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This paper presents the complete original definition of first generation Variable Binary Offset Carrier
VB0OC2(a,1 — a) generalized multidimensional geolocation modulation waveforms, to improve the standardization
of the United States DoD GPS, European Galileo, Russian GLONASS, Chinese Compass, Indian IRNSS in the L-
band (1-2 GHz), and the United Nations International Telecommunications Union (ITU) GNSS or geolocation
waveforms in the S-band (2-4 GHz) and C-band (4-8 GHz).

In the paper it is argued that the selection of BOC(10,5) (or the military code or M-Code) on both GPS L1 and L2
frequencies is entirely arbitrary because BOC modulation is a special case of VBOC2(a,1 — a) for a =0 or a =
1; hence, all the current state-of-the-art GNSS waveforms exhibit sub-optimal signal design performance even at the
end-user when generalized global objective functions are applied.

VBOC2(a,1 — a) pure signal design or broad definition of generalized autocorrelation function (ACF) and power
spectral density (PSD) offers a unique signal design methodology and provides the necessary framework for
VBOC2(a,1 — @) ACF pure signal optimization to fill in substantial signal design gaps; hence, improving the GNSS
signal design and standardization.

Index Terms—Pulse generation, pulse amplitude modulation, pulse width modulation, multidimensional sequences,
signal design, signal analysis, generalized functions, time-frequency analysis, minimization methods, optimization

methods.

Introduction generation VBOC2(a,1 — a) generalized multidimensional

geolocation modulation waveforms so as to fill in substantial

The main objective of this paper is to introduce the first signal design [1]-[27] methodology gaps created over the years
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as a results of incomplete signal design methodologies.

The main motivation or the argument of the signal design
waveforms has already been established that VBOC1(a)
generalized  multidimensional — geolocation  modulation
waveforms which is a type of asymmetric non-return-to-zero
(or As-NRZ) BOC for 0 < a < 1, generalizes the transition
from the BPSK waveform BPSK(t) = VBOC1y q=1)(t) to
the current symmetric NRZ (or S-NRZ) BOC modulation, used
extensively in GPS L1 and L2 frequencies [5]-[17], because
BOC (1) (t) = VBOC1 (1 o=0)(t) ; however, in the current
GNSS

VBOC1 () (t) was made entirely arbitrary [1]-[7].

standard the choice a =0 in the context of

The first argument was made that VBOC1(y 1 4=05)(t) is
probably better choice on the GPS L1C data signal than
BOC(11)(t) = VBOC1(414=0)(t) because the current choice
on GPS LIC data signal instead of BOCyq(t) =
VBOC1 (41 ,4=0)(t) is arbitrary and just as inefficient as the
BPSK modulation [1], [2] in terms of out of phase ACF.

The second argument was made that VBOC1 (31 =05 (t) is
also a better choice than BOC(;1)(t) = BOC(105)(t) =
VBOC1 ;1 ,4=0)(t) or the GPS military M-code on both GPS
L1 and L2 frequencies [l], [2], because either
VBOC1(114=05)(t) or VBOC1(y1q-0s)(t) is 100 percent
more efficient than either BOC(;1)(t) or BOC(q)(t)
respectively in terms of out of phase ACF [2].

The question now is as follows: can we find a better choice
for: (1) BOCu1)(t) than VBOClyi4e0s)(t) 2 (2)
BOC(31)(t) = BOC(10,5)(t) than VBOC1 1 qeos)(£)?

For the purposes of this work VBOC2(a,1— a) really
means VBOC2pnne)(t) for 0 < a <1 which is a special
case of the second generation of generalized multidimensional
geolocation modulation waveforms VBOC2(ay, a,) for 0 <
aq, @, <1 and in general a; # a,.

We notice that VBOC1(a) = VBOC2(ay = a,a, = ) for
0 <a<1;ie., VBOC1(a) that is already being discussed in
[11, [2] is a special case of VBOC2(a,,a;). Since, we have
already discussed VBOC1(a) [1], [2] instead of discussing
VBOC2(a,, a,) for 0 < ay,a, <1 and in general a; # a,;
why not consider VBOC2(a,1 — a) and show if in fact
VBOC2(a,1 — a) is better than VBOC1(a) as a first step and
if this is the case [3] and then later on consider VBOC2(a4, a,)
for 0 < ay,a, < 1 and in general a; # a,.

