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This paper discusses the exponential generalized Beta distribution (EGBD). For the EGBD model we provide the

closed form expression of the cumulative distribution function (cdf), statistics for special cases and the computation

of the mean and variance for the general case. Numerical results are derived for each case to validate the theoretical

models presented in the paper. As seen from the equations in the paper, for the computation of the mean requires only

two digamma functions and one hypergeometric function; however, the computation of the variance requires the

computation of two polygamma functions of the first order, two digamma functions, one hypergeometric function,

and two Kampé de Fériet functions.

Index Terms—Exponential, generalized, Beta, distribution, EGBD, cumulative distribution function, cdf, probability

density function, pdf, Kampé de Fériet function, incomplete beta functions, hypergeometric function.

1 Introduction

I initially developed some interests on a list of four candidates
of the probability density function (pdf) [1], the cumulative
distribution function (cdf) [2], and its statistics in my Ph.D.
dissertation in 2003 [3].

Parts of this research was also enhanced and improved and
published in a few more publications in 2005 [4], 2006, [5],
2006, [6], and 2007, [7].

during this time was more or less at the Ph.D. student level.

The research that was published

Later on, a few years down the road, after I published my first

pioneer publication in 2011 [8], and a landmark publication in

Marvels in analytical derivations series

2012 [9] in signal design I recognized that my work in channel
modeling needed fundamental restructuring and improvements.

This paper discusses the exponential generalized Beta
distribution (EGBD) [10]; i.e., the computation of its pdf [1],
its cdf [2], and its statistics.

I'will leave it up the readers to judge my work whether or not
today’s research is able to meet or exceed the expectations of
the readers. I sincerely hope it is a significant step in the right
direction.

I initially encountered EGBD as I was preparing Chap. 8 of
Indoor Geolocation Systems—Theory and Applications in 2013
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[11]. At that time, it became apparent to me that the
computation of the EGBD statistics for the general case
required special computation. Although I attempted to perform
all the required computation to enable one to come up with the
closed form expression of the mean and variance of the EGBD
it appeared to me that the methodology seemed too laborious
and very difficult to verify the validity of the computation.

It was not until last year that I created Giftet Journal of
Geolocation, Geo-information, and  Geo-intelligence
specifically to give me the opportunity to thoroughly
investigate and publish problems such as the computation of
the hypergeometric function partial derivatives because the
computation of EGBD statistics is in fact directly linked with
the computation of the hypergeometric function partial
derivatives [12]. Although one of the first references that
discusses identities obtained by differentiation for a class of
hypergeometric functions by Gottschalk and Maslen 1986 [13]
it does not consider hypergeometric function partial derivatives
and Progri 2016 does [12] but it is an important reference and
it is linked to this work.

As seen from the equations in the paper, for the computation
of the mean requires only two digamma functions and one
hypergeometric function; however, the computation of the
variance requires the computation of two polygamma functions
of the first order, two digamma functions, one hypergeometric
function [14] and two Kampé de Fériet functions' [14].

This paper is organized as follows: in Sect. 2 general
discussion of EGBD model pdf and cdf. Section 3 contains
details on the computation of EGBD statistics for special cases.
Section 4 illustrates EGBD statistics for special cases from
moments. Section 4 provides the computation of the mean for
ay

x 1—(1—q)x’]p_1

fees(x;a,b,d,p,q) = |lalB@p)[1+qx"19+P’
0) b” S X < oo

—o<x<b"”

where B(d, p) is the beta function [15] and,

X

x'=e |;|b, b" = b+ |allog (ﬁ)
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the most general case. Section 5 presents EGBD Statistics for
special cases from MGF. Section 6 demonstrates EGBD
statistics for the general case from moments. Section 7 shows
EGBD statistics for general case from MGF. Section 8
represents the closed form expression of EGBD variance. In
Sect. 9 numerical results are provided. Conclusion is provided
in Sect. 10 along with a list of references.

This paper falls into the category of the marvels in analytical
derivations because the computation of closed from expression
of the mean and variance of the EGBD requires out of the box

derivations and manipulations.

2 EGBD

In this section we provide the details of the computation of the
pdf and cdf of the EGBD that are not provided in any
publication.

Let X~fzs(x;a,¢,d,p,q) (*), and the random variable
Y = logX1, then we can compute the pdf of Y as follows

d
fro) = fG g = fx@)x ©)
Furthermore, using the identity
%\ _ ,cllog(x)-log(lal] — y;—fﬂ
(a) =e =e (2)
where:
b =log(lal), a' = 3)

with re-parameterization, EGB [10] is distributed with the
following pdf [10]:.

(4)

)

It should be noted that fzgg(x;a,b,d,p,q) is continuous for x when p # 1; else, for p =1 frep(x;a,b,d,p,q) is not

continuous for all x. For example,

blld

feeg(x = b";a,b,d,p=1,q) = -
lalB(ap)(1+1%;)

The cdf [2] of EGB [10] can be computed from

! log(X) = In(X) this is the natural logarithm.

5 # 0,for b# 1, faeg(x >b""5a,b,dp=1q)=0 (6)
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qu=b u-p1P~?
e lal [1—(1—q)e la]
I du, —o<x<b"
Fgee(x;a,b,d,p,q) = |’-* u=p]?*+? 7
IaIB(d,p)[qu lal ]
1, b" <x < oo
or
u=b u=p)P7?
e lal [1—(1—q)e lal
ffoo u-b d+p du
Fggp(x;a,b,d,p,q) = l1+qu (8
— < n
lalB(dp) y T@<xs<b
1, b" <x < oo
u-b ub =t
Let v = e lal; hence, dv = e lal —du; u - |¥o then v — |§
x’vd_l[l—(l—q)v]p_ldv
0 [1+qe¥]4+P "
Fegg(x;a,b,d,p,q) = | B(dp) , —o<x<bh ©)
1; b” < X < o0
We already know the solution of the above from cdf [2] of Beta [10], [11]; hence
B(d,p;xrr) "
=I,(d,p), —o<x<b " !
Fege(x;a,b,d,p,q) = | B(@p) xn(d,P) , x'' = % (10)
1, b < x < oo rax

This concludes the discussion of the EGBD pdf and cdf. In the next section we show how we can compute the EGBD statistics

for the special cases.

