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This paper discussed two generalized Bessel function distributions one of which is original and never presented before

in the literature. For each generalized Bessel distribution model the closed form expression of the cumulative

distribution function (cdf) is given by means of series expansion of the modified Bessel functions which leads to

incomplete gamma functions, hypergeometric series, and the Kampé de Fériet function. Numerical results are derived

for each case to validate the theoretical models presented in the paper.

Index Terms—Bessel functions, modified Bessel functions, cumulative distribution function, Kampé de Fériet

function, series expansion, closed form expression, signal analysis, generalized functions, time-domain analysis,

incomplete gamma functions, hypergeometric series.

1 Introduction

There are several publications that discuss the Bessel functions
distributions of the first and second kind [1]-[13] due to its
importance of modeling “heavier” than Gaussian tails observed
in the data [7].

The issue, however, is not whether we try to approximate
something “heavier” than Gaussian tails observed in the data as
Bessel distributions of the first and second kind [7]. The main
issue is the following: Are the Bessel distributions of the first
and second kind valid probability density functions (pdf)? And
if yes is there proof to confirm that they indeed are valid pdfs?

Marvels in analytical derivations series

The Bessel function distribution was first proposed by
McKay 1938 [1]. The proposed Bessel function distribution
by McKay 1938 [1] works well for positive xs; however,
McKay 1938 [1] appears to be wrong for negative xs.

McKay original error has propagated to almost every
publication Miller 1964 [2], McNolty 1967 [3], 1974 [4],
Lingappaiah 1978 [5], Arnaut 2003 [6], Nadarajah 2007 [7], [8],
2008 [9], Arnaut 2009 [10], and Ahsanullah et al. 2015 [11],
just to name a few authors.

It was not until Progri et al. 2016 [12], [13] that the mistakes

(or normalized coefficient errors and negative values)
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associated with Bessel function distributions of the first and
second kind were identified and fixed.

In almost all publications with the exception of Arnaut 2003
[6] the closed form expression of the cdf were not shown.

The computation of the closed form expression of the cdfs of
the Bessel function distributions of the first and second kinds
was accomplished via the series expansion [14]-[21] and the
application of special function known as the Kampé de Fériet
function [22]-[25]. As such this paper presents an original work
that falls into the category of Marvels in analytical derivations
series never published anywhere else.

This work presents a significant advancement of the pdfs and
cdfs of indoor geolocation channel models [26]-[41].

In the numerical results section, we present both the pdfs and
cdfs of the generalized Bessel functions of the first and second
kinds for values of x from —o to c. The methodology is
consistent with the works presented by Arnaut 2003 [6] even
though the work of the latter is only valid for positive xs and
only for a special class of Bessel function distributions.

Since, the generalized Bessel functions cdfs require the
computation of the Kampé de Fériet function [22]-[25] and the
latter is not yet available in MATLAB 2016a [42], Giftet Inc. is
also taking on the task to compute the Kampé de Fériet function
[22]-[25] as part of the Indoor Geolocation Systems MATLAB
Library and publish the results of this work in Dr. Progri
pioneer publication [26].

This paper is organized as follows: in Sect. 2 generalized
Bessel distributions of the first kind and second kinds are
discussed. The series expansion of the generalized Bessel
distribution is discussed in Sect. 3. Section 4 contains
numerical, theoretical results; Conclusion is provided in Sect.

5 along with a list of references.

2  Generalized Bessel Distributions

Generalized Bessel distributions consist of the generalized
Bessel distributions of the first kind and second kinds. The
generalized Bessel distribution of the first kind is discussed first
and the generalized Bessel distribution of the second kind is

discussed second.

2.1 Generalized Bessel Distribution of the First Kind

Generalized Bessel distribution of the first kind has its pdf
given by

21

0, x<0
d
foBessel1 (X; @, d, p) = \/E|1—d2|p1xpe_ﬁx1p(§) (1)
x=0
[ 2rroare

fora>0,d>1,and p > 1 where [1]

xP 1 -
Ip(X) = \/EZP—F(pl)f—l(l - fz)pl 1€iXtdt (2)

is the modified Bessel function of the first kind; and where

pi=p+i={12-} (2a)

Since, there appears to be an error in the formation of the pdf
of the Generalized Bessel distribution of the first kind in (1) in
[8], [9] the V& in formulation of the univariate Bessel
distribution of the first kind in [8], [9] is in the denominator as
opposed to in (1) in the numerator; hence, here we provide a

complete proof that indeed (1) is a valid pdf.

Since,

foBessen1 (X;a,d,p) = 0 3)
for a >0, d > 1, and p > 0; it only remains to show that
f0°° feBessen (x; @, d, p)dx =1 “4)

Taking the integral of (1) yields

=P e, Har [PE) e a (@)

f a a
0 2PT(p,)aP2 C1(p,d)

)

where

_ 2Pr(py)
G d =z em ©)

L d
If we make the substitution x’ EE we have dx' = f and

x = |¢ then x" - |§; hence, (5) can be written as

@ T p(@a(E) 2 wre ey ™
¢ (p.d) - C1(p.a)

We can prove (7) is equal to one in three different ways.
First, using the table of integrals (see [14] pg. 701, ex. 6.623 1.)

we have
w @p)’r(v+3)
[ e, (Br)xvdx = — 2, ®)
V(a2 +p2)" 2
for Real(v) > —%, Real(a) > Imag(|B]) where
_ xP 1 2\ ixt
Jo(0) = ——— [, (1 —t})"2e™dt )

