~lcZze 0 2 Tct

Next, substituting (138), (143), and (149) into (123) yields
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2
X0~ 1
d>1(v1 wv—, 4>

a
250 —2o{zm0 %)
s 0 T2\ 2

—g4\m 3 1

JEZ“) (2a%2¢74) F(m+7,v;v+w:z)
24m=0 m!
L2
2a-1c2e cF

m/ a4 1
23020( q )[C—z] ¢1(vq 2-2m;v+w; ——0—>

+

0
Im=o0 z_zmxo_m’(2m+1)"
2
3y 2 4an
<I>( ,—;—)d —2X 2%
R GY hd a—1c2e 07 ct

B=1(vw)I~ (z)r(v)r(w) (150)

Next, substituting (150) into (92) yields,

2
¢1(V1W+UTZ
2 za —_a\t
B P
pe 0T cZ\*H0T 2

2 —4\" 3 vawsL

o0 (2a%c™4) F(m+2,v,v+w,4)
24m=0 m!
p— a2
za_lcze *
oo (mA=a]d a1
50 Zq:o(q)[cz] @1(vg-2-2my+wi-37
m=0 27 2Myx =M (2m+1)!
2
2 4xpa . a
—2x%— +25r
a—1c2e 072 4

Jorzn(a b, c) = 73 1 . (Is5D)
220~ 1r (2B~ ww)r 1 () r)rw)

Finally, if we substituting (122) and (151) into (90) yields

222" 1
& F(v,/l;lﬂt;z)

m!

Vi Sm=0

/—\ Njw

1l Ag—2m;A+p; ——01>

[‘—“]_q

2

x0T 272M(2m+1)!!
4x0a

_2x0%—
e

2a?
a-lm” 2B LAWT(T2(W2r-1e
¢1<v1w+v—%—> (152)

4’4
+

Jokn(@, b, c) =

82 (2x032)
2x§ - 2x0——
g 0T Z\X0T 2

—g4\m 3 1
JEZOO (2a%2c74) F(m+7,v;v+w;z)
24m=0 m!
- 2
za_lcze *

0 (ml a1l 0 1
211:0( q )[C—z] ¢1(vq 2-2muy+wi——n g
2=2My ;™ (m+ 1)1

2
2 4Xpa, . a
-2xG-=3+2 g

00
Xm=0

a~1c2e

A—

a~12 %F(A)H_EB_l(U,W)F_ (E)F(v)l“(w)

Second, from (2) through (5) and (80) we have

Pe-nfa(Gz+5z2)]
gun(ab,c)=[" o TB? aZ1 eon) Ot (153)
e 2a2 ¢ 4‘(C2 2a2)
Let us make the substitution,
1 t-b
y=a(z+52) (154)

We have the following
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at o(Z+53)
dy=—_;t=>| 0=y 5 ™ (155)
Substituting (155) and (154) into (153) yields
Guen(a,b,¢) = 2a [* —2NO) gy (156)
2 2(%——2) _y-
C e 4
where
1 -b
n=a(5+57) (157)
Substituting (86) into (156) yields
(D(Aiy— Vzy® #3y2>
Z_Af—oo r(u)2 z(y 1r)(2/1) dy
ez
glk,N(a' b' C) = eO.Sa_l (158)

As we can see the integral (158) can be split into two

integrals

aVm fX1 ¢(,1_l;3’2_2> d

_ 2
Juan(a,b,c) = 2211 (p) 7= zaz(%_iz)z g (15
and
3y
yo(p3=
glkZ,N(a' b' C) = - azr fxl ( - ) dy (160)

2
2A-1r() -'- 22 (%_LZ)

There are two ways 2 solve the integral in (159). The first

way would be as follows:

2 1y2
o *(13%) - o(15%)
————=dy=1—-| ———=d 161
f_ooez 2(%_%)2 y fxl 22(% CLZ)Z y ( )
Hence, (159) can be obtained from (122) as follows
Juan(ab,c) =1— gon(ab,c xo.1) (162)
Similarly, (160) can be obtained from (151) as follows
Jueen(a b, c) =1 - goean(ab,c,xo.1) (163)

The second way is by means of direct integration.
Let us try to solve integral (159) based on one definition of

the confluent hypergeometric function [11] as follows

2
B T
fx1 @(15?) _dy = ezaz(ﬁ_c_z) (164)
- Zaz(%_iz) Y= (DI (1-p)
e

Changing the order of integration in (164) produces

2

uy~
B e PR
x1 ( 2 2) 2a (a CZ)
. zdy = < (165)
2a2(2-1%) r=1(3)r(ru-1)