3 EGBD for Special Cases

Let us discuss EGBD for special cases for ¢ = {0,1}. First, for ¢ = 0 the EGB pdf and cdf can be obtained from

x’d(l—x’)p_l

feee(x;a,b,d,p,q =0) =| jaB@p) ’ —e<x<b (11)
0, b<x<o
B(d,p;x1) x—b
= — < x=b
Fegp(x;a,b,d,p,q = 0) = | Bdp) La(dp), —e<xs<b . _ (12)
1, b<x<oo
Second, for ¢ = 1 the EGB pdf and cdf can be obtained from
d n—(d+p)
fecs(tabdpg=1) =20 7 ) cw (13)
la|B(d,p)
. — 1) = |B@px) _ _ w_ X
FEGB('x' a, b; d: p,.q= 1) - | B(d,p) - Ix”(d' p)' 0o <x< ®, x° = 1+x! (14)

This concludes the discussion of EGBD for special cases for g = {0,1}. Next, let us discuss EGBD statistics for special cases.

4 EGBD Statistics for Special Cases from Moments

Typically, the statistics of a distribution are computed from its moments [10].
First, we consider the special case for g = 0.

If we were to compute the mean of X in the traditional way we would write
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d p-1 b "y 19 np-1 1 nyra np-1 =1,
_ b _xT(1-x") _ [Colblallog(x)]x""(1-x")" "dx _ [j[b+lallog(x")]x""(1-x")" lalx’ "dx
B = Lo apam % = lalB(dp) - lalB(dp) (15)
Or
_ by x'd_l(l—x')p_ldx'ﬂal Jo x'd_l(l—x’)p_llog(x')dx'
EX) = o (16)
Or from Progri 2016, [12]
bB(d,p)+|a|B(d,p)[y(d)—(d+p)
E(x) = SRR O] = b+ 1a|[Y(d) — Y(d + )] a7)
Similarly, if we were to compute the second moment of X in the traditional way we would write
d p-1 b "2, e np-1 1 2,04 np-1 =1
N _ b _ax T (1-x") _ [Colblallog(x")]"x" " (1-x")" "dx [ [b+lallog(x")]"x""(1-x")" lalx’ “dx
EX) = oo optam & = lalB(dp) - lalB(dp) (18)
Or
fl[bz+2|a|blog(x')+a210g2(x')]x'd(l—x')p_lax'_ldx'
2y —Jo
E(X?) = o (19)
Or
b2 flx'd_l(l—x')p_ldx'+2|a|b_f1 x'd_1(1—x')p_1log(x')dx'+a2 flx'd_l(l—x')p_llogz(x')dx’
2\ — 0 0 0
E(xX?) = . (20)
Or from Progri 2016, [12]
2 _ 2 _ 24 [ @ (@) —p @
E(x?) = LB@p+2lalbBUnp@pd+plta B(dp){[¥ (@)= (d+p) I +[p P (d)-p D (d+p)]} 1)

B(d,p)
Which is equivalent with

E(X?) = {b +lal[y(d) = p(d + p)I¥* + a*[p D (d) — p@(d + p)] (22)

Clearly, the variance of X in the traditional can be computed from

Var(X) = E(X?) - [E(X)]? (23)
Substituting (17) and (22) into (23) yields
Var(X) = {b + lal[¥(d) —¥(d + p)]}* + a* [y (d) =@ (d + p)] = (b + lal[(d) — p(d + p)]} (24)
Or
Var(X) = a*[p®(d) —p@(d + p)] (25)

Second, we consider the special case for ¢ = 1.

If we were to compute the mean of X in the traditional way we would write

E(X) = foo xx'd(1+x')_(d+p) dx = f_oooo[b+|aIlog(x')]x'd(1+x')_(d+p)dx _ fgo[b+|a|log(x')]x'd(1+x’)_(d+p)|a|x'_1dx’ (26)
T e la|B(d,p) B la|B(d,p) B lalB(d,p)

Or

E(X) = o [o+lallog(x ' (14x)” T Paxt b g0 x T (4a) " P ax’ vlal 7 log(x )" (1ex) P ax’ @7
B(d,p) B(d,p)
Next, we make the substitution (14) and we obtain
- - 1 " d-1 (-1

E(X) _ bfol x”(d 1)(1_xu)(P Ddx” |a|f0 log(ﬁy{” (1—x”) dx' (28)

B(d,p) B(d,p)
From Progri 2016, [12]
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bB(d, B(d, d)—
E(X) = 2o 4 LPED VOV = b + |al [y (d) - ()] (29)

Similarly, if we were to compute the second moment of X in the traditional way we would write

d —(d+p) o0 N2 gd \—(d+p) 00 n2rd n—(d+p) =1
y _ (® _ox (14x') _ J_golb+lallog(x")]"x" " (14+x") dx [y [b+lallog(x")]"x"" (1+x") lalx" “dx
B = o % = lalB(dp) - lalB(a.p) GO
Or
E(Xz) _ f:o[b+|a|log(x’)]zx'd_1(1+x')_(d+p)dx’ _ fooo[bz+2b|a|log(x')+a210g2(x')]x'd_1(1+x')_(d+p)dx' 31)
B B(d,p) - B(d,p) (
Or
b2 c>°x'd_1(1+x')_(d+p)dx' f°°log(x’)x'd_1(1+x')_(d+p)dx' f°°logz(x')x'd_1(1+x')_(d+p)dx'
2\ — 0 0 27
E(X*) = Bap) + 2b|a| Sp) +a ) (32)
Substituting (29) into (32) produces
=) . d—1 n—(d+p) /]
2y _ b?B(p) BApP@-yp@)] | 5 Jy log?(x')x"™ (1+x') ax
EQX®) = Bap | 2blal B(d,p) ta B(d,p) (33)
From Progri 2016, [12]
_ 2 ® ®
Or
E(X?) = {b +lalp(d) — (@)} + a*[p P (d) + P (p)] (35)
Clearly, the variance of X in the traditional can be computed from substituting (29) and (35) into (23) yields
ar =a + 14
Var(X) = a*[p (D) +p D) 36

This concludes the discussion of EGBD statistics for special cases for g = {0,1}. Next, let us discuss EGBD statistics for special

cases based on the computation of the moment generating function (MGF).

5 EGBD Statistics for Special Cases from MGF

As seen from the previous section, the computation of the moments of the EGBD is laborious. Employing an indirect method for
computing the statistics of the EGBD based on the computation of the MGF is far less computationally intensive.
Moment generating function: It can be shown that the /th MGF of the EGBD can be expressed as follows [10]:

d+tlaltlal;

bt
e’'B(d+|alt,p),F1 q
d+p+tlal;
pttlal| (37)

EEGB(eXt) = Bldp)

First, let us compute the special cases solution for ¢ = {0,1} then approach the most general case.