]
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is the Bessel function of the first kind for Real(v) > —%. In

order to use (8) into (7) we have to convert J,(B8x) into I,(Bx)
as follows (see [14] pg. 911 ex. 8.406 3.). For v integer

L,(x) = i7", (ix) « J,(ix) = i"1,(x) (10)
Hence, (8) for f =i can be written as
o @ivr(v+s 2V (v 42
& ey vy = 200 ) (11
Va(e2+i2)’*7  Vr(a2-1)"*2
Or substituting (10) into (11) produces
o 2ViVT 1
Jy e "L, (x)xdx =) (v+2)1 (12)
Va(a2-1)"*2
Or
o 27r(v+2
Jy e L,(x)x"dx = ) T (13)
Va(a2-1)"*2
Using the result of (13), (7) can be written as
f;oxrpe—xldlp(x,)dx/ _ 1 2PT(pq1) 14
(o) T @) Vr(a?-1p (14)

Finally, substituting the value of C;(p,d) in (6) into (14) we
have

Joo xrPe=*'dp, (xr)dar 1 2PT(py)

1) T 2Ty ym@@z-npr (15)
va|i-az [Pt

The second way to prove it is using direct integration.
Substituting (2) into (7) yields

- f_ll(l—tz)p’ I e ¥ 2P axrar 16
- C1(p.VT2PT (1) (16)

! ’
f;o x12P f_ll(l—tz)p e~ X gt
C1(p,d)Vm2PT(py)

Wherep’zp—%zpl—l, d=d+¥t.

Now, from the definition of the gamma function [16] we have

I, e @ a2 dy’ = 2(,2;;11) (17
Substituting, (17) into (16) yields
' (-2
1 p Tr(2pq1) 1 (1-t
J2,(1-t2) (d?tlepldt _ r(wﬂ)f_lmdt (18)
C1(p,d)Vm2PT (p1) C1(p,dm2PT(p1)

In order for (18) to be equal to one then the following should

be true

1 (=P 22Pr2(py)
I @ U = [ aEpireey (19)
Utilizing the expression found in (see [14] pg. 322, ex. 3.238

3.) we have

— r@r
(-1 [Buy)=T )

la—ul#|b—ul?

fb (b-t)* " 1(t-a)? 1
a [t—u|BtP

(20)

Journal of Geolocation, Geo-information, and Geo-intelligence

Can we write (19) in the form of (20)? The answer is yes.

Hence, the following is obtained

-1 - -

e @)

By setting the following we have

p—1l=p -1 (22)

v—1=p;—1 (23)

a=-1 (24)

b=1 (25)

d=u (26)

Then we have

K=Dp 27

v=p (28)

and

p+v=2p (29)

Hence, substituting (24) through (29) into (20) we have

[Pl il N (oo (30)
-1 le-d|?P1 [-1-d|P1|1-d|P1

Which is equivalent with

fl (1-0P17 (4P ZZP[B(pl'pl)E;fz(ZB 31
-1 |t—d|2P1 |d2-1|P1

Hence, (19) is true which completes the proof.

Substituting, (19) into (18) the following is obtained

”Zpl)f—ll%df __ rep 22Pr2(py) (32)
C(pdWT2PT(p1) €1 (p.dVr2PT(p1) [1-d?|P1I(2p1)

or

F(2P1)f_11((;¢__t§72:dt o 2Pr(py) (33)
€1 (p,dVm2PT(py) C1(p,d) Vm|1-d?|P1

which completes the proof.
Next, we compute the first two moments of Generalized
Bessel distribution of the first kind as follows
Egpessel1[X] = Jy *fopesset1 (%; a, ¢, p)dx (34)
It can be shown that from (see [14] pg. 701, ex. 6.623 2.)

2052"F(v+%)

fooo e, (x)x" tdx = 5 (35)
Va(a2-1)"*2
Hence, substituting (35) into (34), we obtain
[ xP*le™¥ A, (xndxr  ad2P2T(ps)
EGBessell [X] - ¢ (p.d) - €1 (p,d)VT(d2-1)P3 (36)
Finally, substituting the value of C; from (6) we have
d2P2T(p3) 2p;ad
EGBessel1 [X] = 20r(p = (37)
_2Pr(p1) 2_1)p d2-1
ﬁ|1—d2|p1ﬁ(d VP

Next, we compute the second moment as follows:
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EGessel1 [X?] = fOOO foGBessell (x;a,d,p)dx (38)
It can be shown that (see [14] pg. 699, ex. 6.621 1.)

3 1
F(2v+3)F(v+?v+2,v+ 1,?)

2Va2v+3r(v+1)

fom e (x)x" 2dx = (39)

There are other variation formulas listed in (see [14] pg. 699,
ex. 6.621 1.) that can be used to derive identical expression as
(39).

Substituting (39) into (38) we obtain:

a? f;o xrP4e _x'dlp (xr)dxr

EGBesselt [XZ] = 1) (40)
or

azr(2p3)F(P3'P4;Z’2;i2)
EGBesselt [XZ] = Cl(p,d)zpdzl’”F(pi) (41)
where  F(a, b; c; x) = ,F,(a, b; c; x) is the  Gauss

hypergeometric function (see [14] xl index of special

functions).

Finally, substituting the value of C; from (6) we have

1
a? F(2P3)F(p3.P4;P2 ;d—z)

E X?] = 42
GBessell[ ] \/ﬁzliilelialzpﬁmr(pz) ( )
or
a?va|1-a2|P T (2p3)F(ps.paivziny
EGBessel1 [XZ] = | | ; ( > dZ) (43)

22Pa?P3T(pT(p2)

which can be simplified further as

a?[1-a?|" ap,p1 F(pspaivaiss)
21 _ d?
EGBessell[X ] - a2p3 (44)

based on the recursive relation of the gamma function [16].