This
innovative research, in contrast to my earlier signal design work
[7], [21]-[24] and end user work [18]-[20], [25]-[27], in the

publication contain substantially original and
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context of VBOC2(a,1 — a) pure signal design methodology
which includes: (1) original and innovative formalized
definition and discussion of the VBOC2(a,1— «) signal
waveform; (2) include original and innovative formalized
definition and discussion of VBOC2(a,1 — a) the generalized
ACEF and its complete set of properties; (3) include original and
innovative formalized definition and discussion of the
VBOC2(a,1 — a) generalized PSD; (4) all (1) through (4) are
analyzed as a function of the signal design and optimization
parameter, @, and generalized parameter, p which denotes the
order of the VBOC2(a, 1 — ).

Why is the discussion of all of these so important? First,
signal design and optimization parameter, « , exploits a
particular asymmetry of the As-NRZ signal coding modulation
in order to improve VBOC2(a,1— a) signal design and
optimization. Second, the derivation of generalized ACFs and
PSDs as a function of a and p provides for the first time the
opportunity to understand the properties of all individual
VBOC2(a,1 — a) such as for all positive integer values of p
without having to analyze all individual VBOC2(a,1 — @)
separately.

This
VBOC2(a,1 — a) pure signal design is discussed. Sect. 3

paper is organized as follows: in Sect. 2
contains numerical results; Conclusion is provided in Sect. 4

along with a list of references.

2 VBOC2(a,1— a) Pure Signal Design

The detailed discussion on VBOC2(a,1 — a) pure signal
design starts with the: (1) definition of the VBOC2 (,  o)(t)
waveform; (2) VBOC2(a,1—a) ACF definition and
discussion; and (3) VBOC2(a,1 —a) PSD definition and

discussion.

2.1 VBOC2(a,1-—a)
Discussion

Signal  Definition and

Definition 1: VBOC2 ;5 o) (t) waveform is a generalized,
periodic function of the BOC(;, »)(t) waveform with period
2T, (T, : the subcarrier period), for all values of t —o0 < t <
e}

VBOC2 (nc)(t) = VBOC2 (0 (t + 2T) (1)
and the relation of integers m, n is given by
2mT, = nT, 2)
where T, is the defined as the chipping period.
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Definition 2: VBOC2 (o) (t) waveform is an odd function
for all values of —oo0 <t < oo.

VBOC2(mna)(t) = =VBOC2(mn oy (—t) (3)

Definition 3: VBOC2pnq)(t) waveform is a periodic

function with period T, for all values of m even and —oo <

t < oo.

VBOC2(mna)(t) = VBOC2(mno) (t + T)

Definition 4: The

VBOC2 (1 nq)(t) is the superposition of two pulses: a rising

4)
odd/even sub-carrier period of
pulse and a falling pulse with amplitude/pulse widths, +1/w,
or +1/wy and —1/wy or —1/w, respectively, or a falling
pulse and a rising pulse amplitude/pulse widths —1/w; or
—1/w, and +1/w, or +1/wy respectively that satisfy the

following

w, = 0.5Ts(1 + @) = 0.5 21D %j“) )
_ — _ nT(1%a) _ T.(1%a)
wr = 0.5T;(1F a) = O.ST = Tl (6)

Hence, the waveform VBOC2 ;5 )(t) can be obtained as

Zg;—do; [pwr (tlJ W‘r) - pr(tZJ Wf)] +

_ o
VBOC2 () = Y G=-c [ow(tp Wf) - Pwr(tz:Wr)] @
q: even
where
t; =t — 0.5w, — qT; ®)
t, =t —0.5wf —w,. — qT; )

and p,, (t —ty, w) is a unit rectangular pulse function with
width w centered at t, with amplitude +1.

It is straightforward to show that VBOC2 ;) (t) obeys
Theorem 1 of [1]; i.e., for VBOC2(jypnq)(t) 0 < a < 1.