Therefore, for g = 0

bt d+tlal,tlal;
Epgp(eXt) = e  BlatlaltP)oFi] gy pitjal; 970 _ ePtB(d+laltp) (38)
EGB B(d.p) B(d.p)

Or employing the compact notation (Gessel 1995, [18])

d+p d+|alt

bt bt
Xty _ € B(d+laltp) _ e’ T(d+|al)T(@)I(d+p) _ pt
Bear(¢™) =@ = Taracpr@re "¢ Ll d  d+lalt+p (39
Taking the log
Xt\] — T'(d+p)
log[Exqn(e*)] = bt + log [ "2 + log[T(d + lalt)] - log[T(d + lalt + p)] (40)
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The kth cumulant, K, can be determined as follows (Mathai, Provost 2004, [20])

_ 9*log[Eggr(eX?)]
- atk

_ o' b+lalp(d+lalt)-lalp(d+lale+p)]|
t=0 atk-1 t=0

Ky

The first cumulant, K;, can be determined as follows (Mathai, Provost 2004, [20])

dlog[E xe

K, = ZotlPeenl) bt al(d + lale) — lali(d + lalt + p)lemo, (Mean)
or

Ki = b+ lal[y(d) — y(d + p)], (Mean)

2 Xt —
K, = ] log[EEGZB(e )l _ Olb+lalyp(d+lalt)-lalp(d+|alt+p)} , (Variance)
ot t=0 ot t=0

or

K, = a®>ypP(d + |alt) — a®>PpD(d + |a|t + p)|t=0, (Variance)
or

K, = a?[y®(d) — pD(d + p)], (Variance)
Equations (43) and (46) are identical to (17) and (25).
Next, for g =1

bt d+tlaltlal; _ ]
e B(d+|a|t.P)2F1 d+p+t|a|; q_l

B(d.,p)
Or employing Gauss theorem for g = 1 we obtain [10]

d+p+t d+p+tla|-d—t|a|-t -
p+tlal p+tlal lal-tlal ebe(d+|a|t,p)rd+p+t|a| p—tlal

bt
€ B(d+|alt‘p)r[d+p+t|a|—d—tlal d+p+tla|-t|a| _ 1 d+p

Xty —
Egca(e™) B(d,p) B(d,p)

Or employing the compact notation (Gessel 1995, [18])

[d +p d+|alt ] [d+p+t|a| p — tla|
Xty — bt
Egga(e™) = e F, d d+|a|t+pr P d+p

or

Epp(e”*) = e”'T d +d|a|t p _ptlal

The kth cumulant, K., can be determined as follows [20]

_ 9*log[Eggr(eX?)]
- atk

_ b Halp(d+lal)-ayp (p-lal)]|
t=0 atk-1 t=0

Ky

The mean and the variance of the EGB distribution are respectively given by K; and K,

Kl — 010g[EEaGtB (eXt)]

=b + |alyp(d + |alt) — lalp(p — |alt)];=o, (Mean)

t=0
or
dlog[E Xt
K, = ZoslEece(c ™) _, = b+ lallw@) - ()], (Mean)
2 Xt - -
K, = %GZB(G)] _ Olbtlaly(d+at)-lalp(p Ialt)1| , (Variance)
ot =0 at t=0
or

K, = a®>PpV(d + |a|t) + a>pD(p — |a|t)|t=0, (Variance)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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or

K, = a®>PpD(d) + a*>yp @ (p), (Variance) (56)
Again, we see that (52) and (56) are identical to (29) and (36).
The computation of statistics of the EGBD based on the computation of the MGF for special cases is straight forward. In the

following section we discuss the general case.

6 EGBD Statistics for the General Case from Moments

Typically, the statistics of a distribution are computed from its moments [10].

If we are going to compute the mean of X in the traditional way we can write

4 . b”[b+|a|log(x')]x’ [1 (1 q)x'] dx f1T1q[b+|aIlog(x’)]x’d[1—(1—q)x’]p_1|a|x’_1dx,
_ b X [1-a-q)x']P” ™ (14qx")%* 0 (1+gx")*FP
E) = Lo * apamarams X = lalB(dp) - lalB(dp) 7
Or
1 - - - —
foqu[bHallog(x’)]x’d 1t£1+—p(1—q)x']p 1dx’ bf(:%qx’d 1[1—(1—;119;] dx +|a|f1 qug(x )x [1—1(11—1;1)96’11) 1dx'
E(X) _ (1+qx") _ (1+qx") (1+gx") (58)
B(d,p) B(d.p)
Next, we perform the substitution (10a) in (58) and we obtain
- 1 /rd 1 myp-1 x!! "
bfl d- 1( _xr/)P 1dx” 0 X (1 x ) log(1 qx”)dx
EX) = Bap) + |a| o) (59)
Or
d— - d- d— _
E(X) _ fl " ;((d_x)r/)P 1dxlr N lal 01 " 1(1 );r(/‘zp )llog(x”)dx” | | 01 " 1(1_x”B); ll)og(l—qx”)dx” (60)
n4 P P
Which is equivalent with
1 /rd 1 mpP- 1 MNax''
EQO) = b+ lal[p(d) — p(d +p)] — o) UL oelrar)ar (61)

B(d,p)
We will leave the integral in (61) for now as is. In the following section we shall see what this integral is equal to in a closed from
expression. However, we can check the solution (61) for special cases of g = {0,1}. We can clearly see that ¢ = {0,1} (61) is equal
to (17) and (29).