Next, the variance of the generalized Bessel distribution of

the first kind can be computed from

VarGBessell [X] = EGBessell[Xz] - E(ZJBessen[X] (45)
Or
4q2p, |P2F P3.D4P2i
VarGBessell[X] = adzpl ( 1 —P1d2) - P11 2 (46)
(1-32) (1-2)
d

2.2 Generalized Bessel Distribution of the Second
Kind

Next, Dr. Progri, gives for the first time, the correct formulation
of the generalized Bessel distribution of the second kind has its

pdf given by

1 Thisis very different from (1.3) in [8], (2) in [9], and (2.1) in [11]; so, | believe

that the result from (1.3) in [8], (2) in [9], and (2.1) in [11] are wrong.
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pelpe i, (1)
C2(p,d)aP2
for —o <x < o,a>0,d>0,and p > —1/2 where (see

[14] pg. 917 ex. 8.432 3.) we have

feBesselz(¥; a,d, p) = (47)

_ VmxP_ roop -1,—xt
K,(x) = I J; @ = 1Pte > dt (48)

is the modified Bessel function of the second kind. In contrast
to [8]-[11] where |d| < 1 here we just let d = 0. Perhaps
some applications of interests would be for d <1 and a = 0

but in general we assume that a > 0 and d > 0.

In order for (46) to be a valid pdf then

fGBessel2 (x; a,d, P) =0 (49)
Or C,(p,d) > 0 and

" > P =i (1)
J7 Fapesseiz (6 a, d,p)dx = == ——at =1 (50)

Since, fgesselz(*; @, d,p) is an even function; i.e.,

faBesselz (—%;a,d,P) = fapesselz(x; @, d, p) (51)
then (150) can be written as

f;o xiPe _x’de (xr)dxr

%) 2
f_oo foBessez(%; a, d,p)dx = o) =1 (52)
From where we find
C,(p,d) =2 fooo xPe ™K (x")dx' (53)

In order to determine C,(p,d) we consider (see [14] pg. 700
ex. 6.621 3.) we have

d-1
\/EZPF(ZP1)F(2P1,P1FP3Zd_+1)

co v ,—xrd I I
Jo xPe K, (x)dx @D (54)
Substituting (54) into (53) we have
1 (d+1)?P1T(p3)
= 55
Ca(pd)  2Vm2PT(2p))F (2010103 52) (53)
Or
_ Nm2P2r(2py)F (2010103100 )
Co(p.d) = @iy (56)
Finally, substituting the value of C,(p,d) into
n_%(d+1)2plr‘(p3)|x|pe_%llep(m)
feBesselz(%; @, d, p) = 41 (57)

(2a)P2r(2pF(2p11 3 5s)

Another issue is the value of the function for x = 0 since
K,(0) = . The exact value is known thanks to (Arfken,
G.B., and Weber, H.J., 1995, [15], (11.119) pg. 667) 2

2 The same result may be obtained by using the series expansion of the

modified Bessel function of the second kind (see [14] pg. 919 ex. 8.446) and
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im x? — op-1 im xP =
}}i%x K, (x) = 2P7'T'(p) p>0 as }Cli%x Ky, (x)

p-0
2P7IT(p) = oo):

272(d+1)?P1T(p3)T'(p)
\/ﬁar(ZPQF(ZPLPﬁP&%)

fcBessel2 (0;a,d, p) = (58)

Next, we compute the mean and the variance of the

generalized Bessel distribution of the second kind as follows:

EGBesselZ [X] = fjow foBesselZ (x; a, d' p)dx (59)
Or
JZ, % fepesser2 (% a,d, p)dx = 0 (60)
Substituting (59) into (58) we obtain:
Egpesselz[X] =0 (61)
Next, we compute the second moment as follows:
EGBessel2 [XZ] = f_oooo xszBesselz (x;a,d,p)dx (62)
Or
. 2 (P p+2,—xId , ,
[ % fapesseta (x; @, d, p)dx = 20 22 E OB (3

C2(p,d)

Considering the expression found in (see [14] pg. 700 ex.
6.621 3.) we have

d-1
2p+21"(2p3)F(2p3,P1i1772d—H)

Jy xPrem K, (XN dx' = —— (64)
7 Z(d+1)2P3T(p7)
Substituting (64) and (56) into (63) we obtain:
a22r(2p3)l‘(p3)F(2p3_p1;p7;E)
E X2 = dil 65
Bessei2|X ] (@+120 T @pF(201.0193552) (65)
which can be simplified further as
a?16(p,)(2p)F(2p3p1P70eT
EGBesselZ[ ( d+1) (66)

= 7 —
(d+1)"(2p5)(2P3)F (21,01 P3:55T)
based on the recursive relation of the gamma function [16].

Next, let us discuss a very special case for d = 0. For this
very special case only the generalized Bessel distribution of the

second kind exists; hence, the value of C,(p, d) is equal to

d) = Vm2P2T (2p1)F(2p1,p1:P3;—1)
T(p3)

¢, (67)

From the definition of the hypergeometric function [17] we
have
B F(l+a—b)l’(1+%a)

F(a,b;1+a—b;—1)—W

(68)
Substituting for a =2p +1=2p,, b =p+%=P1, 1+

a_b=1+2p+1_p_%:p+§=p3; into (68) we

by setting the summation index equal to zero.