Corollary 1: BOC(yn(t) is simply VBOC2(yp q)(t) for
a=0.

Corollary 2: BOC(y/2n)(t) is simply VBOC2(y, p o(t) for
a=1.

Even though we have defined the VBOC2 (5 o) (t) signal
waveform we want to describe the properties of the signal with
itself for values of 0 < 7 < T in the observation interval. One
means of achieving this by correlating the VBOC2 (;y, , 4 (t)
signal waveform with itself; hence, the definition of the ACF,
Rygocz (mna) (.

This concludes VBOC2(a,1 — a) signal definition and
with VBOC2(a,1 — a)

generalized ACF definition and discussion.

discussion; next we continue

1 For ease of analysis we will assume that the + for w,. and — for wy.

2 0: 0dd and e: even. This short hand notation will be used throughout the
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2.2 VBOC1(a) Generalized ACF Definition and
Discussion
Definition 5: The ACF of VBOC2(ynq)(t)

RvBoc2 (mn (t,2T) for m odd with the variable coefficient

0<a<1 for all values of T; t,—2T <1 <ty,+ 2T is

given by

v(t)*v(t)
2T

Ryboczy, . (52T ) =

or in integral form

Lo T w(v(eroar
RvBOC2(m0ma (T 2T o) = T

v(t) = VBOC2 (m:o,n,@) ®)

Definition 6: The ACF of VBOC2(ynq)(t)

RVBOCZ(mna)(T' T) for m even with the variable coefficient

to

0<a<1forall values of 7; t, — T <17 <ty + T is given
by
RvBoc2gmena (T Trt0) = V(t);_vm
or in integral form
[Tyt +r)dt

RvBoC2gmena (& Trto) = T

v(t) = VBOC2 (m:e,n,a) ®)

There are a couple of things that we should describe about
the ACF, RVBOCZ(m:o,n,a) (T, 2T, to) and RVBOCZ(m:e,n,a) (T, T, to)

with respectto T = 0 and T = oo.

It is straight forward to show

theorems 2 and 3, and corollaries 3 and 4 of [1].

Theorem 1 (“Fundamental theorem of the ACF of the
generalized VBOC2 (4 5 ¢)(t)”). Show that if T = T starting

with:

(1) Definition 5 the ACF of VBOC2(mona(t) the

following is obtained:

[Po*2Ts y()p(etr)de

— to
RyBoc2imona (7,2T,, t) = o

(2) Definition 6 the ACF of VBOC2(mena(t) the

following is obtained:

[P Tsy (vt +r)dt

— to
RyBoc2imena (1, Ts, to) = T

(3) prove that when VBOC2 (1.0 nq)(t) the following holds

RvBoc2gmena (T 2Ts1t0) = RyBoc2amenq (T Ts to)

paper.

that the ACF of
VBOC2 () (t) (RvBoc2 moma) (z,2T,ty) given by (10) and
(11) and RvBoc2 (miema) (z,T,ty) given by (13) and (14)) obey
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(4) prove that when VBOC2 (.5 n.q)(t) the following holds
(19)
The proof of theorem 1 is

RyBoc2imona (7,2T,, to) # RvBOC20moma (1, Ts, to)

Proof of theorem 1

straightforward. First, by substituting T = T, from definition 5

(16) is obtained. Second, from definition 6 (17) is obtained.

Third, now, let us assume that v(t) = VBOC2 (. n,q)(t)
starting with definition 5 or (16) we have:

o021 v(yw(e£r)de=

Lo TS v(Ov(esrae+

Rusocagn (6 2Ts to) = ’# (20)
By changing the variables t' = t — T, we notice that
LeEe@v xnde = [P v@vE D de (21)
where t =t' + T.
Based on definition 3 (19) becomes:
LB v@v £ D de = [ v £ dt (22)
or
[y + 0 de = [T u@vt 1) de (23)

to+Ts to

Finally, substituting (23) into (21) the following is obtained:

Ty @v(ernde=

2 [ T v(Ov(eroa

RvBoC2(memay (T 2Ts to) = o (24)
or
[T y(yv(e e
RvBoC2memay (T 2Ts to) = %T (25)

which completed the proof of (18).