Similarly, let us compute the second moment as follows

p » fb”[b+|a|10g(x’)] ’ [1 (1 q)x'] dx fﬁ[bﬂallog(x’)] [1 (1- q)x'] x,
E(X?) = fb”xz x' [1—(1—q)x']p v = - (1+qx’) _ 0 (1+qx’ )d+p (62)
—® ™ |a|B(dp)(1+qx')3+P lalB(d,p) B(dp)
Or
1 — - -
b2 foqux'd :[1—(1’;;13:;] dx +2|a|bf1 qlog(x )x( [llgéi;q)x']p 1dx/+a2 s qlogz(x’)x( [1)d(:;q)x’]p dx!
E(Xz) _ 14+qx 14+qx 14+qx’ (63)
B(d,p)
Next, we perform the substitution (10) in (63) and we obtain
_ d-1 p-1 x! " 1 /rd 1 1\p-1 x! "
b2 1 e Y1—x")P  ax" 1 " (1=x"") log( )d b X (1-x"")"" "log? ( = ,,)dx
2 1-qx’ 2 1-qx
E(X*) = ) + 2blal = o) +a B5p) (64)

Or
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b2 fl - 1(1 xlI)P—ldxu N Zblal 01 rd= 1(1 xn)p 1log(x”)dx” Zblal 01 rd-= 1(1 xl/)P 110g(1 qx”)dx”
2 B(d,p) B(d,p) B(d,p)
E(X ): 1 _gd-1 p-1 x!! (65)
o x X! (1 x”) log? ( ,,)dx”
+a? 1-9%
B(d,p)
Which is equivalent with
1 ,/d 1 \p-1 ] "
b2 + 2blal[(d) — Y(d + p)] — 2bla| b7 LTS _toeloar e
E(X?) = . . san (66)
+a2 folx” _1(1—x”)p_110g2(x”)dx”—Z folx” _1(1—x")p_llog(x”)log(l—qx”)dx”+f01 X' _1(1_xlr)17_1]0g2 (1—qx”)dx”
B(d,p)
From (66) there are three more integrals that we do not currently know the closed form expression.
However, we do know that g = 0 (66) must equal to (22) or
1 ,,d 1 m\P=1, o2/ 11 17
E(X?) = b + 2blal[(d) = p(d +p)] + o2 2L or e 67)
Or
W (q)—up® _ 2
folxud—l(l _ xu)p—llogZ(xu)dxu — P (d) -y (itfz;’%’(d) P(d+p)] (68)
Substituting (68) into (66) produces
1 ,/d 1 mp-1 i "
1 _
(b -+ lal[p(d) — p(d + p)IP +a2[p0(d) Y + p)] - 2la) =) sl e
X?) = ' 69
) 2 fl 1d= 1(1 xr/)P 110g2(1 qxlr)dxlr Zfl rd- 1(1 xlr)P 1log(x”)log(1—qx”)dx” ( )
B(d,p)
From (69) it only remains to solve two integrals in closed form expression to compute the second moment of X or E(X?).
Moreover, for ¢ = 1 we already know that the answer of (69) is which is equal to (35).
From Progri 2016, ([12] (58)) we have
fol xud—l(l _ xu)p—llog(l x"dx" = Y(p) 11?;310) (70)
Substituting (70) into (69) for g = 1 we obtain
{b + lallp(d) — @1 - a*[Y(d) — p@)]* + a*[Y(d) — P(d + p)I* + a*[p P (d) — P (d + p)]
E(X?*) = fl nd= 1(1 x”)p_llogz(l—x”)dx”—zfolx”d_1(1—x”)p_1log(x”)log(1—x”)dx” (71)
B(d,p)
Since, (71) must equal (35) then we have
1 l/d 1 Mp-—1 2 " 172
Iy (1 —x")P log™(1 — x")dx _ 4@+ @)+ B @ —p @) - —p ()L 72)
—2 fl nd— 1 _ xu)p—llog(xu)log(l _ xll)dxll B~1(d,p)
Furthermore, from (68) it is easy to see that
@ (p)—yp@® _ 2
fl rnd— 1 — x")Pog?(1 — x")dx" = fl 1np= 1(1 u)d—llogz (x")dx" = Y-y (tétfz;';ll))(p) Y(d+p)] (73)
Substituting (73) into (72) yields
2 _ _ @D
folxud—l(l _ xu)p—llog(xu)log(l _ xu)dxu — [Y(d+p)]*+y(d)P(p) 1/’(?];1_!’1(?;';7)) Y(d)p(d+p)—p -’ (d+p) (74)

Equations (72)-(74) are new integrals that do not currently exists in the Table of Integrals, Series, and Products (Gradshteyn and
Ryzhik, 2007 [19]).
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The variance of X can be computed from

1 Ild 1(1 x”)p_llog(l—qx”)dx”

(b + laly(d) —p(d + P} + a®[pD(d) —pD(d + p)] — 2bla] 2= a2)

fl rd-= 1(1 xr/)P 110g2(1 qx”)dx” Zfl 1a= 1(1 x”)p_110g(x”)log(1—qx”)dx”

Var(X) = Bldp) (75)
1 gd-1 p-1 2
X" (1 x”) log(l qx”)dx”
—ﬁ+mwwr¢w+m—M| o
Or
1 ,/d 1 mp-1 " ”
l/)(l)(d) lp(l)(d n ) + Y(d)-p(d+p)] [, (1=x")" "log(1—qx"")dx
B(d,p)
I!d 4 n n Hd n - n n n
Var(X) — a2+ 01 1(1 —x )p 1logz(l qx'")dx Zfl 1(1—x )p 1log(x )og(1—qx'")dx (76)
B(d,p)
01 x”d_1(l—x”)p_llog(l—qx”)dx” 2
B(d,p)
Substituting the result from the next section we have
d+1,1,1; d+1,1,1;
2[p(d)-y(d+p)ld T1-.d|a dF q
YD) —ypD(d +p) — — [d+p+1.2. ] F— [ [d+;:12 ] l
Var(X) = a? b b (77)

1 ,,d1

+0

1_ypd— 1(1 x”)p_110g(x”)10g(1—qx”)dx”

(1- x”)p log?(1—-qx'")dx"" -2 [, x
B(d.p)
This concludes the EGBD statistics for the general case from moments. Next, we compute the EGBD statistics for general case from

MGF.