3 This result is identical to (1) in [7]; so, fortunately | believe that (1) in [7] is
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obtain

_ T'(p3)T(p3) — I%(p3)
[(2p2)f(1)  r(2p2)

FQ2py, 0103 —1) (69)

Substituting, (69) into (67) yields

Vr2P2r (2p1)T(ps)
Colpd) == r(zrle) P = m2PT(py)

(70)
Hence, the pdf of the generalized Bessel function of the
second kind can be written as
PR (5)
Vr2PT(py)aP*?

(71)

For this very special case the mean is zero and the second

feBesseiz(x; a,d = 0,p) =

moment is

_ 16p,(2p)F(2p3.p15p7—1)

(72)

(73)

(74)

2 =
Eapesser2 X1 = Gp ) 2p ) F@py pyp5 1)
Similarly, we find
von 1y — LI (s)
F(2ps, pi;p7;—1) = Tepia)
Substituting, (73) and (69) into (72) produces
E [X2] = £1622@PUT G )T 2py)
GBessel2 (2p5)(@p3)T(p3)T(p3)T(2P4)
which can be simplified as
EgRessel2 [XZ] = Zazpl

(75)
This concludes the derivations of generalized Bessel
distribution.  Next, provide the derivations of the series

expansion of the generalized Bessel distributions.

3 Series Expansion of the Generalized Bessel
Distribution

In this section we provide the closed form expressions of cdfs
of the generalized Bessel distribution of the first and second
kinds via their series expansion. The series expansion of the
generalized Bessel distribution of the first kind is given first
followed by the series expansion of the generalized Bessel

distribution of the second kind.

3.1 Generalized Bessel Distribution of the First Kind

From the definition of the pdf of the generalized Bessel
distribution of the first kind, we define its corresponding cdf as

FGBessell (x; a, d, p) = f_xoo fGBessell (t; a, d' p)dt (76)
for a >0, d > 1, and p > 0, which can also be written as

X .p,—td
Jo tPe M p(t)at

C1(p.d) 77)

FGBessell(x; a,d, p) =

correct.
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where C;(p,d) is given by (6).

Using the series expansion of I,(t) (see [14] pg. 919 ex.
8.445) we have

1 tp+2k

L,(t) = Xx= 0 JiT(pg +10) 292K (78)
Substituting (78) into (77) we obtain:
x _ p+2k
S tPemtdy 0|17tk ¢
Fopesseir (¥; a,d, p) == XY (79)

Or by changing the order of summation and integration
produces

200 f;‘t2p+2ke—tddt
C1 (p d) “k=0 jir(p, +k)2p+2k

Fggesse1 (x; @, d, p) = (80)

From the definition of the incomplete gamma function [19]

we have

y(2p1+2k,dx)

X 2p+2k ,—td —
Jy e dt = == 2 (81)

Hence, substituting (81) into (80) yields:

7o v(2py+2k,dx)
k=04ir(p+k+1)2P+2kg2p1+2k

C1(p.d)

Fgpessei1 (x; a,d, p) = (82)

or
co _vy(2py+2kdx)

k=011 (p, +k) (2d)2K (83)

Fepessei1 (X3 a,d,p) = 2Pa2p*ic, (p,d)

Next, we examine the value C;(p,d) from (6)

2PT(pq)
Vr|1-d?|P1

r(2py)
2P|1-d?|P1T(p;) (84)

Ci(p,d) =

Finally, substituting (84) into (83) yields

1-a2P1T(02) wroo (2p1 +2k,dx)
FGBessell(x a, d p) | | b2 Zk Oky 0 - (85)

d2P1r(2p,) IT(pa+k)(2d)2K
We have to find a way to simplify (85). We examine the

following recursive relations of the gamma function [16]

F(p, +k) = (p + K)T(p + k) (86)
or by applying recursive relation (86) 2k times we have
[(p, + k) = T()[ITi=1( + 1) = ®2)i] (87)

where (a), is the (rising) Pochhammer symbol [20].

Substituting (87) into (85) we obtain:

(1__)171

I'(2p1)

y(2p1+2k,dx)
ki(p2)(2d)2k

ZkO

Can we simplify (88) even further?

Fggesse1 (x; @, d, p) = (88)

In order to do that first let us examine the values of cdf for
x =0 and x = oo. Since, }/(Zp1 + 2k, dx = 0) = 0 hence,
Fggessen(0;a,d,p) = 0 (39)
Next, since, y(2p; + 2k, dx - ©) - T(2p, + 2k) we

have
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(2"

I'(2p1)

Z r'(2p1+2k)
k=0 k1(p,)p(2a)2k

Equation (90) constitutes a new identity of gamma function

Fgpessenn (05 a,d,p) = (90)

series expansion relation for d > 1 and p > 0:

(g e R =1 1)

I(2p1) 2k (2a)?k
Theorem 1: Prove that (91) is true for d > 1 and p > 0.

r'(2p1+2k)

Proof of theorem 1: In order to prove that (91) is true, first we
examine the following recursive relation of the gamma function
[16]

I'(2p, + 2k) = 2p + 2k)T' (2p + 2k) (92)
or by applying recursive relation (92) 2k times we have
I'(2p, + 2k) = T(2p1) (2p1) 2k 93)

Substituting, (93) and (87) into summation of either (90) or
(91) we obtain:

Zw r'(2p1+2k)
k=0 1152y, (zad) 2k —

(2p1)
ooz = TP Yo o (94)

(p2) )2k

Finally, substituting (94) into either (90) or (91) we obtain

1 V14w @pak  —
(1 dz) Zic=o ki(p)(2d)2k — 1 ©3)
Or

R 0 YR (2p1)2k
(1 dz) _Zkzok!(Pz)k(Zd)Zk (96)

