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The computation of the hypergeometric function partial derivatives when the hypergeometric function coefficients
are function of the same parameter is discussed in this paper. Initially, special cases are considered as the computation
of hypergeometric function partial derivatives is straight forward. In the case of Euler integral, Gauss power series
(or Binomial expansion without and with maneuvering), and Taylor expansion, the computation of hypergeometric
function partial derivatives leads to the creation of new entries in the Table of Integrals, Series, and Products. This
paper is based almost entirely on the creation of original analytical derivation but as far as numerical results special
cases may be considered as such.

Index Terms—Hypergeometric functions, partial derivatives, Euler integral, Gauss power series, Binomial expansion,

maneuvering, Taylor expansion, special cases, Table of Integrals, Series, Products.

1 Introduction

The computation of the hypergeometric function partial
derivatives is a very important problem that has occurred and
may occur more frequently than we think in the future.

For the first time I came across with the computation of the
hypergeometric function partial derivatives as I was preparing
Chap. 8 of my pioneer publication on Indoor Geolocation
Systems—Theory and Applications [1] in 2013.

I needed to compute the statistics of a new distribution model
called the exponential generalized beta distribution [1], (see also

Progri 2016 [2]) based on some initial work presented in [3].

Marvels in analytical derivations series

Although I spent nearly several weeks and a few months with
my derivations it appeared to me that the solution seemed too
laborious and it would almost lend itself to unknown errors or
mistakes which was the main reason why I decided at the time
not to publish my book and my derivations on this subject matter.

It was not until last year that I created Giftet Journal of
Geolocation, Geo-information, and  Geo-intelligence
specifically to give me the opportunity to thoroughly investigate
and publish problems such as the computation of the
hypergeometric function partial derivatives and the computation

of exponential generalized beta distribution [2].
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The first mention of the hypergeometric function partial
derivatives with respect to its coefficients is given by Rassias,
Srivastava (2002, [4]). This mention is very brief and it is not
connected to any of the applications. The only contribution
coming from the mention of Rassias, Srivastava (2002, [4]) is
with respect to the generalized harmonic numbers.

Various algorithms have been developed over the years that
deal with creation of identities of hypergeometric functions [5]
(or even generalized hypergeometric functions [6]) such Gessel
et. al. 1982 [7], Gessel 1995 [8], Koepf et al. 1995 [9], and
Bagdasaryan 2010 [10], just to name a few.

The work discussed in this paper is entirely original, novel,
and innovative. It is not based on any similar work presented in
the literature.

The main theme in this paper is to present several methods
that discuss Hypergeometric Function Partial Derivatives and
connections among each method.

The methods discussed in this paper appear to be particularly
useful during the computation of probability density functions
(pdfs) [11], or cumulative distribution functions (cdfs) [12], or
their statistics based on methods discussed in Mathai, Provost
2004, [13] (or see Progri 2016, [2] for a brilliant application of
the above).

This paper is organized as follows: in Sect. 2, hypergeometric
function partial derivatives computation of special cases is
discussed. In Sect. 3, hypergeometric function partial derivatives

computation via Euler integral form is presented. Section 4

contains  hypergeometric  function partial  derivatives
Letting F [a(tc)('f)gt);z] denote a hypergeometric function
a(®),b(®); ] _ [a(t),b(t); _ [
F[ cw; AT ey FIEA

a(t),b(t), ] _
ct) 7 :2F1[ c(t)
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computation of special cases via Euler integral form. In Sect. 5,
the discussion of the hypergeometric function partial derivatives
computation via gauss power Series (or binomial expansion) is
treated. Section 6 contains similar discussion as from Sect. 5 but
with maneuvering; i.e., in Sect. 6 hypergeometric function via
Gauss power series (or Binomial expansion) with maneuvering
is discussed. Section 7 contains the computation of the
hypergeometric function partial derivatives when the
hypergeometric function is expanded via Taylor power series
expansion (of the exponential function). In Sect. 8 a numerical
example is considered. Conclusion is provided in Sect. 9 along

with a list of references.

2  Hypergeometric Function Partial Derivatives
of Special Cases

The computation of the hypergeometric function partial
derivatives of [some] special cases is very important because
special cases are, in the end, employed to test or validate our
analytical derivations [5]. If it were not for special cases, we
would have almost no confidence that our analytical derivations
are correct and our treatment would almost certainly contain
errors.

Before, I discuss special cases let us consider the formulation
of the problem, which is the notation that is being used and the

condition of the parameters.

a(t), b(t) 2| = Fila®, @2 ()

where a(t), b(t), and c(t) are simple functions of t and 0 < z < 1. There are applications that require the computation of the

partial derivatives with respect to ¢ and then their evaluation at t = 0; i.e.,

OO a0
ot - at |
t=0 0
Or
O o)
at = at
t=0 0

Initially we assume that a(t =0) =0, b(t =0) #0, c(t =0) =0,

()

3)

da(t db(t de(t
a(t) ’ )] # 0, and c(t)
dt l¢=g dt l¢=g dat li=g

The immediate questions are: What will this function look like? How do we compute something like this?
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Although there exists a short list of identities for particular values of z [7], [8] in general there is no expression that shows how

a(t), b(t);
aF [ c();

] can be expressed with the help of other functions which makes very difficult the computation of (2).

Initially, let us compute the special cases solution for z = 0, z = 1/2 and for z = 1 and then approach the most general case.
First, for z =0

a(t),b(t);
et =) = @)
at dtli=g
t=0
1+a(t)+b(t)

Second, for z = 1/2 and for c(t) = we obtain the Gauss second summation theorem [5] that can be written by the

2
help of a compact notation (Gessel 1995, [8]) as follows

F[a(t),b(t); 1] B 1, 1al0+h® rfyr[era@+bo)

_1 2 2 =_t2l 1l 2 |
1+a(t)+b(t) ;Z =3 1+a(®) 1+b@®)| = F[1+¢21(t)]r[1+b(t)] (5)
2

2 2

)

Taking the partial derivative with respect to ¢ based on the identity

aF(t) _ 0[e!°8IF®I]  F(1) a{loglF ()]}

ac at - at (6)
or
a(Ob(D); a(®),b(t); 1 1+a(t2)+b(t)
OF|1+a(®)+b(D) 7=3 MZ— ]aIOg{F[1+a(t) 1+a(t)]}
5 = T 7
or

; [ OO g +pen w2 dla@) p[H*2P]aibo)
oF Dl 1vam 14b®

dat dt dat
2 2

= =0 ®

1 1+a(t)+b(t)
[2 2

1+a(®+b(t) =7
5

a(®),b(®); 1”

at

t=0

Third, for z = 1/2 and for b(t) = 1 — a(t) we obtain the Bailey’s summation theorem [5] as follows

c(t) 1+c(t)

a(t),1—al(t 1 2
F ( ) ( ) _] =T 2 2 (9)
c(t); 2 c@®+at) 1+c(t)-alt)
2 ! 2
Similarly,
1@ (y[Olatecen y[HeOaren w[* P3Ol atewr+aw v G=2Olare-a]
aF[a(f) 1-a(t);, ] Tl ey +a(® 1+e®-a® dt : dt dt dt

c(t); ~2 _ 2~ 2 =0 (10)

at 2
t=0

If we were to assume that in the Gauss summation b(t) =1 — a(t); i.e., a(t) + b(t) = 1 and in the Bailey’s summation

theorem c(t) = 1 then Gauss second summation theorem and Bailey’s summation theorem are identical as follows