7 EGBD Statistics for General Case from MGF

In general, however, we can only find a complicated closed form expression for 0 < g < 1 and an exact, less complicated closed
form expression for ¢ = {0,1}. Let us consider the more general case; hence, 0 < g < 1

d+tlal,tla;l

bt
e”*B(d+lalt,p)F1 q
d+p+t|al;
pttlal (78)

EEGB(eXt) = Bldp)

where (see Progri 2016, [12] Progri’s expansion of the hypergeometric function for computation of the hypergeometric function

partial derivatives)

o]

(t) b(t) 0 - a8t [a(t)+1,b(t)+1,1; q
a , =VU; = )25
21 ©; ¢ =1+b(O) —gper——>=1+b() C(Ctz:)lz F (79)
e t=0 Tar le=o
and where
a(t) =d +|alt (80)
b(t) = |alt (81)
c®)=d+p+]alt (82)
ePtB(d+atp)|1+b(O)XF a(O+1b(E)+1,1;
Eggn(e™) = | TR bl (83)
Taking the log of (83) yields
r(d
log[Exqn(e*)] = bt + logII(d + alt)] —logII(d +p + lalt)] +log[1 + b()g(t)] + log [ or (84)
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where
a(t)+1,b(t)+1,1;
_ woF [ c()+1,2;
gt) = 0

The kth cumulant, K., can be determined as follows [18]

K. = 208lBsen(eX ]| _ 0% b+ay(d+lalt)-ayp(d+p+lal)+22EHOION
* otk t=0 atk-1
t=0
or
alogi+b@e|  _ Al PR a ( t)|
at =0 1090 | 14b(Dg(0) dt t=0
Substituting (87) into (86) produces
K. = PoelEeca(X)]|  _ 9 orlallp@rlaln-y@rpalo)+ +289 0}
k atk =0 atk-1 e

Finally, the Ath cumulant, K}, from (88) can be determined as follows [20]

k-1 _ ab®at) [a(O)+1Lb(O)+1,1;
HoglEnca(eX)]| 7 prIalw@rialn-warplalo)+ FRAGA T O g

K, =
k atk

t=0 atk=1

The first cumulant, K;, can be determined as follows

a(O)F a(t)+1,b(t)+1,1;
Ki = b+ lal[p(d) — p(d +p)] + L0 0L
t=0
or
d+1,1,1;
K, = b+ |a| [¢(d) — p(d + p) 4 Larpriztt ‘”p“z , (Mean)
By comparing and contrasting (91) with (61) we obtain
d+1,1,1;
- B(d,p)dF v12.4|9
folx,’d 1(1 _ xu)p—llog(l _ qx”)dx” - _ Ld++pp+1,2, ]

Before, we proceed any further is (91) the correct closed form expression of the first cumulant, K;?

If we were to substitute g = 0 in (91) we obtain

Kilg=o = b + lal[¥(d) — ¥(d + p)], (Mean)
We can see that (93) is identical to (17) as it was expected.

Next, if we were to substitute ¢ = 1 in (91) and employ Progri’s identity (Progri 2016, [12] (125)) we obtain

Kilg=1 = b+ lal[¥(d) —¥(d +p) + ¥(d +p) — ()] = b + |al[(d) — P (p)], (Mean)
Again, (94) is identical to (29) as expected.

Equation (91) provides the correct closed form expression for the computation of the mean of EGBD for 0 < g < 1.

The second cumulant, K,, can be determined as follows

o{b+lalp(a+at)—p(a+p+ar)+ L ELTLOION

t=0 ot

0210g[EEGB (eXt)]

K, =
2 atz

or

d2%log[1+b(t)g(t)]
at? t=0

K, = a*[pP(d + at) —pP(d +p + at)| +

(85)

(86)

(87)

(88)

(89)

(90)

(oD

(92)

(93)

(94)

(95)

(96)
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where

0%log[1+b()g(®)] _ @
ot?2 T ot

at at
1+b(t)g(t)

a[1+b(t)g ()] 62[1+b(r)g(t)]r1 +b(6)g(®)]- [a[1+b(t)g(r)]
[ ] [1+b(t)g(®)]?

Or (97) can be further written as

2
0%0gl1+b(D9(O] _ g 22O (1) 450y 1E N 145 (1) g (23] -[2HADI O

at2 [1+b()g(t)]?

Which is equivalent with

2
Plogl1+b®g(®)] {d il;(t)] )+ d[b(t)]ﬁ[%it)] d[Z(t)]ﬁ[g(t)] b(t‘a [g(t)]}[1+b(t)g(t)]—{d[l;?)]g(t)+b(t)a[%(tt)]}
at? [1+b(D)g(D)]?
Finally,
d%log[1+b(t)g(t)]

_ AW 5
00l =210l B - [g(O)] e

Substituting (100) into (96) yields

Ky = a?[p®(d) —pOd +p)] + 20al 22| - a[g(OF e

where
o[a®[a®+1b(O)+1,1; ] ] a(t)] [a(t)+1 bO+11; a5 [ [a(t)+1 b(O)+1,1; H
alg(®)] _ le® c(t)+1,2; c(t) c(t)+12 c(t) c(t)+12
ot t'=0 at

t=0

Substituting (102) into (101) produces

a(t)] [a(t)+1 bO+LL a® 5 [ [a(f)+1 Oy RY ]]q
© c(t) c(t)+1 2;
K, = a2[pD(d) — p@(d + p)] + 2|al [ C(”“z a?[g(®)]?]¢=o
t=0 t=0
Next, we compute
®
a[‘;m I i i ] &P _ (g P
o [e(®)]? o (d+p)? (d+p)?
Substituting (104) into (103) produces
pF[d+1,1,1 q]q a® , [a(t)+1 b(D)+1,1; ]] | { d+1,1,1; }2
ol @ d+p+1,2; c(t) c(t)+1 2; _ d+p+1,2,9
KZ =a [lp (d) 1!’ (d + p)] + Zlal |a| (d+p)2 (d+p)?

t=0

Or

a(t)+1 b(t)+1,1; ]
c(t)+1 2;

d+1,1,1; d+1,1,1;
F 2p—d2F s o|F

_ d+p+1,2 ] [” [d+p+1,z;q]q] 2|aldq
Ky, = a® |[p®(d) —ypP(d +p) + sy +

t=0

45

(97

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

Before we proceed any further, we must check if (106) is the correct expression of the second cumulant, K,. We must check it for

values of g = {0,1}. First, for ¢ = 0 we have

Kzlg=o = a*[¥ V(@) —p®(d + p)]
Equation (107) is identical to (25) as it was expected. Second, for ¢ = 1 we have

Kalges = [0 @ =@ +p)] + 20l 252~ a*[g(OPle-og-1

Which is equivalent with

(107)

(108)
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D (d+p)+p @D @)+ (d+p)—p@)]?
Kzlgm1 = a?[©(d) = p@(d + p)] + 22 TP PEVEIDIVEL _ 2[y(d + p) — Y(p)] (109)
Or
Kylger = a2[p@(d) — p@(d + p) + pD(d + p) + PO ®)] = a2 [pD(d) + P D (p)] (110)
Where
olg(®)] _ la{p®@+p)+p D @)+ d+p)-p@)1?) a1
ot li=0g=1 2
Or
d+1,1,1; a® 5 [ [a(f)+1b(t)+11 ]”
E Flavpiiz] + O C“)m _ [alfp@ @)+ D o)+ @p) -y @)%} 112)
(d+p)? >
t=0
Or
F[a(t)+1,b(t)+1,1;1”|
Py, 4 c®+12; _ lalfp®@+p)+p O @) +ip(@+p)-p @)1}
lal - (113)
d(d+p) d+p at 2
t=0
Finally,

g c(0)+1.2;

at

a(t)+1,b(t)+1,1;
F[ 1]” = |a ld(a+p)[w(1>(d+p)+w(1>(p)+[w(d+p) Y(@)1?]-2p[Y(d+p) -y @)]
2d?