Fourth, it is also very straightforward to show that (25) holds
also. Definition 5 is known as the necessary condition of the
ACF of VBOC2(y5a)(t) and definition 6 as the sufficient
condition the ACF of VBOC2(,  o)(t).

Next, we will exploit the ACF of VBOC2 (.0 n,q)(t) a bit
further; i.e., (21) and (23). Because (21) and (23) are functions

of T

ff:”s v(t)v(t + 1) dt (26)

ff:”s vVt +1)dt (27)

for values of —2T; <t < 2Ty we recognize the following
special cases: (a) 0 < |t| < T; and (b) T; < |7]| < 2T,

3 I general there are an infinite number of shapes of ACFs; however, only one
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First, let us consider (a) 0 < |t| < T, for (26) and (b) T, <
|T] < 2T for (26); hence,

v(t' + Dlrcirizar, = vt £ Dlogpr)=r, (28)
which leads to the following:
f[;”s v(t)v(t' + 1) dt = f[;”s v(t)v(t + 1) dt (29)
Ts<|T|<2Ty 0<|7|<T;
ft20+Tsv(t)v(t +7)dt = J‘é}o+Ts v(Ov(t +1)dt (30)
0<|7|<T; Ts<|T|<2T;

Second, let us consider (b) Ty < || < 2T, for (26) and (a)
0 < |t]| £ Ty for (27); hence,

v(t £ 0)|r<prcor, = v(t' £ Dlosirier, (31)
which leads to the following:
jt?”sv(t')u(t' +1)dt = jtzv”sv(t')v(t +0)dt  (32)
0<|7|<T; Te<|T|<2T;
P pewt £ dt = [T vOve +de (33
to to
Te<|T|<2T; 0<|7|<T;

Finally, let us compare and contrast (29) with (32) and (30)
and (33). Typically, either (29) or (30) is different from (32) or
(33) respectively; which leads to the fundamental following
corollary for the ACF of VBOC2(  o)(t).

Corollary 3: The ACF of VBOC2 (1.0 n,q)(t) can either be
computed directly as in definition 5 in which case requires
integration along 2Ty, as given by (16), or indirectly via four
coherent integrations along Ty, as given by (29), (30), (32) and
(33); i.e., four independent half ACF (or HACF ) periods.

Corollary 4: The ACF of VBOC2 (1. nq)(t) is four times
more efficient than ACF of VBOC2 (;.01.a)(t).

Corollary 5: Rypoca () (t,T,t,) is periodic with period
T = nT,. = 2mT corresponding to the observation interval
to<St<to+T, and in fact Rypoca,,, (t) is only one

period of ACF Rygoci ) (t,T,t,) when

_ LMo v@uesna
RyBoc2imomma (D = Y 34
_ LTev@vesnar
RyBoc2mone (D) = T oA (33)

which is the definition of the ACF whose shape we are most
familiar with and it has the largest autocorrelation peak.>

The ACF of VBOC2(yinq(t) or
RvBOC2 im0y (T) for i = {1,2} is in general an even function

Corollary 6:
with respect to 7 with the variable coefficient 0 < a < 1 for

all values of 7; —0 < 7 < 0 i.e.,
RvBOC2(minay (T T) = RvBOC2(minay(®) TOr i =1{1,2} (36)

of them has the largest ACF peak.



48

The closed form expression of the generalized ACEF,
Rysoc2 (m=pnna) (1), with respect to p, is given subject to the
following theorem.