In order to solve (165) first we have to solve the following

integral
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uy” uy? 112
o e(f =L ez @) ay (166)
2a2(2-%

From (Gradshteyn, Ryzhik 2007, [10] pg. 108 2.33 ex. 1) we

have

X
f_olo 2az(z_i)z dy 2 242 (167)
“a A6
Equation (167) can be simplified as
i3 22 1 yert( )]
x e 2 1 e 2% [ perf(vZur
f—°1° 2 z(y 1) zdy = qu e—2a%c™4u2 (168)
" \aez

Without any loss of generality following the derivations from
(100) to (121) and keeping in mind (167) we can arrive at the

following result

m

2a? 1
o A F(v,/l;lﬂt;z)
\/ﬁzmon
2 j +
3 2a2 1
1y? 22e ¢* BT AWI 1 (3)r(rew
x, P\Az5)dy
f—olo 1 z = 0 (q)rlm x1%1 (169)
R L A St
5% [cz]
m=0 272M(2m+ )l
Z
%_lez 4x1a

T BT ()rrGn

Substituting (169) into (159) produces

222" 1
25| Flvaa+ws)
NS A R
™ im=0 m!

3 2a2

22e c*
()
00 q
g=0T__=q

_2]

272Mm+1)!!

2a2 2_4x1a
= 2

o A —2X1
1
a~in 222N (WB = (A)r = ()rr ()

Without any loss of generality, we can obtain

2 1
¢1(/1q 2Mm;A+u; ——1—>

)

00
Xm=0

(@b, c) = (170)

_71.
2x3- zz(le a)
et c

oo (2a%¢7%) F(m+§,v,v+w%)

m!
— a2

Pl
2a~1c2e" c*

mn[—al? x21
23020( q )[C—z] ¢1(vq 2-2m;v+w; ——1—>
272Mx 7™ (2m41)1

2
2 4x1a,.a
—2x5— +2=1

172 t2a

00
Xm=0

a~1c2e

91kz2n(a, b, c) = 23 I 3 a7
2" 2a-1r M) ZB_l(V,W)F_l(E)F(U)F(W)

Finally, if we substitute (170) and (171) into (158) yields
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2a2|™
=% | Fwar+wp)

VEZm=o—
3 2a%
2Ze c*
(nz;’ i i1
=q ¢1<Aq 2Mm;A+u; ——1—>
—a
2]
272M(2m4+1)!l
E_z 2_4x1a
ect c2

Tato

)

00
Xm=0

1 1
a~in 22471 (OB~ (A (Z)rre

2
— 1
glk'N(a, b, C) - ¢1<U1W+17712>
N "y
2a a
e
—gq\m 3 1
JEZw (2a2c7%) F(m+i,v;v+w;z)
2 ~m=0 m! |
_ 2 y

(172)

Lt
2a=1c2e" c*

2
m/ 1
Zao 0( [CZ] d>1<vq 2— 2mv+w——1—>

200
272My 7™ (2m4 1)1

m=0

z“%a—ir(A)n‘fs—l(u,w)r— 1(3)rw)rw)

Next, one can substitute (152) and (172) into (81) which
yields for the first time the closed form series expression of the

cdf of the generalized parabolic cylinder function.

3.2 A Simplified Series Expansion of GPCFD CDF

Now that we have produced GPCFD cdf we will simplify it to
enable its calculation via MATLAB.
The first simplification comes from the definition of the Beta

function as follows

r(rw
T(A+up)

B(Auw) 1
T(Ar(u) TA+wp)

B, w) = (173)

The second simplification is due to the numerical values of
A+ p in (89); hence,

BAw _ 1 1 1 VrB(A,u1)

TOrG  Toww () Vw = Tore — L (174)

The third simplification is because of recursion formula of
the gamma function
rA+1) =1r@d) = r(§+ 1) =-r(§) (175)

The fourth simplification results from the following

L
" g UG
6_4 1=0— /1 1

v, A —— 1 u
Zm o[ ] m = 21‘3:0 m! (2)l (176)
which can be written as
X (3. @
Y= o[m—!)—Zm 02> o (lz)m l[ ,] (177)
2y

Or this can be written with the help of the Kampé de Fériet

function [13] as follows
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2a2]™ 11 — ]
o [C—4] F(vaigg) FLO1 24 1 178
m=0 m 001 1, 4, ( )
'2'
Similarly,
3
o (Zazc_4)mF(m+§.v;§;l) 1012 TV 2a? 1
Ym=0 ml =22 = Fo.on 3.y (179)
. l2l