(114)
t=0
Equation (114) is a new identity that we just obtained.

2

a(t)+1,b(t)+1,1;
F[ c(O)+1,2; ”

In order to obtain (106) in closed form expression we need to obtain is closed form expression for all values of

at
0 < g <1 which is not easily obtainable.
However, by comparing and contrasting (106) with (77) we obtain
1,1;
AL ] @@~ warnpF| it 3ala
2 F[ c(t)+12 ] _ @%(d+p) B (a+p)? (115)
2|laldq folx”d 1(1 xr/)P 110g2(1 qx")dx'" - Zfl = 1(l—x")p_1log(x”)log(1—qx”)dx”
t=0 +
B(d,p)
Which is equivalent with
L @@ @-parpl+F| 4L a
[ [ c(t)+12 ”l B d+p (116)
d 1_pd-1 P12 " " 1_pd-1 11yp—1 " " "
| (d+p) Jy x (1-x"")"" "log?(1-qx"")ax" -2 f, x (1=x")" "log(x'")log(1—-gx"")dx
t=0 +
2q B(d,p)

a(t) +1,b(t) + 1,1;
c(t) + 1,2

evaluated at t = 0 and for g # 0. For ¢ = 1 we can substitute (72) into (116) and employ Progri’s identity (Progri 2016, [12]
(125)) we can obtain (114).

This concludes the discussion on the EGBD statistics for general case. The exact closed form expression of (106) is considered next.

Equation (116) gives for the first-time relation between the partial derivative of F [ with respect to t
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8 Closed Form Expression of EGBD Variance

This section discusses the possibility of producing the closed form expression of (106). In order to produce the closed form
expression of (106) we must produce the closed form expression of (116). From (116) we have two integrals that we want to produce

the closed form expression. First, let us consider the closed form expression of the first integral. From Progri 2016 ([12], 138)
k. k
Jo 21 1-0)P Hog2(1-q)dx _ Jo x3 1 (1-0P (-1 T, (-1 By
B(d,p) B B(d,p)

Rearranging the order of summation and integration we can obtain

n,n
X gy

n (117)

k+n _ _ k+an k+n,
folxd‘l(l—X)p‘llogz(l—qx)dx (—1)222":12;'?:1‘1,"1 folxd"k*" T1-0)Pldx I, I, ——renp) (k,:r +1.p) 118
- = ( )
B(d,p) B(d,p) B(d,p)

Which can be written as

1 - _ 2v00 woo _ T(dtk+n+2)(p)gk+n 2900 woo  T(d+2+k+nm)T(p)gkq™
I x3=1(1-x)P~og? (1-qx)dx _q Zk=0Z'ﬂ=01"(¢i+l\t+n+z+p)(k+1)(n+1) _q Zk=0Z'ﬂ=0r‘(d+p+2+k+n)(k+1)(n+1) 119
= = (119)
B(d,p) B(d,p) B(d,p)
Which is equivalent with
230 500 I(d+2)(d+2) g n T(@)g g™ 2I(d+2)T(P) w00 w00 (d+2)4na*a™
f01xd_1(1—x)p_1log2(1—qx)dx 4 Zk:oZn:0F(d+p+2)(d+p+2)+k+n(k+1)(n+1) _ U T@rp+2) z:k=0Zn:o(aHp+2)k+.ﬂ(k+1)(n+1) (120)
B(d,p) B(d,p) B(d,p)
Which is equivalent with
1_d-1 -1 2 ZMZ‘X’ Z‘x’ (d+2)k+nqkqn (d+1)d 200 ZOO (d+2)k+nqkqn
Jo x¥ 1 -0P Nog?(1-qx)dx 4 (@rp+D)(@+p)I(d+p) £k=0 £Ln=07q1p+2)s, n (k+ D(N+1) 2 k=0 2M=00d+p+2) 11, (k+1)(n+1)
= =q (121)
B(d,p) B(d,p) (d+p+1)(d+p)

Finally, we can produce the closed form expression of (121) with the help of Kamp¢é de Fériet function (See Progri 2016, [14])

Jy x4 (1-x0)P og? (1-qx)dx a*(@+1Dd TiZo Inzo ([ +P+D 1 (DD nkin! LL1| g4p+2:2;2; P4
B(d,p) - (d+p+1)(d+p) (d+p+1)(d+p)
Next, let us consider the closed form expression of the second integral of (116). Again from (Gradshteyn and Ryzhik, 2007 [19],

pg. 53 ex. 1.512 1.) and Progri 2016 ([12], 138)

o (@42 in WO Wn(Wngkqm qz(d+1)dF1:2;2 d+2:1,1;1,1;

(122)

K(x_1)k
fol x41(1-x)P~og(x)log(1—-gx)dx f01 x4-1(1-x)P1 Z?:l(—l)k*'l%(—l) Zf=1qn;ndx
= (123)
B(d.,p) B(d,p)
Which is equivalent with
K(1—x)k
2 2971 (1-x)P Hog(log(1-gq)dx _ [y x4~ 1=0P 7 52, (-)MI )My i T2y (124)

B(d,p) B(d,p)