Theorem 2: Show that, for values of p={24} ,
RyBoC2 (e prma (D) 8 the generalized ACF with respect to p;
Le, (1) RVBocz(zxn_n,a) (v = RVBOCZ(pn=2n,n,a) @ p=2;(2)
RyBocz sxmmay (T) = RvBOC2(pmesnmey (D) 3 P =45 For 0<
a<1/3

of = [ =T (1 - @); 1§ = E op = K0 (37a)
Ty = %; ¢ = —TC(:Q); ¢ = —TC(;;“); (37b)

of = O gy = T8 g = 0 (370)

oy = 0wy = 0 0y, =25 (37d)

& = T,_-(Zw); 8 = TC(Z;a); & = Tc(;;“); Ty = e

(37¢)
and 1/3<a <1

T, Te(1-a) Te(1+a)
of = =T (1 - @) 15 = 1y =T 37p)

Tc a Tc(3-a), 4 _ T.(1+a)
Ty == Te = —; 18 = =—; 37
+ =50 2p 6 > (37g)

_ T.G+a). _ _ 2T, _ T.(5-a) .
T;l_czp sTS_faTg_Czp B (37h)

10 = 5 T11 5

_T(B-a), o _ T(5+a), _ 3T, :
o =BG o _TOt®). . 3 (39
s 20, 1y, = 25 (370)

T (7—-a) T.(3+a) T (7+a) 4T, .
a —— ¢ . a ‘¢ . a __ ‘¢ . p—
T13 = 2 Tia = 7 Tis = 2 Ti6 = > (37

if Ry(1) = RVBOCZ(m=pnM)(T) is given by the expression

below:

R,(7) =

Journal of Geolocation, Geo-information, and Geo-intelligence

—(4p-1
1+ g < of
“ T

Y na) b1
pna

T pnna) p={2,4}

1
—1+2a+ = |t|,tf<|t|<1¥
~———— TC
az(p,n,a) bz(:n "

—3p+2+2 -3
Spt2t2a |, 4p=3 Iz, 7% < |7] < ©&

-—r T
Bong  Ppna
2-p—2(p-Da , 2p-3
ZTpzepmla, 2P73 7,78 < |7| < 14
- P e
%a(pn.a) baepna)
3p—2-2(p-Da , —(2p-1) a
1|, T <|It|<7
» + T, ||: 4(a)—||—5
a5 (p.ma) bspna)
5p—6)—2a | —(4p—5
Gp-6)-2a , (: )IrI,T_é,’SITISTg‘
—P L
pna  Popna
2(p—-2)a 1
14D, 1 |z, t& < |t| < ¥
14 T
— —
Y pna) b7

Tp—-12 4p-7
+ —
14 Tc

|z], ¥ < |z| < 75

Bpng  Pspnw

"8 pnna) p={2,4}

P20 +@Ir|,rg <7l =& (38)
Bopng Do

o pnna) p={4}

20-7p+(5p—12 -3
20-7p+Gp-i2a ,  po3 Iz], 7§ < |7] <
2 3
_
aw(p,n,a) bw(p,n,a)
30-11p+(-2)a , 4p-11
PP + 2 Iz, i < Izl <ty
14 Tc
P 0 _Ze
all(p,n,a) bli(p,n,a)
-4(p-3)-4(p—3)a p-3 a
—— "+ = |t <7<t
— 2l <l <
_ %
312 n,00) b126pm.a)
7p—-18-2(p-3)a , —(2p-5)
+ [t 712 < |7l <74
p Tc
13 (p,n,a) b136pm.a)
13p—42-2a , 13-4
=Pt L 2 7,18 < ] <18
P
Yipna)  Plapma
2(p—-4)a 1 a a
—1+=——+ = [zl 78y < |t < 1f5
—_—P R
U5 (pn,a) D15 m.a)
56—15p 4p-15
—+ — It < Tl S 16
14 Tc
U6pna)  P16pna)
e ena)

T16pnna)’ p={4}
0, |z| =T,
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—(4p-1) a
+—_ <rT
1 T, |l|,|l| =l

ai(p,n,a) bl(p )