1
-1 1
dul—dﬂ:_q_ 2 _ B
F[ 1. z=-= r 1+a(t) - a;t) = F{H;(n]r[l_@] (1)

6F[a(t)'11_;a(t);z=%]

And the derivative of is equal to

at
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1
F[1+a(t§ l_a(t)}{lp[l_a;t)]_w[1+¢21(t)]}d[¢;(tt)]
2 2

oF a(t),lfa(t);zz%] »
ta} 2 ) (12
t=0
Fourth, for z = 1 we obtain the Gauss identity as follows [5]
a®),b®);_ _ 1_ [c®)can(®
[ =1 = (19
where
Cap(t) = c(©) —a(®) —b(t) = c(t) = b(t) —a(t) = cpq (14)
cq(t) = c(t) —a(t) (15)
cp(t) = c(t) — b(®) (16)
Similarly

6F[a(t)‘b(t);z=1]

c(t);
at

Ple®ldic®] , Yleap®]dlcap®]_plea®ldlca(®)] w[cbm]d[%(nﬂ
— dt i dt t dt (17)

d
_1[C(f).cab(t)

t=0 ca(t),cp(t)

t=0

Rearranging the terms of (17) we obtain

6F[a(t)‘b(t);z=1]

c(t);
at

Wlca®]-Y[cap®]}dla®]  {Wlcp®]-[cap®Ndb®]  {wlc®]+P[cqp®)]-wlca®]-Y[cp@®)]}dlc()]
_ dt ) dt ) dt
- _1[C(t).6ab(t)

ca(t),cp(t)

(18)

t=0 t=0

We can see that in this case, a closed form expression of (2) exists for special values of z = {0,1} regardless of a(t), b(t), c(t)
and for some z = 1/2 for a special arrangement of a(t), b(t), c(t) = M or a(t),1 — b(t),c(t).
In general, however, we can only find a complicated closed form expression for 0 < z < 1 and an exact, less complicated closed

form expression for z = {0,1} and for z = 1/2 for special arrangement of a(t), b(t),c(t) = M or a(t),1 — b(t),c(t).

3  Hypergeometric Function Partial Derivatives Computation via Euler Integral Form

Hypergeometric function via Euler Integral, since, Euler was the first to have studies its integral representation [5].
Let us consider the more general case; hence, 0 < z < 1, z # 1/2 the integral representation of the hypergeometric function
[5]is
B[b(t), c, (D]F [a(?('ggt);z] = fol xPO1(1 — x)®O-1(1 — zx)~*Ogx (19)
If we were to make the substitution x = e™ then we obtain another identity of the integral representation of the hypergeometric

function [5]

BIb(@), oy @1F [ X0] = 7 evor (1 — ey0m11 - zeyatoay (20)

Taking the partial derivative of both sides of either (19) or (20) produces

B{B[b(t),cb(t)]F[a(?('g(;t);z } o[ [ xPO1 (1)1 (1—zx) W )
at - at 2D
Or
a(t),b(t); 0 _
B{B[b(t),cb(t)]F[ o z} o[ [ &Py (1-6=7)b (O (1) =2V gy} 22

at at
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The left side of either (21) or (22) yields

ofsib@cr@e[* Q0 ]} MO omib@csen Bl 10|
= + (23)
at at at
The partial derivative of w can be easily computed as
6{B[b(2)t.cb(t) = B[b(t), ¢, (t)] [w b(t)]d [b(6)] + V’[Cb(t);f[cb(t)] _ ll)[C(t)]d[C(t)]] (24)
Next, substituting (24) into (23) yields
a(®),b(t); a(t),b(t); [b(t)]d[b(t)} ¥le m]d[c O] _plec®ldlc®]], {F [ o }
a{B[b(t)'cb(t)]F[ c('t); 'z} F[ c('t); ][IIJ S : . at ) C(t) (25)
at - 1[b(t).t:b(t)]

The derivative of the right hand side of (21) and (22) reads with the help of Leibniz integral rule [14], or differentiation under
the integral sign rule [15], or Reynolds transport theorem [16] as follows

3[fy *O1(1-0) O (1-22)"¢Oax| fl 9[xb®=1(1-x) O (1—7x)~a(®)]

at 0 at (26)
or
a[f(;” e—b(t)y(l_e—y)Cb(f)—l(l_ze—y)—a(t)dy] _ ooa[e—b(t)Y(l_e—J’)Cb(t)—l(l_ze—y)—a(t)]
at —Jo at dy @7)
Next, taking the partial derivative of (26) and (27) yields
(1—x)cb(t)_1(1—zx)_a(t)6[xb(t)_1]
9[xb®=1(1-x) O (1-zx)72O)] ot
at - xb(t)_l(1—zx)_a(t)6[(1—x)cb(t)_1] xbO=1(1_x)pO15[(1-zx)~21)] (28)
+ +
at at
or
(1—e_y)cb(t)_l(l—ze_y)_a(t)a[e_b(t)y]
a[e—b(t)y(l_e—y)'—‘b(t)—l(l_ze—y)—a(t)] ot
at = e—b(t)y(l_ze—y)—a(t)a[(l_e—y)%(t)—l e—b(t)y(l_e—y)cb(t)—la[(1_Ze—y)—a(t)] (29)
+ +
at at
Further expansion of (28) and (29) yields
3[x®O=1(1-x)b O (1—7x)720)] log()d[b(8)] . log(1-x)dlcp(®)] log(1—zx)d[a(t)]
— = pla(®), b(t), c(t); x, 7] {PE2OL . oeQ0dlay O] loeQom0deD} - (30)
or
0| @Y (1-e=¥)pB~1(1-z¢7¥)a(O) dib(®)] | logi-e)dlep(®] _ log(1-ze)dla(w)]
[ — L- gta, b0, o(t); x, 7] {— 2700 4 REUze D] eCoee DAO (31)
Where
pla(t),b(t), c(t); x,z] = xPO1(1 — x)®O~1(1 — zx)~2® (32)
Sla(t),b(t),c(t);y,z] = e POY(1 — e ¥)bO-1(1 — zg7¥)~a®) (33)
Next, substituting (30) and (31) into (26) and (27) reads
log(x)d[b(£)]
dt
F) 1 b(t)—l(l_ )L‘b(t)—l(l_ )—a(t)d _
o 0RO _ 1) a(e), (e, (0,7 [+ 2001 (34)
_ log(1—zx)d[a(t)]
dt

or
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_ ydb(®)]
dt
3P ety (1—e=¥)p®)~1(1_ze-¥)—alt)y g
[P e DR _  sla(e), b(e),c(2); v, 71 | + A= 200] g, 35)
_ log(1—ze~Y)d[a(t)]
at

Next, equating (25) with either (34) or (35) yields

o025 log()d[b(®)]
F[a(t),b(t);z] [w[b(t)]d[b(t)] Wlep@dlep®)]_plewldle®]], c®); dt
; . .