Or after interchanging the order of summation and integration produces

k n k n
fol x4=1(1-x)P~Llog(x)log(1—qx)dx _ Thes Tt folxd+n_1(1_x)p+k_1dx% _ iz Z;’f’le(d+n,p+k)qk q" (125)
B(d,p) B(d,p) B(d,p)
Which is equivalent with
) ) k+1,n+1 r(d+n+1)M(p+k+1) g% q"
folxd 1(1-x)P~og(x)log(1-qx)dx _ Z?:oﬁ?:oB(d+n+1,p+k+1)% — 221&02&0 T(d+p+2+n+k) k+in+l (126)
B(dp) B(dp) 1 B(dp)
Which can be further written as
L 50 5o [(d+1)(d+ DT+ (p+1g gk g" LE+DIpHD) g0 oo (d+Dn(p+Dg g¥ g
Io x41(1-x)P~og(x)log(1—qx)dx oy k=02n=0"T(d+p+2)(d+p+2) (1) k+1in+1 5 Td+p+2) k=0 2n=0(d+p+2) (1 yk+1n+1 127
= =q (127)
B(d,p) B(d,p) B(d,p)
Or
1 Mzw o P+ (d+Dnkintkin!  gkgn
fo x41(1-x)P~og(x)log(1—qx)dx 5 (d+p+1)(d+p)I(d+p) k=0 N=0(d+p+2) (4 ) e+ DI+ D k! 1! (128)
=q

B(d,p) B(d,p)
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Finally, we can produce the closed form expression of (128) with the help of Kampé de Fériet function (See Progri 2016, [14])

. 0 P+ W+ DrWnngkq™

0;3;3[—:p+1,1,1;d+1,1,1;

o x41(1-x)P~og(x)log(1—qx)dx a%dp Ticko Zno @+p+D (i) D@n Kl qzdpFl:lzl d+p+2:2;2; q,9
= = (129)
B(d,p) (d+p+1)(d+p) (d+p+1)(d+p)
Substituting (122) and (129) into (116) yields,
d+1,1,1;
d(d d)-(d o
ol p[a®+1bO+1,1; _ la@+plp@-v( +p)]+p}F[d+p+1.2;q]
[ c(t)+1,2; q] _al d+p
ot =4 {(d+1)F1:2;2 d+2:1,1,1,1;, q] ZpF0;3;3[—:p+1,1,1;d+1,1,1; q]} (130)
1:1;1 2. DT 1:1;1 9.9, ’
=0 L d+p+2:2;2; d+p+2:2;2;
2 d+p+1
Finally, the closed form expression of (106) is as follows
d+1,1,1; 112 d+1,1,1;
dqF 110.d 2[p(d)—p(d+p)ldqF V1.
lp(l)(d) _ lp(l)(d + p) _ [ [d+p+1,2, ] _ [d+p+1,2, ]
d+p d+p
K, =Var(X) = a? (131)

1:2;2[d+2:1,1;1,1; 0:3;3[—:p+1,1,1;d+1,1,1;
dqz{(d“)Fm:l d+p+2:2;2;q'q]‘2”F1=1:1 Pdipiaza, @ ]}
+ (d+p)(d+p+1)

Equation (131) represents for the first time the closed form expression of the variance of the EGBD.
It remains to perform the final check. First, clearly for ¢ = 0, K, from (131) is equal to (25), (46), and (107). Second, for g = 1,
K, must equal to (36)

1:2;2[d+2:1,1;1,1; 0:3;3[—:p+1,1,1;d+1,1,1;
Pt arpaiz; 1'1] Rt aepiaizg; 1'1] _ (@) (@p DD @)+ D (@) + [y (@) -w @) [29(D) —p (p)—p (@41}

(a+1)7 (2p)" 4 (132)
Or from (73) and (74) and (122) and (129) we can obtain
22 [d+2:1,1;1,1; (d+p+1) (d+p) D )~y D (a+p) + [y (p) ~y (a+p)]?}
1:2;2 _ (a+p P
Friai [d +p+2:2 2;1'1] - d(d+1) (133)
F0:33 [—: p+111Ld+ 1,1,1;1 1] _ (a+p) (@+p+){[w(d+p) P+ (@) ()~ (p)p (d+p) ~p(@)p(d+p)—pV (d+p)} (134)
111 d+p+2:2;2; o I dp

One can verify that substituting (133) and (134) turns (132) into an identity. We can see that the closed form expression of K, =
Var(X) is a complicated expression because it requires the computation of two Kampé de Fériet functions (See Progri 2016, [14])
for which even MATLAB 2016a does not have a function to do so. We can only compute Kampé de Fériet functions indirectly as

part of the integration or integral. The direct computation of the Kampé de Fériet function will be considered in a future publication.

identical. E(X) = 0.916666666666667 from (17) and (91)
and E(X) = 0.916666666666666 from (57). The error
9 Numerical, Theoretical Results between (57) and either (17) or (91) was 10716,

The parameters of the EGBD are as follows: a = 1, b = 2, In order the compute the variance of X where X EGBD

c=0,d=2,and p =3. Let us consider EGBD statistics given the parameters a =1, b=2, ¢=0,d=2, p=3,

and g = 0 we employed three formulas: (25), ((17), (62), and
(23)) and (77). In the computation of the variance, we got
Var(X) = 0.650854139658888 and no error or 0 error.

for values of g = {0,0.5,1} which consists of examples 1-3.
Moreover, we show the pdf and cdf for convolution EGB for
a=[111111] and exponentiated EGB for a =

[111111] and @ = [0.511111] Figure 1 shows the generalized convolution EGB of 3rdkind
pedf for a=1, b=2, c=0,d=2, p=3 and a=
9.1 Example 1: EGBD statistics for q = 0 [111111].

. The pdf and cdf in Fig. 1 is supposed to be zero mean and
In order to compute the mean of X where X EGBD given the ) ) ]
unit variance Gaussian or normal.
parameters a =1, b=2,c=0,d=2,p=3,and g =0

we employed three formulas: (17), (57), and (91).

There was no surprise that the answer from the three were

Figure 2 displays the generalized exponentiated EGB of
3rdkind pcdf a=1, b=2,c=0,d=2,p=3,q=0
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and a =[111111].
The EGB pdf looks very sharp and the cdf is very steep.
Figure 3 illustrates exactly the same information as Fig. 2 but
for « = [0.511 11 1]. We can see how sharpness changes for
the pdf and the cdf becomes less steep. It is a way of smoothing

the rough edges.

9.2  Example 2: EGBD statistics for q = 0.5

In order to compute the mean of X where X EGBD given the
parameters a =1, b=2,c=0,d=2,p=3,and q =0.5
we employed two formulas: (91) and (61).

There was no surprise that the answer from the two were
identical. E(X) = 1.147969736080383 from both (91) and
(61). The error between (91) and (61) is 0.