" pnna)’ p={2,4}

“1+2a+ = |z, tf < |t| < 1§
N —— TC

L2(pna) -

b2 ey
-(2p-1) a a
—ep 1 <|t| <
}J + T. Izl, 7§ < 7| < 7§
as
(pna b3(p,n,a)
2-p-2(p—-1a 2p-3
2-p—2(p-Da | 2p-3 lel,2¢ < |7 < 74
14 Tc
_P?r e
Ypna) by e
3p—2-2(p-Da |, —-(2p-1) a
1|, T <I|tl<7
> +— ITl, Tagey < Itl <78
5 na) bs ey
3p—4 , 2p-3
= T e <l <1f
—r T
pna  owna
2(p-2)a 1
—-1+—+ = |t 7&¢ <7l <¥
14 Tc
_ P &5
Y pna b7 na)
7p—12 4p-7
P2 P g, 2 < r] <7
14 Tc
Bpng  pna
"8 pnna)’ p={2,4}
— 9p—20 | —(4p—9
Ry () = —pp +—(f 7,76 < 1] < 78 (39)
—_— N
Bpng  Powna

"o onna) p={4}

20-7p+(5p—12)a -3
20-7p+Gp-12)e p=3 el 7& < |7] < 7%
2p Tc
—_— N
210(p,n,a) b10gyn,a)
11p-28+(4-p)a , —(2p-5)
P LEL Iz, 7 < |zl <ty
2p Tc
U1 pna) 11t na)
—4(p-3)—4(p-3)a p-3
PR L B g, Y <l <1y
2p Tc
S —— N
12pn,a) b12p )
7p-18-2(p-3)a , —(2p—-5)
£ P2y ], 712 < |7l < 75
p Tc
213pn,a) b13pm.a)
24-T7p 2p-7 a a
- Iz, 75 < |zl <t
L —
Uapna)  Plapna
2(p—-4a 1 a a
—1+=——+ - i <sltl<st
p c
_ P
A5 (p,1,) bispna)
56—15p 4p—-15 a
— 4+ — |r|,tEk <1l S 146
14 Tc
—_—— ——
Ubpna)  Pi6pna)
T16(pnn,)’ p={4}
0, |t| =T,

T = nT, = 2mT,, and m, n integers (39a)
For 0<a<1/3 and 1/3<a <1 the ACF RvBOC20y 0y (T)
is given by (38) and (39) respectively.
The proof of theorem 2 is straightforward.

First, we recognize that substituting p = 2 in (38) we get
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1— (4p-DIt|
Te
—1+2¢-1,
TC
—3p+2+2a , (4p-3)|7|
14 Tc ’
2-p-2(p-Da _ 2p-3)7|
14 Tc ’
(5p—6)—(2p—2)a _ (2p-D1]
p Tc
_ 7p—12 + (4p-7)|7|
p Tc
0, |T| =T
and p =2 and 1/3 < a <1 in (39) we get
1— (4p-1)l7|
Te
~1+2¢-,
T;
1— (Zp—l)lrl'
TC
2-p—2(p-1a + (Zp—3)lrl‘
14 Tc
3p—2-2(p-Da _ (2p-Dr|
14 Tc
_ 7p-12 + (4p-7)7|
p Tc
0, |T| =T

Equations (40) and (41), for p = 2, are the same as in Chap.
7 of [5]. Also, (38) and (39), for p = 4, are the same as Chap.
7 of [5]. This completed the proof of theorem 2.

, Tl <t

¥ <t <15

¥ <|t| < 1§

R (1) = (40)

f<|t|<1,

, Ta <l < 7f

, 8<|t| <16

, ltl <t
<7l < 1§

5 < |t| < 1§

Ri(0) = (41)

f<|t|<7t,

, T <t < 7f

, &< |t <16

Although we did not show the enormous convolution
computational process for computing the generalized ACF of
VBOC2 () (t) or RVBOCZ(m:pn,n,a)(T) with respect to the
signal design and optimization parameter & and generalized
parameter p there is no way of knowing that by simple
inspection this expression is correct or not especially
considering the fact that Rypocz_n o) () takes an entire
page.

However, the following material which discusses the broad
properties of generalized ACF of VBOC2(ypq)(t) or
RvBoc2 mepnme (t) and the material discussed in [3] which
discusses in great detail the complete set of the continuity and
optimization theorems guarantees that generalized ACF of
VBOC2 (i pna)(t) or RyBoc2mepnme (r) is the correct
expression.