(o) ‘ at at % = [Mela®), (), c(t); x, 2] |+ 2EEDAON gy (36)

B~1[b(t),cp(t)] dat
_ log(1—-zx)d[a(t)]
dt
Or
yd[b(6)]
a(t).b(t); -
p[a(t),b(t):z][w[b(t)la[bml Wlep®]dlep®)] w[c(tnd[c(n]],"{" [ c(t); dli g dyf) 0]
c(t); dt ' dt dt ' ot [ . og(1—e™Y)d[cp(t
B_l[b(t),cb(t)] - fO 5[a(t)! b(t)! C(t)' Z Z] + dt dy (37)
__log(1-ze™¥)d[a(t)]
dt
ofr[ O]
Rearranging (36) and (37) and setting the partial derivative of ;(tt); produces
t=0
log)dlb(®)]
dt
s @la(®.b@),c(0mz)|+ B0l
a{F[a(t)b(t) }l _log(1-zx)dla(®)] w[b(r)]d[b(t)],w[Cb<r)]d[Cb(t)] Yle®ldle®]|
c(t); — dt t=0 __ at at le=o (38)
ot | BIb(0),cp®ll=0 [a(t)b(f) ]
t=0 c(t); t=0
Or
RLLG)
15° 8la(®b(.c(t)y.2) W
a{F[a(t)b(t) }l _log(1-ze~¥)dla(t)] [b(r)]d[b(t)] w[c;;@]d[%(t)] Yle®ldle®)]|
c(t); — dt t=0 __ at le=o (39)
ot | BIb(®),cp®)]le=0 [a(r)b(t) ]
t=0 c(t); t=0

oG

Equations (38) and (39) represent the general formulas of the partial derivative o

t=0.

The first question is: Are these equations unique? From the properties of the hypergeometric function [5] we have

in the integral form evaluated at

a(®),b(®); | _ p[b(®),a®);,
F[ c(t); Z]=F c(t); (40)

Hence, in (38) and (38) we can interchange a(t) with b(t) and vice versa and we can obtain a new set of identical equations

as follows

log(x)d[a(t)]
dt
Iy @Ib(@®,a(),c(0)x21|+EI=0epOl gy
a{p[2@®.b(@®); log(1-zx)d[b(t)] Yla®ldla®] w[cb(t)]d[Cb<r)] Yle@®ldlc@)]|
c(t); z | — B dt t=0 __ dt dt |t=0 (41)
ot Bla(t),cp()]lt=0 [a(t)b(t) ”
t=0 c(t); t=0
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_ydla(®)]
dt

12 81b(),a(0),c(0yy,2) |+ 2B )b 0Ly,

a{F[a(t).b(t);z} _log(1-ze™¥)d[b(t)] Yla®]dla®)] w[c:;(t)]d[c:;(t)] Yle®]dlc®)]]|
c(t); | — dt t=0 _ dt de le=o (42)
at Bla(t).ca(t)]lt=0 [a(f)b(f) ”
t=0 c(t); t=0

ol p[a©b©),
So, I believe that (38), (39), (41), and (42) present the complete set of identical equations of { [ ;(tt); } in the integral form

evaluated at t = 0.

4 Hypergeometric Function Partial Derivatives Computation of Special Cases via Euler Integral
Form

There are several special cases that we can recognize in either (38) or (39).
First, if a(t) = a, b(t) = b, c(t) = c are constants then from either (38) or (39) we obtain

a{F[a(t)za,b(t)zb;z }

c(t)=c; _
or =0 (43)

as it should be.
Second, if b(t) = b, c(t) = ¢ are constants then from either (38) or (39) we obtain

of POl - a0 s Otoga-anaPax| 44
at - B[b,c—b] (44)
t=0
Or
6{F[a(2'b;z]} _ —f;oe_by(l—e_y)"'_b_i(1—ze_y)_alog(l—ze_y)d[‘;(tt)]d r—o 45
at - B[b,c—b] (45)
t=0
And from (41) and (42) we obtain
"D _ e 0ane Ot Plogeo-tog-nIfgax] | Wla@I-le-aDIGE
< =0 46
at Bla(t),c-a(®)]lt=0 - [a(t)bz” (46)
t=0 ¢
Or
ofr[*0"]) —ly” emaOY -6 )0 01—z ) Ply+iogi-e ey la@l-ple-a@p G 47
at h Bla(t).c-a(®)llt=0 F- [a(f)bz” (47)
t=0 c;
Third, let us consider that C”t(t)] 0 or d[z(:)] = d[l;(:)] d[z(t) then from either (38) or (39) we obtain
"o | _ 5 olapey oSOl losAsR ey gpib)-ple@D B )
oo | BIb(D,cp(D]le=o0 P [FOPO ]
t=0 c(t); t=0
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a{p[“(?('f)(f);z }l - f;o 6[a(t)'b(t)yc(t):y'z]{ydgzt(t)]elog(l—zed_ty)d[a(t)]} dy| i Wib®)]- w[c(t)]}d[b(t)] - '
at - B[b(t),cp()]lt=0 - [a(t)b(t) ” (49)
t=0 c(t); t=0
Fourth, let us consider that % =0 or d[;(tt)] = d[‘;(tt)] [l;(t) then from either (41) or (42) we obtain
a{F[a(E)(,f)(;t):Z}l _ Jy olb®.a®,c@ ) Ee0] Los0=mdbONG, | ylae)-ple@piG] 0
at - Bla(t),ca(®]lt=o - [a(t)b(t) ” (50)
t=0 c(t); t=0
Or
ofe[“Uo )| -k 5160 a(0)c(0)y )P L B2 RO ) e reondla)| -
at - Bla(t),ca(®]le=o - [a(t)b(t) ” (5D
t=0 c(t); t=0
Next, let us consider the case when d[‘;(tt)] = d[l;(tt)] = dlc(t) then from either (38) or (39) or (41) or (42) we obtain
6{17[‘1(?('?)(;0;2” IO 0O () Otog(Z )80y Wbl —plended| -
at | - B[b(t),cp(O)]le=0 [a(t)b(t) ” (52)
t=0 c(t); t=0
Or
6{17[‘1(?('?)(;0;2 }l R e OO (1 gy (o) pleople) e
at | - B[b(t),cp()]lt=0 - [a(t)b(t) ” (53)
t=0 c(t); t=0
Or
B{F[a(?('f)(;t);z}l x0T a0 O 1) P Olog(Z) MG ] wla@l-ple@D UG e
at | N Bla(t),cp(®)]le=0 [a<t>b<t> ” 4)
t=0 c(t); t=0
Or
6{F[a(?(’f)(;t);z} - J3? e U 0¥ (1-e DO (176 ) POy +log(1-ze NPEAgy|  la@l-wleen US| -
at Bla(t),cp(O]lt=o - [a(t)b(t) ” (55)
t=0 c(t); t=0

o0

By inspecting (38) through (55) we arrive at the conclusion that the computation of o

by means of integral

t=0

a{F[a(t) ,b(t); }

equations requires the computation of a laborious integrals; hence, we must seek alternate means to evaluate c(t);

at
t=0
Next, we can find several closed from expressions of these integrals for special values of z.
First, substituting z = 0 into (38) and (39) yields
b O] ordles O] Yb®db®] w[Cb(t>]d[Cb(t)] w[c(t)]d[c(r)]I
1 b()-171 _ +\cp(D)-1 log(x)d[b(t log(1—x)d[cp(t dt dt t=0
Jyx"07 A=) [P e ax] 1[b(t).cb(t)]lt=o (56)
Or
(e ales (O] o) YIb®O1db®], Ylep®ldep®)] w[c(t)]d[c(rnI
© by (1 _ »-v\cp)-1 [logA—e"Nd[cp(®)] _ yd[b(t — dt dt dat t=0
fO € (1-e™) [ dt d ]dy| =0 B~ 1[b(t),cp(®)]l¢=0 (57)
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Substituting z = 0 into (41) and (42) produces identical expression of (56) and (57) with b(t) interchanged with a(t).
Equations (56) and (57) can be employed to create an infinite number of new entries into the Table of Integrals, Series, and
Products, (see Gradshteyn and Ryzhik, 2007 [17]).