In order the compute the variance of X where X EGBD
given the parameters a=1, b=2, c=0,d =2, p=3,
and g = 0.5 we employed two formulas: ((61), (62), and (23))
and (75). In the computation of the variance, we got Var(X) =
0.768888432699550 (75) and Var(X) =
0.768888432699559 from and ((17), (62), and (23)) with an

absolute error of 10716,

from

Figures 4 through 6 portray exactly the same scenarios as
Figs. 1 through 3 but for g = 0.5.

There is no surprise that Fig. 4 looks almost identical to Fig.
1 and Figs. 5 and 6 pdfs/cdfs are less sharper/steeper than Figs.
1 and 3 pdfs/cdfs because Figs. 5 and 6 pcdfs correspond to
q = 0.5 as opposed to Figs. 1 and 3 pcdfs correspond to q =
0.

We observe that there are two ways to reduce the sharpness
or steepness of the function: one by changing the exponentiated
vector a and the other by changing the sharpness or steepness

parameter q.

9.3  Example 3: EGBD statistics for q = 1

In order to compute the mean of X where X EGBD given the
parameters a=1, b=2,¢c=0,d=2,p=3,and g=1
we employed three formulas: (29), (61), and (91). There was no
surprise that the answer from the three were identical. E(X) =
1.95 from (29), (61), and (91). The error between (29), (61),
and (91) was 0.

In order the compute the variance of X where X EGBD
given the parameters a=1, b=2, c=0,d =2, p=3,
and g = 1 we employed three formulas: (36), ((29), (62), and
(23)) and (77).
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iicncmh‘/cd Convolution EGB of 3rdkind pedf:a=1b=2¢

1.000 1000 1.000 1.000 1.000 1.000]

EGB of 3rdkind pedf

FIGURE 1: Generalized convolution EGB of 3rdkind pedf: a =
1, b=2,
[111111].

c=0, d=2, p=3, q=0 and a=

(irnumﬁff-d Exponentiated EGB of 3rdkind pedf:a=1b=2c=0d=2p=23g=0an, =1l 1 1 1 L (100 1.000]
T T T T
dr
L w4

_ EGBof3rdkind pedf

FIGURE 2: Generalized exponentiated EGB of 3rdkind pcdf
a=1, b=2,c¢c=0,d=2, p=3, q=0 and a=
[111111].

(iuucmlm‘cd Exponentiated EGB of 3rdkind pedf: a=1b=2¢=0d=2p=3g= 1.000 1.000]
T T T T T

EGB of 3rdkind pedf

FIGURE 3: Generalized exponentiated EGB of 3rdkind pcdf
a=1, b=2,c¢c=0,d=2, p=3, q=0 and a=
[0.511111].

('n.'n:mhlicd Convolution EGB of 3rdkindpedf:a=1b=2¢=0d=2p=3g=05a
T T

EGB of 3rdkind pedf

4

FIGURE 4: Generalized convolution EGB of 3rdkind pedf: a =
1, b=2, c=0,d=2, p=3, q=05 and a=
[111111].
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d Exponentiated EGB of 3rdkind pedf:a= 1b=2¢=0d=2p=3q=03 00 1.000 1.000 1.000 1.000]
T T

EGB of 3rdkind pedf

0
X

FIGURE 5: Generalized exponentiated EGB of 3rdkind pcdf
a=1,b=2,¢c=0,d=2,p=3, q= 05 and a=
[111111].

) 1.000 1.000]

FIGURE 6: Generalized exponentiated EGB of 3rdkind pcdf
a=1,b=2,¢c=0,d=2,p=3, qg= 05 and a=
[0.511111].

Generalized Convolution EGB of 3rdkind pedf:a=1b=2c¢=0d=2p=3q=1land a =[1.000 1.000 1.000 1.000 1.000 1.000]

04

EGB of 3rdkind pedf

FIGURE 7: Generalized convolution EGB of 3rdkind pcdf: a =
1, b=2, d=2, p=3,
[111111].

c=0, g=1 and a=

Generalized Exponentiated EGB of 3rdkind pedf:a=1b=2c=0d=2p=3q=landg- 000 1.000]
T T T T T

09

EGB of 3rdkind pedf

FIGURE 8: Generalized exponentiated EGB of 3rdkind pcdf
a=1,b=2,c=0,d=2, p=3,qg=1 and a=
[111111].
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Generalized Exponentiated EGB of 3rdkind pedf:a=1b=2¢=0d=2p=3q= l and a = [0.500 1.000 1.000 1.000 1.000 1.000]
1 T T T T T U ———————————

o EGB of 3rdkind pof
0.9 G od EGB of 3rdkind odf

)
X

FIGURE 9: Generalized exponentiated EGB of 3rdkind pcdf
a=1, b=2,c=0,d=2,p=3,qg=1 and a=
[0.511111].

In the computation of the variance we got Var(X) =
1.019739247894506 (36), Var(X) =
1.019739247894503 (77) and Var(X) =
1.019739247891255 from ((29), (62), and (23)) with an
absolute error of 3 X 107 between the first two and
3.248 x 10712 between the last two.

from

from

Figures 7 through 9 present exactly the same scenarios as
Figs. 1 through 3 or Figl. 4 through 6, but for g = 1.

There is no surprise that Fig. 7 looks almost identical to Fig.
1 or Fig. 4, and Figs. 8 and 9 pdfs/cdfs are less sharper/steeper
than Figs. 1 and 3 (or Figs. 4 and 5) pdfs/cdfs because Figs. 8
and 9 pcdfs correspond to g = 1 as opposed to Figs. 1 and 3
(or Figs. 4 and 5) pedfs correspondto g = 1 (or g = 0.5).

We observe that there are two ways to reduce the sharpness
or steepness of the function: one by changing the exponentiated
vector a and the other by changing the sharpness or steepness

parameter q.

10 Conclusions

I believe that I may be either the first or one of the first people
to have computed the closed form expression of the mean and
variance of the EGBD for the general case.

As seen from the equations in the paper, for the computation
of the mean requires only two digamma functions and one
hypergeometric function; however, the computation of the
variance requires the computation of two polygamma functions
of the first order, two digamma functions, one hypergeometric
function, and two Kampé de Fériet functions.

The computation of the closed form expression of the
variance of the EGBD is exponentially more difficult than the
computation of the mean.

Numerical results validate our theoretical models within the
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numerical precision offered by MATLAB 2016a.

This paper falls into the category of the “Marvels in
Analytical Derivations” because the computation of closed
from expression of the mean and variance of the EGBD

requires out of the box derivations and manipulations.
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