2721y ™ (am1)n

4xpa
—2x(2)— (2)
e C

2a%
a~1r(u)22-1e c*

,g()k_N(a,b,C) = 2 _2a at (180)
4ezxo‘c—z(2x0‘c—z)
T 1:01|2 V202 1
ZFoon|” 3aa
— _._'7'2 —
a
a‘lczezc4
popad (m’)_—aq'ib v —2—2m-§-—ﬁl
o 2a=0lgq)[gz| ®1\74 272
Zm=0

2=2My oM (ma1)n

2

2 _4xpa,.a
2x5— +2—
072 &

a~1cZe

24 zam1ryr-1(2)

And

m=0 272M(m+)!
2a? 2 4x1a
2a%_,, . 2_4x1a
e 4 1 2

a~122-11(p)

(@ b,c) = - zxg_z_a(le_if (181)

2
o (mn[-al? 3 xf{1
Se=o('q )[_Cz] “’1(""1‘2‘2’"?2;_ 21'Z>
2_2mxIm’(2m+1)!!

2
2 4x1a,.a
2x9— +2—

1772 &

a~1c2e

A 2a-1ryr-1(2)

Next, the simplification of the following term is needed:
— 2
O e )
?

272M(2m+1)!

Yim=0
The simplification of the (182) is not easy obtainable. After

(182)

the simplification of (182) is completed then I believe the next

step would be the computation of the closed form expression of
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the cdf of GPCFD via MATLAB.

At that time I will also construct a series of theorems that are
needed to prove that indeed the GPCFD cdf given by (81) is a
valid cdf.

4 Numerical, Theoretical Results

The numerical, theoretical results section contains a few

simplified examples.

4.1  Examples

Figure 1 presents three scenarios of the PCFDs pdf and cdf. In
Fig. 1 (a) we have assumed that a = 1, p = 1; and (top) b =
1; (bottom) b = 0. The results of Fig. 1 (b) are similar to those
of Fig. 1 (a) for values of a =2, p = 2; and (top) b = 2;
(bottom) b = 0. It appears that the mean of the parabolic
cylinder random variable is equal to b. The shape of the
parabolic cylinder pdf and cdf is very close to that of a normal
or Gaussian. We should also say that GPCFD pdf and cdf exists
only for integer values of p. In Fig. 1 (c) we have employed the
results of Fig. 1 (b) but we have produced half GPCFD pdf and
cdf.

This concluded the discussion on examples and numerical,
theoretical results.

Once, the analytical work for the computation of the cdf of
the GPCFD is completed and verified then its computation is
possible via MATLAB.

I am going to publish it as soon as it becomes available.

5 Conclusions

We have been able to produce for the first time the complete
discussion of the GPCFD pdf. We have showed that this is a
valid pdf function and we have produced the valid normalized
coefficient. This work is original and never published before in
a journal paper.

We have been able to produce for the first time the closed
form expression of the cdf of the GPCFD which contains four
Kampé de Fériet functions (Progri 2016, [13]) and six confluent
hypergeometric series of two variables [10].

Nevertheless, we do not believe that this closed form
expression is simplified enough to enable a fast numerical
computation of the cdf of the GPCFD in MATLAB.
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(a) GPCFD pdf and cdf for a =1, p = 1; and (top) b = 1;
(bottom) b = 0.
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(b) GPCFD pdf and cdf for a = 2, p = 2; and (top) b = 2;
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(¢) GPCFD pdf and cdf for a = 2, p = 2; and (top) b = 2;
(bottom) b = 0.

FIGURE 1: Numerical calculations of the GPCFD pdf and cdf:
(a) a=1, p=1; and (top) b =1, (bottom) b = 0; (b) a =
2, p = 2; and (top) b = 2, (bottom) b = 0; (c) Half of (b).

We have also shown why more theorems are needed to prove
that indeed the closed form expression of the cdf of the GPCFD
is indeed a valid cdf.

Once all this work is completed then the differentiation
theorem is also needed to be proved to show that indeed the cdf
of the GPCFD is exactly the one coming from the pdf of the
GPCFD. The differentiation theorem might also lead to the
computation of the derivative of the Kampé de Fériet functions

(Progri 2016, [13]) and six confluent hypergeometric series of
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two variables [10].

Once all this work is completed then the analysis of my
initial publication on [16]-[27] need to be reworked to consider
scenarios valid for GPCFDs.
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