After the separation of variables, we can obtain the following entries:

Jy #O7 = 0Oog () dr = TR (58)

Jy 27O =00 og(1 —dx = TREESIESE (59)
Or

J7 €207 (1 &) 3Oy 4 log(1 — e)dy = UL HEO) (60)

fi7 e 7O (1 = )0 og(1 — e~¥)dy = UBOIHIEC) (61

Next, substituting (59) into (58) and (61) into (60) we can create a new entry as follows:

1 b(t)-171 _ +\cp()-1 — Yb®1-ylc@®)]
Jyx (1—x)p log(x)dx = —[b(t) e (62)
Or
e~ POy (1 = g~ »)ep(®-1 — w[c(r)] Y[b(t)]
b (= e ydy = o Do) (63)

The entry in the Table of Integrals, Series, and Products (Gradshteyn and Ryzhik, 2007 [17] pg. 540 ex. 4.253 1.) is a special
case of (62) by taking b(t) = u/r and c(t) — b(t) = v after initially a substitution in ([17] pg. 540 ex. 4.253 1.) is performed for
setting x” = y from where we get exactly the answer in (62) scaled by 1/r2. Also the exactly same entry in the Table of Integrals,
Series, and Products (Gradshteyn and Ryzhik, 2007, [17] pg. 559 ex. 4.294 13.) can be obtained from (61) by setting b(t) = u and
c(t) — b(t) =v.

Next, substituting z = 1 into (37) and (38) yields

"’{F[a(?(f)(t) } N w[a(t)‘b(t)‘c(t);m][log(x;::[b(r)]=log(1—x;¢:[cba<r)]]dx| i _w[b(f)gtti[b(f)]=¢[Cb(t)]d[cb(t)] w[C(tE?[C(t)]L:o o
ot B[b(t),cp(O)]le=0 e 1[‘1(’5) b(t); ” (64)
t=0 c(t); t=0
Or
a(®),b(®);; ) . yd[b(®)] , log(1—eY)d[cpq(0)] w[b(r)ld[b(r)],w[Cb(t)]d[Cb(t)] Yle®ldlc®)]|
3{F[ () } _ Jo 5[a(t)'b(t)'c(t)'3"1]{ at ! a }dy‘t_o _ dt : dt  leep (65)
ot B[b(t),cp(O)]le=0 e 1[‘1(’5) b(t); ”
t=0 c(t); t=0

Or making some rearrangements we obtain

b(®)]d[b(®)], Ylcp(©)]d[cp(®) t)ld[c(t
a{ [amb(n m VLGILLIGIR [cp ][b ]w[c()gt[c( |

(t); =
| ()db( ) |, logA-x)dlcpa(®)] e | R | -
) b(t ¢ 1 og(x t og(1—-x)d|cpq(t d — t=0 c(t); t=0
f @la(®), b(), c(t); x, ]{ + at } x|t:0 B1b(6).cp(O)]le=o (€6)

Or

[b(®1db®)], ¥[ep®]d[cp () Old[c(t
ofr [a(t)b(t) m Lb@ldb®), Plep Jt[b ]w[c()gt[c( )|

c(t); t=0

log(1-e Ndlcpa (] _ yalb(®)] * P
© . ogll—-e Cha _ y — t=0 c(t); t=0
fO 8[a(®), b(®),c(t); y, 1] { dt dt }dyL:O B~1[b(t),cp(®)]lt=0 (67)

On the other hand, substituting (17) in both (66) and (67) produces
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w[c:;am]d[q,a(t)] w[b(t)]d[b(t)] Ylea®]dlca(B)]]

1 p(t)=171 _ wycpa(t)—1 [108)AB®] | log(1-x)dlchqa ()] _ de lt=0
e R a }de:o_ 1[b(t).cab(t>]lt=o (68)
Or
( e (O] o] Yleap®ldlcap®], YIb®IdIb®)] w[ca(r)ld[ca(t)]I
© _b(t)y (1 _ o-v\cpa(t)-1 [lo8(—e V)d[cpa(t)] _ yd[b(t _ dt ' dt dt t=0
Jy e (1—e™)ta { at at }dy | o B=1[b(0),cap(®)]le=0 €9

Equations (68) and (69) are identical with (56) and (57) in that ¢(t) — a(t) in (68) and (69) was replaced with c(t) in (56) and
(57).

After the separation of variables (68) and (69) is identical with the following entries

Jy #0711 = 00O og(1 — )y = Atall Veat) 70)
Jy 27071 = e ®Mog (327) dx = R )
Or
Jy7 €@ (1 = ey O log(1 — e )dy = YeartOl M) (72)
Ji7 €70 (1 — )1y + log(1 — e¥)]dy = HearWI0) 73)

After, substituting (71) into (70) and (73) into (72) produces

1 b(t)-171 _ +\Cpa(t)-1 _ YIb®]-yleqa(®)]
Jo x (1 —x)ep log(x)dx = —1[b(t) e, (O] (74)
Or
e~ b®Y (1 — g=¥)eba(®-1 — 1/) [ca(®)]-y[b(®)]
Jy e~ ey tydy = e (75)

It appears that (70) through (75) appear to be identical with (58) through (63) in which ¢, (t), c,(t) are interchanged with
cp (1), c(t).

Similarly, substituting z = 1 into (39) and (40) and then substituting (17) produces equations identical with (68) and (69) in
which a(t) and b(t) are interchanged with each other. Moreover, separation of variables will produce identical entries with (70)
through (75) in which a(t) and b(t) are interchanged with each other; hence, we leave this as an exercise to the reader.

Next, substituting z = 1/2 into (38) and (39) yields

log(x)d[b(0)]

dt
foltp[a(f).b(t),C(t);x%] +710g(1_92?[cb(t)] dx
a{F[a(t).b(t);g]} log(1-3x)dla(®)] w[b(f)]d[b(f)],w[cb(f)]d[cb(t)] Ple®ldlc®)|
c(t); 2 B dt t=0 _ dt de le=o (76)
ot B[b(),cp(D]lt=0 [a(f) b(E); 1”
t=0 c(t); t=0
Or
_ydb(®)]
dt
o0 1 —e7Y)d[cp(t)
2 slatnb.c ]|+ B AROl,
a{F[a(t).b(t);g]} _log(1-3¢™¥)dla(®)] w[b(t)]d[b(t)] w[cbm]d[cw)l w[c(t)]d[c(rm
c(t);, 2 dat t=0 __ at (77)
ot B[b(t),cp(O)]lt=0 [a(t) ,b(D); 1”
t=0 c(t); t=0