In order to prove that (96) is true then we examine its binomial
expansion (see Arfken, G.B., and Weber, H.J., 1995, [15],

(5.99) pg. 317) by setting x = —diz and m = —p —% we have

(1-2)" =3p, -2 _(-2)" o)
d? k=0, ( p-i-k)I\ a2

which is equivalent with

1 k— D — k

(1-%) " =52, . 2) -1 (98)
To prove that (98) is identical to (96) it remains to prove that
P1 k — Hn 1(Pn)

() v = ©9)

For all values of p > 0 and integer values of k > 1. Next,

we recognize that

H (Pn) = Hn lodd(pn) H%’il,even(pn) (100)
Next, we examine

H‘?llil,even(pn) = Hﬁmzl(pZm) (101)
Substituting (101) into (99) yields

() (-1 = I oaalpn) (102)
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which leads to the binomial coefficient identity [18]

(P k= (" e ) = [Tes (p2m —3)

which is exactly the value of the binomial coefficient which

(103)

completes the proof.
Or using the definition of the (rising) Pochhammer symbol
[20] (96) can be written as

1V g @2k®1)k
(1 a2> _Zkzok!(Pz)dek

(104)
or with the help of the hyper geometric function [17]
PN
(1 - a7 = 3, PR = £y, 151;47%) (105)

which is identical to

PN
(1= a7 = 3, PO = £ (1, py;1;47%) (106)

Now that (90) and (81) have been proven. Let us try to
simplify (88). Indeed, from the definition of the incomplete

gamma function [19] we have

y(a +1,dx) = ay(a,dx) — (Zzzca; a=2p+2k (107)

or by applying recursive relation (107) 2k times [21] we have

y(aX +1,dx) = (2p1)2ky(2p1,dx) —g(x;p k) (108)

where g(x;p, k) is given by (see Thompson 2013 [21])

9(x;p, k) = (2p1)2k(dX)2pe_dx 22" (ax)™

m=1 @p+Dm

(109)

k™ | dx
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Substituting (108) into (88) produces
¥ v(2p1,dx)(2p1) 2k
k=0 k@) 27K

|1-d~2|-P1r(2p,) - GGBessell (x" a,d, p)(l 10)

FgRessel1 (X; a,d,p) =
Or

_ y(2py,dx)

Fgpessei1 (x; a,d, p) = Ter) Gegessel1 (X; @, d,p) (111)

where

2k (dx)™
Pk Zm=1m

ki(d)2k
(1-d~2)P1r(2py)

(dx)?Pe=dx 32

GgBessel1 (X; a,d,p) = (112)

or with the help of the regularized incomplete Gamma function
(112) can be written as
Fgpessel1 (x; @, d,p) = P(2py, X) — Gggessen (X; @, d,p) (113)
If there is another way to find the close form expression of
(113) then
Gopessel1 (; @, d,p) = P(2D 1, X) — Fopessenn (x;a,d,p) ~ (114)
Let us rewrite (88) in a different form using the series
expansion of the incomplete gamma function based on (see [14]
pg. 899 ex. 8.351 2.) we have
(Wn_ @0

1 ,—d.
(d0) e~ %P (1,1+ardx) _ (ax)e xzr=0(1+a:)n n

al al

y(a,dx) =

(115)

where ®(a, b; x) is the confluent hypergeometric function
(see [14] pg. 1023 ex. 9.21 2).

Substituting (115) into (88) we obtain for &' = a + 1

PDEWm_ k)™

2\P1_—dx|voo oo PrWm
() e k0 X =00 sk P2k K

m!

P T 0 Sm=
2py “k=04Mm=0(p ) 1 DD mik kI m

Fgpesseln (x;a,d, P) =
where

x_lex_xzdz
1_4: 2 = 4

(116a)

Finally, Dr. Progri has successfully derived for the first time

(d2-1)7P1r(2py)

p1 - o:1;1[ —PuL dx
(dz—l) e dxePl(Fz:o;o [p3'p2:_;_;x1,x2]+

0:1;1] —P1L
2500 [paps-7172))

i (116)
the cdf of the Bessel function distribution of the first kind which

can be written with the help of the Kampé de Fériet function
[22]-[25] as follows

4,03: =~

Fgpessei1 (x; a,d, p) =

r'(2p2)
or
a1 —poL ] o:1;1[ —P1;L ]
F;.9 , Fy.0. p
F (x;a,d,p) = 2:00 |p3,py:—;—;1%2 *72:0,0 | py,pa:——F1¥2
Goessell X7 4 G P) = Ci () )

This concludes the derivations of the closed form expression
of the cdf of the generalized Bessel distribution of the first kind
via its series expansion of the modified Bessel function of the
first kind.

(117)

2p1 ,—dx. _ (dz_l)pl. _ C11(pd)d
x“Pre”®; Ciy(p,d) = T2y Ci2(p,d) I —

(118)

3.2  Generalized Bessel Distribution of the Second

Kind

From the definition of the pdf of the Generalized Bessel
distribution of the second kind, we define its corresponding cdf

as
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Fgpesseiz(x;a,d,p) = f_xoo fcBessei2 (t; a, d, p)dt (119)
for a > 0, d > 0, and p > 1, which can also be written as

X -
I JePe= ek, (epat

Fopessei2 (¥; @, d, p) = oD (120)
where C,(p, d) is given by (56).
Let us define
[FtPe~tdy (tat
FiBesselz(x; a,d, p) = W (121)
then
1-2FgResselz(—x;a,d,p) x<0
142F GBesselz(*;a.d, 20
Fepesselz (5 a,d,p) = *2Papesselpridp) X (122)

2
Hence, if we compute the series expansion of (121); then, we

have computed the series expansion of (120) via (122).