Corollary 7: From Corollary 1 VBOC2 (4 a=0)(t) =
BOC () (t) Theorem 2, the ACF
RvBOC2 (1m0 () = Reocim () hence, prove that the

and  from
generalized ACF with respect to p; i.e., is
(1) RBOC(ZM) (@ = Rvsocz(pnzzn,n‘azo) (™) p=2;
(2) RBoc(mn) (@ = Rvsocz(pnz‘m,n‘a:o) (@:;p=4
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—(4p-1) Tc
1 — |7 |<==T.
1+ T [z], 7] < o s
“em  Tp, e
(p.n)
") p={1,2,3,4}
_3p=2  4p3 Iz, ES|T|SE
P T 2p p
~—— ——— %)
Bemy  Digpm T3
"3 pnn)’ p={1,2,3,4}
5p—6 . —(4p-5) 3T,
P70 ], E< |t <2
P T, P 2
Gapny  DPagpm 4
T4y p={2,3,4}
_7p-iz | Gr-7) lr], <)<
P T, 2p p
—— —_— -

Bpmy  Popm %6

T6pnn)’ p={2,3,4}

= 9p-20 —(4p-9 2T, 5T,
RBOC(pn,n)(T) = 2p—29 + —p-9) 7], =<|r] == (42)
14 Tc p 2p
~—— —_ —~
Yom  Drpm v
"7 oy’ p={3,4}
(11p-30) , (4p-11) 5T, 3T,
PR P ), g g =
Tc 2p p
—_—— —— -
29 pm) bop.my T
"9 pnny’ p={3,4}
13p-42 , —(4p-13) 3T, 7T,
2P e, <] <
T, p 2p
~—_—— —_—— ——
alO(p'n) b10(p,n) T10

T10(pnny’ p={4}

15p—-56 4p—15 7T, 4T,
_asp=56) | @p18) . TTe o 17 < 4e

p T, 2p p

—_—— N——— -
a1z(pvn) b12(p'n) T12

T12(pnn)
0, |zl =T,
T = nT, = 2mTy, and m, n integers (42a)

Proof of corollary 7. The proof of corollary 7 is
straightforward.
First, we recognize that substituting p = 2 in (38) we get
1— (4p-1)It| , |T| < E — Ts
Te 2p

_3p—2 + (4p-3)l7| E < |T| S%

)

14 Tc 2p
RBOC(pnn)(T) = Sp=6 _ —(4p—5)|‘l.'| e < |T| < 3T (43)
' P . ' pT T 2p
_7p-12 + (4p—7)|‘r|, 3T, < |T| < 2T
p T. 2p p
0, |zl =T,
T = nT, = 2mT;, and m = np, n integers (43a)
Equation (43), for p = 2, is the same as in Chap. 7 [5] and

(82) in [6].

Equation (42), for p = 4, is the same as in Chap. 7 [5]. This
completed the proof of corollary 7.

Corollary 8: From corollary 2 VBOC2(pnq=1)(t) =
BOCipn/2n)(t) and  from  theorem 2, the ACF
RvBOC2 (e () = RBoc(m/2m) () hence, prove that the
generalized ACF with respect to p;i.e., is

(1) RBOC(n,n) () = RVBOCZ(np=2n,n'a=1)(T); p=2

(2) Rpoc .m0 = RvBoczipeimman (D)3 P = 4;

2p-1 |t T,
1 -2l gk
— T. 1 p
Bepn b -
3on) 3
LET, p={2,4}
4-3 2p-3 T, 2T,
ey L R
P T, 1
LA L
Ypn  Dopm %s
e en)
T ; p={2,4}
_ (@n.n)
RBOC(Fn/Z,n)(T) 5p—12 5-2p |1| 2T < < 3T, (44)
p T. 1’ p — ~2p
~—— —— ——
Uipmy  Drign T
24-7p | 2p-7 1| 3T, < |<ﬂ
p T. 1’ 2p~ - p
—— —— ——
a14(py.,,) b14(p'n) T1a
T14(pnny’ p={4}
0, |z| =T,
= n = m N N 1
T T, = 2mT,, and m, n integers 44a

Proof of corollary 8: The proof of corollary 8 is
straightforward. First, we recognize that that for up to values of
p=2in(44)orfor ¢ =1 at(41) we get

2p— T,

1 -2y, o<l<E
bt Tc p
Bp.n) b3y ) ;;

"3 (pnn)’ p={2}

RBOC(pn/z,n)(T) =(2=3p | 2p=3 Iz, T < 7| < 2. (45)
NN p 2
Bopm  Lopm e
T6pnny’ p={2}
0, 7| =T,

Equation (45), for p = 2, is the same as in Chap. 7 [5] and
(100) in [6].