Equations (76) and (77) can be rearranged as
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log(x)d[b(¥)] + {F[a(f)b(t)l}
T ar C(‘) z
YIb@®dlb®)], ¥[ep®]d[ep®)] w[c<r)1d[c(t)1|
fl [a(t) b(t), c(t); x l] log(1=x)d[cp(t)] t=0 dt at (78)
0¥ ’ ’ ) dt B~1[b(t),cp(®)]l=0 B=1[b(t),cp ()]l e=oF 1[a(t) b(t) 1”
log(1-2x)dla(t)] Coitle=0 e 2ll,g
- dt t=0
Or
yd[b(®)] a(®)b(t)1
T o[, 2l
: at PIb®1db®)], ¥lep®]dep©)] w[c(tnd[cmn
[ 8[a@,b®, c@iy,l]| EEA gyl = oy a 79
o 4 Y dt Y ~ BTb(®).cp(®)]le=o B=1[b(6),cp(O)]le=0F~ 1[a(t)b(t) 1” 7
log(l—%e_y)d[a(t)] c(8); t=0
B dat t=0
Next, substituting (5) and (8) into (78) and (79) and c(¢) = 2O+ O iejgs
W"' WIb®OAlb®)], ‘”[M]d[““) b y[H*5atew) w[H5 2w
—b(t)—
1 b ©-1(1 2 22O iog(1-0)ala(0)-b (1)) % @ a “l,
f() (1 )a(t) 2dt x = 1+a(r) 1+b(r) (80)
-5 2
2 log(1-%)dla(t)] @r 2 a0 b0
B — 2l b ———|,_
dt t=0 t=0
Or
d[b(t) _
—%+ wi@ano), G2 daw-ben y[H 5Ot y[5Oare|
o 6Dy (1-e=3)" 70 |logi—e)d[a(®)-b()] ac a a “« L,
fo ( e_y>a(t) 2dt dy = N CEEG! (81)
1_—
2 log(l——) [a(®)] @F[b(t)zua(t) b(t)]
dt t=0 t=0
After the separation of variables in (80) and (81) we obtain
_b —_
1xb(f)—l(1_x)M[log(zl_x)—log(l—;—c)]dx I/)[1+a(t) b(t)] 1p[1+a(t)]
0 (1 x)a(t) 1+a(t) 1+b(t) (82)
- 2
2 e L(f) 1ralt)— b(t)]
(O=b(H)-1
1xb(‘)—l(1—x)af[log(x)—]0g(21_x)]d w[b(t)] Ip[1+a(t) b(t)] 1p[1+b(t)]
0 (1 x)a(t) - 1+a(t) 1+b(t) (83)
-5 2
2 e L(f) 1alt)— b(t)]
Or
we—b(t)y(l_e—y)w[w 10g(1——>]dy w[1+a(r) b(t)] 1/)[1+a(t)]
0 o=y a(t) 1+a(t) 1+b(t) (84‘)
( _T) ] L(f) 1+a(t)— b(t)]
a(®-b(t)-1
we_b(t)y(l—e_y)f[y log(1 e~ )]dy w[1+a(t) b(t)]+w[1+b(t)] —p[b®)]
0 ( e_y)a(r) 1+a(t) 1+b(t) (85)
2 FH b(E), 1+a(t) b(t)]
Between (82)-(85) we can recover anther equivalent pair of relations as follows
(O=b(H)-1
1xb(r)—1(l_x)aflogl_Lx/2 Wb (O] 1I)[1+a(r)] w[1+b(t)]
0 (1 x)a(t) dx = +a (D) 1+b(0 (86)
- R
F[%]F[b(t) 1+a(t)- b(t)]
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ooe—b(f)y(1—e‘y)w[yﬂog(l_?)] y ¢[1+a(t)] ¢[1+b(t)] —YIb(®)]
fo ey a(t) 1+a(t) 1+b(t) (87)
_e’ 2
(1 2 ) @ b(t), 1+a(t) b(t)]

1+a(t)+b(t)

Similar expressions may be obtained by substituting z = % into (41) and (42) and then c(t) = yields expressions

dla(®)] _ dlb®)]

dla(t)-b(®)]
dt dt dt

that are identical with (80) and (81) by interchanging a(t) with b(t). Finally, if we assume that =0 or

yields identical to (82) and (87) in which a(t) is interchanged with b(t).
Next, if we were to apply Bailey’s summation theorem [5] and b(t) = 1 — a(t) into (78) and (79) we obtain

e |, PR o
x(1-%) (0], [1+c® c(t)+a(t) 1+c(t) a(t) dle®)]
1 1| —2—— 4 Y Y 2¢p[e@®]+2[cp (D]
fo 4 [a(t), 1= a(t),c(t);x,g] lo (ﬁ;)d[c(t)] dx = { [ 2 ] [ ] [ ] [ ]c(t) 1+c(® } (88)
+ gT ZB‘1[1—a(t),c(t)+a(t)—1]1"—1[C(t)+a(2t) 1_f1(t)+c(t)]
2 ! 2
Or
y+1ogl=e )} fa(o) ‘ [ [y [ 2t ten 01-vib @D
e Y (t) 1+c(t) c(t)+a(t) 1+c(t) a(t) dlc(t)]
o 1 (1-57) Y[+ - —p 2p[e(0)]+29[cp (1))
Iy 8[at®),1 - a(®), c(®;7.4] = ay = W o v Fac o)
n log(1—e~Y)d[c(t)] 23—1[1—a(t),c(t)+a(t)—1]r—1[C(t)Jra(Zt)'l_fl(tm(t)]
dt 2 ’ 2
After the separation of variables in (88) and (89) we obtain
—a(t) (1 — () +a(t)] g e 1=X) _
0 OB [0 (OO iy, )-plb@)
fo a® dx = EORTE0) (90)
(1‘5) 23—1[1_a(t),c(t)+a(t)—1]r—1[C(t)m(zt)'l_fl(t)ﬂ(n]
2 ! 2
[0 O Ologn) 5t R e i 1. 2) R 4 G0 1)
0

a c(t) 1+c(t)
(1 2) 2B—1[1—a(t),c(t)+a(t)—1]1"‘1[ ]

2 272 2
c(t)+a(t) 1—a(t)+c(t)
2 ! 2

ela®-11y (1 _g=y)e®+a®) -1y 415617 "Y)
(1-57 [re=aO]_y[fOHO) ey ()] Ib O]

fooo >a(t) : ) dy = (0 1+ } (92)

e~y
(1‘7 2B_1[1—a(t),c(t)+a(t)—1][“1[C(t)+a(2t) e
2 ! 2

w0 ela®O-11y(1_=¥)e®+a®O-11og(1_o¥) P[] 4yp[ L)y [LO22O) [ 1HO=O] pype ()] +2p[cp (0)]
fo dy = (D) 15 ]

ey a(t) (93)
(1‘7) 23—1[1—a(t),c(t)+a(t)—1]r-1[C(t)m(zt)'i_fz(t)ﬂ(t)
2 ! 2

Similar expressions may be obtained by substituting z = % into (40) and (41) and then a(t) = 1 — b(t) yields expressions that

dle@-b@®1 _ or dle@®)] _ db@)]

are identical with (90) and (93) by interchanging a(t) with b(t). Finally, if we assume that p & =

yields other identical expression in which a(t) is interchanged with b(t); hence, we leave it as an exercise to the reader.
I believe that this technique is sufficiently explained and one can create many more entries in the Table of Integrals, Series, and
Products (Gradshteyn and Ryzhik, 2007 [17]) by substituting particular values of z into either (38) or (39) or (41) or (42) and

a(t), b(t);

s 2] Gee 7.t e = 0.

special arrangements of a(t), b(t), c(t), and particular values of F [
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Before we introduce a new method let us discuss the pros and cons of the current method. The main advantage of the current
method is that very effective for particular values of z of (38), (39), (41), or (42) and special arrangements of a(t), b(t), c(t),
a(t), b(t);

c(t);

The main disadvantage is that it only depends on depends or particular values of z and it requires new computation (or is

Z], (see [7]-[8]),at t = 0.

and particular values of F [

laborious) as every time it requires new analytical and numerical computations depending on particular values of z.