Using the relation between the modified Bessel function of
the first and second kind from (see Arfken, G.B., and Weber,
H.J., 1995, [15], (11.118) pg. 667 or [14] pg. 928 ex. 8.485) for

real (not an integer) values of p

7 1_p()=Ip(t)

27
d-1y_,
¢ (p,d) = 2C;(p,d)sinmp 2P41‘(2p1)F(2p1,P1:p3;d—+1)smnp (127)
2P )= m a JE(d+1)2P1T (p3)
Since, the second integral is already known
0:1;1[ —P1L; 0:1;1] —P1L
Fa:oio P3.Pz:—;—;x1'x2] *Fai000 p4,p3;__;x1.xz] £2P1
= . 4] i
fx tPL,()dt €11 (pd) 2w odx (128)
o e T pd) (

It only remains to evaluate the first integral.
Using the series expansion of I_,(t) (see [14] pg. 919 ex.
8.445) we have

1 t—p+2k

Ip(®) = Xk=o arprern 2772F (129)
Substituting (129) into (125) we obtain:
x _td . 1 t—p+2k

fO tPe [I_p(t) = Zkzomm] dt (130)

Or by changing the order of summation and integration

produces

B - fthke_tddt
Jy tPe I, (0)dt = Big = (131)

(-p+k+1)2-Pt2k

From the definition of the incomplete gamma function [19]

K,(t) = 2 sinmp (123) we have
. . . x _ y(2k+1,dx)
Substituting (123) into (121) yields fo t2ketddt = T (132)
X tPe~tad[_,(t)~1, ()] dt o . .
Feopesselz (X3 a,d, p) = gfo ecz(l[y‘dz;sinﬂ:pp | (124) Hence, substituting (132) into (131) yields:
- o k+1,d
or equivalently, fox tPe~_,()dt = ¥, k!l"(—p+yk(i1;21_?’):')2kd2k+1 (133)
[FePe~tdi_ (Ddt—[F tPe~t, (Ddt or
TGBesselZ (x; a, d, p) = g 2 zz(p,d)siflﬂp 2 (125)
P
or fox tpe_tdl—p (O)dt = %Z’?ﬂ) k!l"(]—/z(az-i-kk++11")i:2)d)2k (134)
[FePe~tdr_ (H)de—[F tPe~te, (Ddt Finally, substituting (134) and (128) into (126) we obtain:
Fopesselz(X; a,d, p) == 0 £ (126)
G2 (p.d)
where
F%%[P;;;pzl::—l;;—;xl'xz] prgi(l);}) pf__lg;f_;n.xz] x2P1—dx
2P oo y(2k+1,dx) 1) €1z (pd)
“d “k=0lr(Cp+k+1)(2d) 2K i)
FiBesselz(x; a,d, p) = _— C2(p.d) = (135)
t t show that (1 ia (122)) is i li 2P Fk+)
Next, we must show that (135) (via (122)) is indeed a valid - (coradp) = - ;o=0k!l"(—p+k+1)(2d)2k (o) 136
cdf. Hence, we must first show that Fgpessel2(0;a,d, p) =0, GBessel2\ % 4, @, D) = G (o) (136)

Fepesselz (%0 a,d, p) = 0.5; and the function is monotonically
increasing.

Showing that Fggesse12(0;a,d,p) = 0 is straightforward.
Showing that Fgpessez(0; @, d,p) = 0.5 is more complicated.
From

d-1\ .
'(2k+1) 2F(2p1.p1;p3;d—+1)smn’p

dr(zp1)

Let as assume that this is true. Then we would have shown that

2P2 r(2k+1) _ =
A e o = C,(p,d) +2C,(p, d)

p+k+1)(2d)2k (137)

or

Lk=0 Jarpr kD @a) d=1T=1(2p;)VrE(d+1)2P1T(p3)

22P|1-d?|P1T(p)

(138)
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Or following the derivations that we completed earlier we have
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Zk 1 d (dx)2k+1e—dx m i 139
YRk +1,dx) = o Xim=0 k+ (k+1)m 2(k+1)2m 0(k+2)m(k+ ) (139)
Substituting (139) into the summation of (135) yields

1 1
xde |5 o7 Okl om ngn?=lizx2?m =0 ©kla),om nggl
yeo y(2k+1,dx) _ (E)k+m(1)k+m(1_p)k o (2)’”""( )k+m(1 P il (140)
k=0 jir(—p+k+1)(2d)2k [(-p+1)
which can be written with the help of the Kampé de Fériet
function [22]-[25] as follows
1,51, ] —aka
xde ™4 F201201 £ 27 X%z +%F20:'12:'01 3 27 x1xp
5o y@k+1dn 2P 27 7 iv (141)
k=0 pir(—p+k+1)(2a)2k r(1-p)

Finally, Dr. Progri has successfully derived for the first time the cdf of the generalized Bessel function distribution of the second

kind by substituting (141) into (135) yields:

Foi2i1 11, e x X021 -1 e x 1
F, (x;a,d,p) = xe™ % T e o e R 7 D3 pil— ) s ) m;sl— - 1'x2] v(142
GBessel2\X; @, 4,p) = x€ crtpd) i (p.d) 3 (pd) Coi(p,d) ( )
where C,;(p,d) for i = {1,2,3,4} are given by Next, we derive the series expansion of the generalized
» modified Bessel function distribution of the second kind for
2 .
Cn(pd) = eng s G2 d) = m (142a)  integer values of p.
The modified Bessel function of second kind from (see [14]
C d) = —C11(p,d)Cy . C d) = —C12(p,d)C1 142b .
230, d) = LoD 240, d) = T ood ( ) pg. 919 ex. 8.446) for integer values of p

where C,(p,d) is given by (127).

t w 2k
_ 1 op-1 (Dp-k-1)! (5) 2k~ p+1 In; (ﬁ)’”
Kp() = 22k=0 k! 2 + (=D X k!(p+k)! 2 (143)
Substituting (143) into (121) yields
_ —k—1)l,t\2k-D t Pk+1)+P(p+k+1)
Sl pk=kol(Ey tp+2k[ln———]
X p —td|Zk= 4] \ 2 2
Jy tPe t [ 0 _ 2 F(-DPFLRR G0 dt
Fepesselz (X;a,d,p) = oD (144)
Or by changing the order or summation and integration we obtain:
- ( DR (p—k— 1)% tP2k—po—td gy [ (—1)PFL 3 fxtpe—tdtp+2k 1n__1p(k+1)+12p(p+k+1)]
k= k! 22k—-p - k=0Jo 202K pi(p+ k)
Fipesselz(X;a,d, p) = ) £ (145)
Or which can be written as
215" 1( D p-k-f 2ketd gy P I tae—tdlngdt_[w] [Eteetdge
) Zk= k! 22k F=DPT o 2P+2Kpi(p+k)!
TGBesselZ (x' a, d' p) - ¢, (0,d) (146)
In order to evaluate (146) we need to compute three integrals. (132); Hence, (146) can be written as
The third integral is exactly (81) and the first integral is exactly
o1 p_1(_1)k(p_k_1)!y(2k+1‘dx) (P f;‘ tae—tdln%dt {w(k+1)+12p(z7+k+1)}y(c;;}r.;1x)
d “k=0 k! nk T 2P k=0 22Kki(p+k)!
Fipesselz(X;a,d, p) = (1) (147)

C2(p,d)
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It remains to evaluate the second integral of (146) or the
remaining integral of (147). This integral can be evaluated by

using the method of partial derivatives as follows:

fjeertian = f{2e(3) et = M2 (4y)

dat+i
Taking the partial derivative of (148) with respect to @ can
be written as

el (3) erreae =

6 y(a+1, dx)
da da+1

(149)

a [24
G T pron (0 ptagy g gt ey,
2 0 da

da ~Jo aa

Evaluating the first integral of (151) yields

* 02 ()" g-tage = In(2) [ [F tee-tdd = L) (157
2 0

0 Ja a+1

The second integral of (151) is obtained from:
x a(z)a X t
[y 205 2-etat = [t (£) et (153)

Equation (153) is in fact our desired integral.

Next it remains to evaluate the right-hand side of (149) as

follows:
a+1
9 v(a+ldx d"‘+11}/(0&1,dx)—y(ot+1,dx)L
0 yla+rax) _ 4“5y da (154)
da da+i dza+2

Substituting (147) and (81) into (146) we have a very
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The left-hand side of (149) can be computed by the help of
Leibnitz integral rule [43] or differentiation under the

integration sign rule [44] or Reynold’s transport theorem [45]

as follows
9 rx t\* —td ~td
2 2o (D) ear = 7 22w (£) ] e ar (150)
Equation (150) can be further written as
(151)
The second part of (154) can be easily computed as
6da+1 _ a+i
o d**In(d) (155)
Substituting (155) into (164) produces
a
8 y(a+1,dx) _ zg¥(a+Lldx)-y(a+1,dx)In(d)
da datl =2 da+l (156)

The first derivative of (156) can be obtained from (see
Gradshteyn, Ryzhik [14] pg. 899 ex. 8.352 1.) as follows

Zy(a+1,dv) ==T(a+ D[1-e > 35, (157)
Which is equivalent with
- dx)™
—er S (158)

complicated expression of Fgpesselz(X; a,d, p) of integer p

0 y(a+1,dx) y(a+1,dx) [Pk+D)+P(p+k+1)|y(a+1,dx)
2P op-il Dk @p-k- Dly @k | (- VPG00 9T gt ~[In@+In@)1= 7537 -| 2 | gar1

4 7o K (4a2)" e

22kk1(p+k)!

Fepesselz (X;a,d,p) =

This concluded the derivations of the closed form expression

of the generalized Bessel distribution of the second kind.

4 Numerical, Theoretical Results

In this section we provide numerical theoretical results on the

exact and approximated generalized Bessel function
distributions of the first and second kinds based analytical
derivations presented in the previous section.

As far as I can tell, Arnaut 2003 [6] presented a solid
methodology for showing both the pdfs and cdfs; however, only
for x positive and only for a special class of Bessel function

distributions.

4.1 Generalized Bessel Function Distribution of the
First and Second Kinds

In this subsection we present, numerical results of the

C2(p.d)

vii (159)

generalized Bessel function of the first and second kinds using
numerical integration.

Figure 1 shows the plots of (top) the generalized Bessel of
the first kind pdf and cdf for a=1, d =2, and p = 2;
(bottom) original generalized Bessel of the second kind pdf and
cdf [26] for a = 0.85, d = 0.5, and p = 2 for three different
scenarios. Scenario (a) is the original pdf and cdf based on
(113). Scenario (b) is the exponentiated pdf and cdf for a =
0.5. And scenario (c) is the convolution pdf and cdf. Details
on how the pdfs and cdfs are produced are given in [26]. The
important thing is that in order to produce scenario (c) the stats
of the generalized Bessel are needed which are analytically
computed in (37) and (46).