5 Hypergeometric Function Partial Derivatives Computation via Gauss Power Series (or Binomial
Expansion)

Hypergeometric function via Gauss power series, since, Gauss was the first to have systematically studied its series representation
[5]. In this section we show that in fact Gauss power series is nothing more that the Binomial expansion (Arfken and Weber, 1995,
pg. 317, [20]).

For this reason, let us employ Gauss definition of the hypergeometric function F [a(tc)('f)gt);z] for |z| < 1 as follows [8]

a(t), b(t); ] Tla(t)+n]r[b(®)+n][c(t)] 2"
F[ ®); Lni=o Tla(®IrbOIM[c(t)+n] n! O
Equation (94) can be written as
a(t), b(t); rlc(6)] Tla(e)+n]l[b(t)+n] 2"
F[ c(®); ] EOTBOI 2= Ml (95)
Taking the partial derivative of both sides of (95) with respect to t produces
aF[a(t).b(t); rlc(®)]
) {W]Z Ma@O+nIIbO] 2" | TIEO] 0 gior Tla@mIrb(O)n] 2" 96)
at at n=0 T[c(t)+n] nl ' Tla®]IT[b(t)] ot =7=0 Tlc(t)+n] nl
Next, substituting (96) into (97) yields
a(t),b(t); rlc(o)] a(t),b(t);
aF[ c®) * _a{r[amclr[b(r)]] F[ c); * 4 @] 3o {w}z 97)
at at Ta®ITBOT ™ Ta(0)]r(b(e)] <=0 ot Tlc(t)+n] nl

NEG]

After a few more development into the expressions of (97) we have

la@ 48O b0+l (e em D |

(o]
[a(t>b(t> “ Yle®ldle®]_pla®ldla®)] w[b<r)1d[b<r>1| Zn=0 F[c(t)+n] m|
c(t); — dt dt t=0 + Tla(®+n]IT[b()+n] t=0 (98)
at | [a(t)b(t) ” NEGINEG)
t=0 c(t); t=0 Tle®]  li=p

Separating the variables in (98) produces

[e(®)] TCla(®)+n]C[b()+n]pla®)+n] 2" a(t),b(t); ] }d[a(t)
{F[a(t)] Tb(0)] Z” 0 Tle()+n] i [ c(); Yla(t)] .
a(t),b(t);
aF[ c); ’ Ilc(0)] Yo Tla(®)+n]C[b(O)+n]p[b(t)+n] 2™ F a(t),b(t); 2| wib©)] b(t) 9
o Mla(@Irb(©] <= Mle(e)+n] n! c(®); t=0 9
t=0 N a(t) b(t); 2| wle)] - Tlc(t)] oo Cla(®)+n]M[b(®) +nlplc(®)+n] 2] dlc(®)]
c(t); Tla(]rb ()] “m=0 Tle(H+n] wjar |

Equation (99) provides the series representation of the partial derivative of the hypergeometric function with respect to t
evaluated at t = 0. We cannot employ this formula directly to compute the case when either a, b(t = 0) = 0 since is contains
singularities. In the Sect. 6 we show how to perform maneuvering first and then compute the partial derivative.

Nevertheless, before we do that let us consider a special case for the general series formula of the partial derivatives.

Next, substituting z = 1 into (99) and then separating the variables produces
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o Tla@®+n]T[b(®)+n]pla(t)+n]1

n=0 NEGED| nl Yla®)] B[b(8),cqp(O]{Ylc b(t)]—w[C(t)]}l —
NEGINEG)] EGEGH + - B[b(t),c‘;(t)] | =" (oo
Tlc)] F= [ c(t); t=0
o Tla@®+n]r[b(®)+n]P[b()+n]1™ |
n=0 Tc(O+n] nl_ Bb@®.capOIPb®]-Plegp OB Ylep(®)] _ (101)
Cla®OITb®)] B[b(t),cp(t)] [a(t) ,b(t); “ =
Tle(®)] c(t); t=0
o Tla@®+n]T[b(®)+n]Plc(t)+n]1™
_ 4m=o0 T[c(0+n] nl _ B[b(®).cap®OlYlcap(OI-plc(®)]} Ylep ()] =0 (102)
Cla@®Irb®)] B[b(t),cp(D)] - 1[a(t) b(t) -
T[c(®] c(®); =0
Equations (100) through (102) are identical with the following equations
»% Tla(®)+n]T[b(t)+n]plat)+n]1™ |
n=0 Tlc(D+nl o B[b(t).cap(O{Ylcap(®]-Plc®O}  pla®)] — 103
NEGINEG) B[b(t),cp ()] 1[a@®).b(®); | = ( )
NEG) [ c(t); ] t=0
y%0 Tla(®+n]T[b(®)+n]P[b(®)+n]1™
n=0 Tlc(O+n] oy B[b(8),capOIP[bO]-Plcap®}  Plep(®)] =0 (104)
Cla@®]rb@®)] B[b(t),cp(1)] 1[a®), b(t) -
Tlc(®)] [ c(t); t=0
790 Cla(®+n]T[b()+n][c(t)+n]z"
_ &m=0 Tlc(O+n] nl _ BIb(®).cap®IYlcap®]-1lc(®)]} Plep(@)] =0 105
Cla@®Irb@®)] B[b(t),cp(0)] 1[a(®), b(t) - ( )
el [ ey i,
Since (100) through (105) must have exactly the same denominator then
1 B[b(t).cap(®)] _
P [fOPO,] T Bl @an@] 0 (106)
c(t);
Or
t),b(t c(t), cap(t
F[a() ©; ]_ [b(®).cap(®)] —r[ (©), €ap( )] (107)
c(t); B[b(t),cp(t)] ca (1), cp(t)
Equation (107) is an indirect proof of the Gaussian identity at z = 1 that we employed in (11).
Finally, rearranging the terms in (100) through (105) and employing (107) produces
¥ I‘[a(t)+n]I‘[b(t)+n]1p[a(t)+n]1”|
NEGED nl — Yla®]+¥lc®)]-PleqpE)] 108
Tla@®Irb@®)] | - [a(t) ,b(t); 1] ( )
Tle®] t=0 c(@®); =0
»% I‘[a(t)+n]r‘[b(t)+n]1p[b(r)+n]1"|
n= T[c(t)+n] n! — PY[b@®)]+lcp ()] -Plcgp (t)] 109
Tla@®Ir[b@®)] | - [a(t) ,b(8); 1] ( )
Tle®)] t=0 c(®); =0
¥ I‘[a(t)+n]I‘[b(t)+n]1p[c(t)+n]1n|
Tlc(t)+n] n! — PYle®)]+yP[cp ()] -Plcgp (t)] 110
Tla®Ir[b®)] | - [a(f) ,b(t); 1] ( )
Tle(®)] t=0 c(@®); =0
Again, this technique gives the creation of new series identities.]
Next, let us consider the term (1 — zx)~%® in (19) closely. Employing the Binomial expansion, we obtain [20]
(=270 = 3z, (M HD T ) gn (111)
Substituting (111) into (19) we obtain
folxb([)_l(l—x)cb([)_l[Zfzo(mrar(f)_l)znxn]dx B f=0r[a(t1)"?cré]tl;£rlil(]t)+nljz? 112
BIb(®).c(O)-b(®)] - LCGILIG) (112)
Ile(®)]