In all three scenarios generalized Bessel of the second kind
pdf and cdf (based on the derivations that follow next) are only
used by virtue of comparison or contrast to show that in all three
cases that both the generalized Bessel of the first kind pdf and
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cdf for a =1, d = 2, and p = 2 and the generalized Bessel
of the second kind pdf and cdf for a = 0.85, d = 2, and p =
2 are in fact valid pdfs and cdfs.

Figure 2 shows exactly the same results as the ones in Fig. 1
with the only difference that p = 2.5 in Fig. 2 instead of p =
2 in Fig. 1.

The important results here is that even for non-integer values
of p the generalized Bessel of the first and second kinds pdfs
and cdfs are valid.

It is important to show that pdf calculations are based on the
closed form expression and for the cdf are based on the
numerical approximation. In a separate paper we will produce
the exact algorithms and MATLAB functions for computing the

cdfs from their closed form expressions.

4.2  Approximations of the Generalized Bessel
Function Distribution of the First and Second
Kinds

Because the numerical computation of the generalized Bessel
function distribution cdf of the first and second kinds is
laborious based on their closed form expression as it requires
the numerical evaluation of the Kampé de Fériet function [22]-
[25], for most practical applications the generalized Bessel
function distribution cdf of the first and second kinds can be
approximated from the family of well-known distribution
functions to within 5 % absolute error accuracy.

This is exactly what is shown in Fig. 3.

Figure 3 (a) shows numerical calculations of the generalized
Bessel of the first kind pdf and cdf for a = 1, d = 1.6, and
p = 3 approximates Gamma pdf and cdf with for a = 1 and
c=2p+1.

Figure 3 (b) shows numerical calculations of the half-
generalized Bessel of the second kind pdf and cdf for a = 1,
d = 0, p = 3 approximates half normal pdf and cdf with for
a= \/ﬁ . Figure 3 (c) shows that the absolute error of the (top)
first approximation is +2 % for the pdf and +4 % for the cdf
and (bottom) second approximation is +2 % for the pdf and
+2.5 % for the cdf.

5 Conclusions

We have been able to correct the major errors reported in the
literature regarding the generalized Bessel of the first and
second kind pdf and cdf. All the derivations provided in this

paper are entirely original"ii,
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(a) (top) original generalized Bessel of the first kind pdf and cdf
fora=1, d =2, and p = 1; (bottom) original generalized
Bessel of the second kind pdf and cdf for a = 0.8.4, d = 0.5,
and p = 2.
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(b) exponentiated (top) generalized Bessel of the first kind pdf
and cdf for a = 1, d = 2, p = 2; (bottom) generalized Bessel
of the second kind pdf and cdf for a = 0.85, d = 0.5, p = 2
and @ = 0.5
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(c) generalized convolution (top) generalized Bessel of the first
kind pdf and cdf for a=1, d=2, p=2, (bottom)
generalized Bessel of the second kind pdf and cdf for a =
0.85, d =0.5,and p = 2.

FIGURE 1: Numerical calculations of the generalized Bessel of
the first kind pdf and cdf vs. Generalized Bessel of the second
kind: (a) original pdf and cdf; (b) exponentiated pdf and cdf for

a = 0.5; (¢) generalized convolution.
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(c) generalized convolution (top) generalized Bessel of the first
kind pdf and cdf for a=1, d=2, p=2.5; (bottom)
generalized Bessel of the second kind pdf and cdf for a =
0.85, d = 0.5,and p = 2.5.

FIGURE 2: Numerical calculations of the generalized Bessel of
the first kind pdf and cdf vs. Generalized Bessel of the second
kind: (a) original pdf and cdf; (b) exponentiated pdf and cdf for

a = 0.5; (c) generalized convolution.
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(c) absolute error from the generalized Bessel of the (top) first
second kind pdf and cdf for a =1, d = 0, p = 3; (bottom)
half normal pdf and cdf for a = /2p = 6.

FIGURE 3: Numerical calculations of the generalized Bessel of
the first and second kind pdf and cdf vs. approximated Bessel
of the first and second kind pdf and cdf.

For each generalized Bessel distribution model, the closed
form expression of the cdf is given by means of series
expansion of the modified Bessel functions which leads to

incomplete gamma functions, hypergeometric series, and the
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Kampé de Fériet function. Numerical results are derived for
each case to validate the theoretical models presented in the
paper.

It is also shown that most practical applications the
generalized Bessel function distribution cdf of the first and
second kinds can be approximated from the family of well-
known distribution functions to within five percent or less

absolute error accuracy.
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Vi |f we assume that x — oo then we get
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Taking the derivative of the left-hand side yields
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Evaluating the first integral of (2) yields
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The second integral of (2) is obtained from:
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Equation (4) is in fact our desired integral. Next it remains to evaluate the

right-hand side of (1) as follows:
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Equation (5) can be further simplified as
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Finally substituting (3), (4), and (6) into (1) we obtain the desired result
=) _ r( )
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Is this expansion correct? In Gradshteyn, Ryzhik [14] pg. 573 ex. 4.352 1.

We have a similar answer. So, | believe that (7) is correct.
Vil |n this case a lot more work is required to obtain the closed form
expression. The details of these derivations, the numerical efficient algorithm,
and MATLAB functions will be published in a separate paper soon.

Vil R eformatted in 2021 to improve the quality of the formatting of the
equations.
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