Changing the order of summation and integration produces
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n —
SR e _ Zno(" 0T O o O e

Tla(OITb O] = (113)
e B[b(t).cp(1)]
Since, the integral in (113) is a Beta function [18] we obtain
J xP©=1(1 — x)e®O-1gx = B[b(t) + n, ¢, (¢)] (114)

Finally, substituting (114) into (113) produces
S R no(M O Bib @ +ep (612" e
Ta@Irb®)] - B[b(t),cp(®)] (115)

Ile(®)]
The identity (114) is true iff (if and only if)
a(®),b(®); _ 5™ O B el _ g b0 116
c); 17 BIb(®),cp(0)] - NGOG (116)

Tle(®)]
Thus, we have arrived at the definition of the hypergeometric function. Therefore, the original definition of the hypergeometric

function is based on the binomial expansion. There are several shortcomings of this expansion. First, since we are dealing with
additional singularizes at a, b(t = 0) = 0; however, d[a, b(t)]/dt|;—o # 0 it requires additional maneuvering. Second, binomial
expansion is very slow in terms of convergence. These two reasons alone are sufficient enough for us to look into a different type

of expansion of the hypergeometric function.

6 Hypergeometric Function via Gauss Power Series (or Binomial Expansion) with Maneuvering

The main problem for the Gauss Power Series (or Binomial Expansion) is that it has already produced an enormous expression (see
(98)) just for computing the first order partial derivative and we still have to do more maneuvering to eliminate a particular
singularity at 3a,b(t = 0) =0, I'[a,b(t = 0) = 0] = o Y[a, b(t) = 0] = —wo; however, d[a, b(t)]/dt|.=o # 0. Imagine what
happens for higher order derivatives.

Hence, the main disadvantage of the Gauss power series expansion is that it is not suitable for taking partial derivatives with
respect to its coefficients subject to the set of singularizes Ja,b(t = 0) =0, I'[a,b(t = 0) = 0] = PY[a,b(t) = 0] = —oo;
however, d[a, b(t)]/dt|.=o # 0 without maneuvering.

Maneuvering is the substitution of a mathematical identity that explicitly removes the singularity from the computation of the
gamma function. For example, if T'[a(t)] contains a singularity for a(t = 0) = 0 then if we substitute an identity I'[a(t)] =
['[a(t) + 1]/a(t) then the singularity is no longer in the computation of the gamma function.

Let us discuss the maneuvering that we have to perform assuming that a(t = 0) = 0,

a(t),b(); 1 _ a(®)rle(t)] rla(t)+n]C[b(t)+n] z"
F [ ;AT T Teonrp@i 2Tt w - LT 2090 (117
where
_ rle(®)] Tla(t)+n]C[b(t)+n] 2
IO = O @] (118)
or[(ODO,
Taking the partial derivative of +t): based on (117) expansion yields
A O “ ©)d[a(®)] ©)alg@®]] ®dla®)]|
c(t); _ g@®dla(t a(t)o[g(t _g@adla(t
at | =T a7 lt=o —  dt  le=g (119)
t=0
Where
_ Tlc(®)] T[nIr[b(®)+n] 2" l"[c(t) Fn+1]T[b(t)+1+n] z"+1
g9(t=0)= I[b()] Zn L rle@+n] ntl,og — Tb(®)] Zn O Tle+1+4n]  m+D g 0 (120)
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_ b(&) GO+ WaWn 2" _b®  [DO) + 1,115
g9(t=0)= c(t) 2 Y=o Cc@+Dn@n  nll_g oM c®)+12; 7 az1)
Substituting (121) into (119) produces
a(t)=0,b(t)
aF[ c(©); G b(t) + 1,1, L] dla@]
at ol ecy+12 % a im0

Assuming that a(t)]|
dt t=0

(122)
= a we obtain

[a(t) 0 b(t)
®;

PO b(t) +1,1, 1
at

C(t) c(t) +1,2;

(123)
The main question is: Is (123) the correct equations of the first order partial derivative? Let us evaluate (123) for values of z =
1
> 15

{0, ,1} For z = 0 we already know that F [a(t) Cz(g'_b(t);z]

= 1; hence,

t=0
a(t)=0b(t); _
or| c(®); z=0]

_ b - [b(®O)+1L1 ] _
o 0=a ) zF c(t) + 1,2; z - =0 (124)
t=0 ”
For z = 1 we already know the answer from Gauss theorem
aF[a(t) 0b(6);, ]
=) = a{yle(®)] = Yley (O Ble=o (125)
t=0
Hence, (123) is identical to (125) iff

b(t) b(t) + 1,1,1; ] _

0 | ooy 4 12 1| = ¥ L@ = pley®)] (126)
Or

MQ+LL1]

_ c(t){
c(t) +1,2;

S Wle®] - Plep O (127)
Is there any data from the literature that looks kind of similar to (127)? It appears from Gottschalk and Maslen (1988, [19] (2a) if
we substitute a = 1) we have

b(t)+1

= X0 (o) + 11 - p(1)

£[P® + 111 ]
Equation (128) is identical to (127) iff c(t) = b(t) + 1

b(t) + 2,2;

(128)

Next, for z = - we already know the answer from the Gauss second summation theorem as follows
aF[a(t):O,b(t); 1] e
1+b(t) z=3 liaS.24 NPy e
T; 2 — all)[ 2 ] w(2)|t=0
at 2
t=0

Equation (123) is identical to (129) iff

b(t) + 1,1,1; ]
F [1+b(t) _ 1400 {z,b [1+12J(t‘)

(129)

+1,2; 2

-v(3))

(130)
Next, for z = - we already know the answer from Bailey’s summation theorem as follows

oF a(t)=0,1—-a(t)=1;

c(); =%]| —a o[

at 2

(131)
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Equation (123) is identical to (131) iff

F[c(tz)lill;,z;%] = F[c(tl)'ﬁ 1;%] =c(® {‘/’ [H%m] _w[%t)]} (132)

If we were to substitute b(t) = 1 in (130) and c(t) = 1 in (132) then we would get an identical answer equal to
2,1,1;1 1,1;1

FI5s 5 = 5 = v —u () (133)

This concludes the discussion on the Gauss Power Series (or Binomial Expansion) with maneuvering. The computation of the

hypergeometric function partial derivatives of the second and higher orders are much more laborious and much more difficult to

come up with closed form expressions; hence, they will be considered in future publications.

7 Hypergeometric Function via Taylor Power Series Expansion (of Exponential Function)

Hypergeometric function via Taylor power series (Arfken and Weber, 1995, pg. 313, [20]) (of the exponential function) is an original
expansion of the hypergeometric function that has never been published before and it appears to be suitable for elimination of
singularizes at Ja,b(t =0) =0, I[a,b(t =0) =0] = PYla,b(t) = 0] = —co; however, d[a, b(t)]/dt|;=q # 0 without
any additional maneuvering.

Let us consider a different expansion of the of the term in (19) based on Taylor series expansion of the exponential function as

follows

(1 — 2x)~%® = g-a®log(i-zx) _ yoo [ZAOITETA-20) _ 9o  (Da] log" (1-2x) (134)

n=0 n! n!

Substituting (134) into (19) produces

n:

B[b(t), ¢, (D]IF [“(tc)(' tb)@;z] =[x O-1(1 = pyer(©-1 g COMAOIN Az g (135)

Changing the order of summation and integration in (135) yields

a(t),b(t); w  DMa@®] [y xPO-1(1-x)b O og(1-zx)dx
8160, 0, 01F [ ] = 52 , (136)
C(t)l n
Where
np[ A0,
B[b(t), ¢, (t)] Eg])n = [ x"O1(1 — x)©O~1og™(1 — zx)dx (137)
a(t)=0
Substituting (137) into (136) produces the Taylor series expansion of F [a(t)(tl;(t) ] evaluated at a(t) =0 or
N IGYIG) R LIGYIGN
a(®), b(®);, comtacon” e coraor? e
o ey = %% e R X T— (138)

t=0
Because the Taylor series converges much faster than the binomial expansion, the main question is how we compute
anF[a(t),b(t):

c(t);
ala()I™

a(t)=0

Next, let us examine the series expansion of log(1 — zx) and then log™(1 — zx) as follows

k,k

log(1 - zx) = = ¥, =~ (139)

kakZ

log"(1—zx) = (D" X¢ = 12 ot 1Zk2 =171,  Nken=1

zknyxkn

kn

(140)
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Or
kZ n kZ m
log™(1 — zx) = ()" £, o " (141)
mn k[] 1n
Where
kl:n = kl! k2' kn (142)
kz 1n = kl + k2 & +k7’l (14’3)
kn 1m = kiky kg (144)
Next, substituting (138) into (137) produces
ks 1.
anF[a(t).b(t);Z Jg xP®O=1(1-x)epO-1(_gyn 5 =1z Zkl. kpun,
c(t); — n [[1n (145)
dla(®)In B[b(t),cp(t)]

a(t)=0
Interchanging the order of summation and integration in (145) yields

Krim fol L Ok 1in_1(1—x)cb(t)_1dx

a(®)b(®); _pynyeo
anp[ o 2 =( DI =1 Rim (146)
dla@®)]™ B[b(0),cp(0)]
a(t)=0

P LB[b(6) +ey 1.7.Ch(E)

a(t),b(t); 1\ g0
6"F[ (o) =( D" Xy =1 Rl 1m (147)
dla(O)]™ B[b(t),cp(t)]
a(t)=0

Finally, substituting (147) into (138) gives the power series expansion of the Hypergeometric function of the coefficient [a(t)]"

kz 1n
[a(t)]n{un(t)zzﬁ:n=lz B[b(t)+k2 1:n.Cb(t)]}

a(®),b(); ] _ ., oo ) Mo
e EE R e TONAGI D - (148)

An identical expression may be obtained if we interchange a(t) with b(t) as follows

zk21=nB[a(r)+k mca(®)

. OIS, - Lun

F[HO DO = 14 B a0, 60(0) S —— e (149)
c(t); n!
The nice thing about either (136) or (138) is that it simplifies tremendously the computation of the partial derivatives of
o
aig): when either a(t) = 0 or b(t) = 0. Moreover, when a(t), b(t), and c(t) are linear functions of t then
t=0

d"a(t) _ d"b(t) _ d"c(t) _
dtn T de™ T dth

0  vn>2 (150)

Let us take the partial derivative of (138) as follows

n[a(f)]n_1%un(t)+[a(t)]nauant(f)

Ylewldle®]_pb®ldb®] Plep®]dlep®]]( [a().b(®); oo
aF[a(f).b(.t);z [ : dt : dt L dt . ]{F[ c(t); Z_I}Jrz":l n!
c(®); = =0 (151)
at B[b(t),cp(O)]l¢=0
t=0
Since, a(t = 0) = 0 then
v [a(t) = O,.b(t);z _q (152)
C(t)! t=0
o la@ 48, o ) ww ZBB®+kep®)]
Yn=1 o =i {u1(t) =Ykt — }| _ (153)
) t=0 t=0
pr2un(®
el e Ty (154)

n!
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Substituting (152) through (154) into (150) produces

a(t),b(t); ( )
or| c(t); Z“ = Ao (6) (155)
at | B[b(t) cp ()]
t=0 t=0
Since, we have also assumed that a(t), b(t), and c(t) a linear function of t and of the same slope, a then we have
dla@] _ ab®] _ dlc®] _ (156)
dt dt dt
Finally, substituting (156) into (155) produces
a(t),b(t); o ZKB[b(E)+kcp(t)
or |0z _ JALILOLIO) (157)
at - B[b(t),cp(t)]
t=0 t=0

The final step is the interpretation of the new series terms. The series term in (157) has the following closed form expression

o ZFB[b(O)+k,cp ()] T[b(t)+k] e b (t)+k](k—1)! z¥
S =TI g 2 = Tl O 2 o (158)
Or
w  ZFBIb(®)+kcp(®)] _ w bODBONK-1)!zF b(t) [b(@O)ks1k! 2FH
Zk=1+ = B[b(t), ¢, (V)] Xg=1 T OO B[b(t), cp ()] —= O Y=o [cOlrss KFD! (159)
Or
o zKBb(O)+k,cp(D)] b(t) [b(O)+1]k[1]k[1]x 2% [b(t) +1,1,1; ]
B ST = Bb(0), 0 (0] S 2 B e e = B, e (O | 0T | (160)
Substituting (160) into (157) produces
(£),b(t);
aF[a ct); IGH b(t) + 1,1, 1 (161)
at Yeo” c(t) +1,2;

As expected, (161) is identical to (123).

This concludes the discussion on the Taylor Power Series Expansion (of Exponential Function) which is in fact a more
sophisticated form of maneuvering. The computation of the hypergeometric function partial derivatives of the second and higher
orders are much more laborious and much more difficult to come up with closed form expressions; hence, they will be considered

in future publications.

8 Numerical Example
Before we conclude this paper, we consider one last numerical example.
Consider when z =1, c(t = 0) = 3, and b(t = 0) = 1. From (118) we obtain

_ _ r® . F(n)F(1+n)£
g9(t=0)= r(Vr() Ln=1 r+n) n! (162)

On the other hand, from Gauss theorem and Progri’s (126) we have

L[] = v - v =1 (163)

Since (162) and (163) are identical then

gt=0)=

gt=0) =2y, —__1 (164)

r3+n) 2
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(n-1)!
(n+2)!

1
nn+1)(n+2)

Z%o:1 = 21010:1

_1
T4
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(165)

I believe that (165) is a new series entry or at least I have not seen (165) published anywhere. Nevertheless, (165) was also verified

in MATLAB and it was proved numerically to be an identity.

I believe that one can create many more numerical series like (165) employing the technique that we just described.

9 Conclusions

In conclusion, I have offered several techniques for the
computation of the hypergeometric function partial derivatives
when the hypergeometric function coefficients are function of
the same parameter. Initially, special cases are considered as the
computation of hypergeometric function partial derivatives is
straight forward. In the case of Euler integral, Gauss power series
(or Binomial expansion without and with maneuvering), and
Taylor expansion, the computation of hypergeometric function
partial derivatives leads to the creation of new entries in the Table
of Integrals, Series, and Products. This paper is based almost
entirely on the creation of original analytical derivation but as far

as numerical results special cases may be considered as such.
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