Equation (45), for p = 4, is the same as in Chap. 7 [5]. This
completed the proof of corollary 8.

This completes the first discussion on VBOC2 gy, ¢ (t) and

further material with regards to

RVBOCZ(T,FP”'"'“) ® ;
VBOC2 (s nq)(t) pure signal optimization RvBOC2 ey (1)
continues in [3].

Next, we continue with VBOC2(a,1 — «) PSD definition

and discussion.

23 VBOC2(a,1— a) Generalized PSD Definition
and Discussion

Definition 7: The PSD of VBOC2yyq)(t) or
GYBOC2(mma) (f) with the variable coefficient 0 < a < 1 for
all values of f; —oo < f < oo is given by

Gvoc2gmna(FrT) =F {RVBOCZ(m,n,a) (T, to)} (46)

YOV _V3()
T T

where F{v(t)} denotes the Fourier Transform (FT) of
v(t);i.e.,
V(f) = T{VBOCZ(m,n,a) (t)} = Flv(t)} (47)
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Now that we have defined the PSD of VBOC2 (5 o) (1), it is
straightforward to show that Gygocz ., 0 (f,T) obeys

theorem 11 in [1] so we leave it as an exercise to the reader.
The PSD of VBOC2punay(t) .
GyBoc2gmna (f>T) » 1s in general NOT periodic; simply,

Corollary  9:

because V(f) is in general not periodic, even if v(t) is
periodic.

Corollary 10: The PSD of VBOC24u,a(t) ; ie.,
GyBOC2(m m.a) (f,T) is always an even function of —oo < f <
oo; i.e., from (46) the following holds
(48)
for values of p=1{24} ,

GVBOCZ(m,n_a) (_f) = GVBOCZ(m'n,a) (f)
Show that,
GVBOCZ(m:np,n,a) (f) is the generalized ACF with respect to p;

Theorem 3:

ie.,
(1) GVBOCZ(Zn‘n‘a) )= GVBOCZ(anZn‘n‘a) Fp=2

(2) GVBOCZ(ML.,L“) )= GVBOCZ(pn:‘m‘n‘a) ) p=4
Find the generalized PSD of Gypoc1 (m=npm.a) (f) given by

F {RVBOCZ(pn,n,a) (T)}
GVBOCZ(pn,n.a) (f) = _YOve _ vEn (49)
T T

or
GvBoC2pmma (w)=2 fom RVBocz(pn,,,,a) (D)cos(wr)dr  (50)
where Rygoca (o) (1) is given by (38) and (39), T = nT, =
2mT;, and w = 2nf.
The proof of theorem 3 is straightforward and is very similar
to the proof of Theorems 12 and 4 in [1].
Hence, we compute the generalized PSD of VBOC2 1 o),
or Gygoca (o) (w), as a Fourier transform of the ACF such as

GVBOCZ(pn,n'a) (w)=2 fow RVBOCZ(pn,n,a) (Dcos(wn)dr  (51)

Z?flf:ii_l Tipnna (t)cos(wTt)dT

Titnpmay @)
where t; and Tipnma) (t) are given below in the recall of
Rysocz (npina) (1) given by (38) and (39).

As we can see from (51) and (38) and (39) the computation
of Gypoca (i) (w) is in general a laborious process because
it involves the computation of twelve integrals to obtain the
generalized expression of Gygocz,, ) (w).

Let us provide the details for obtaining the twelve integrals
that lead to the generalized expression of Gypoca . (w)
given by (51) by considering the integral of the general

expression as follows:

Gitpmma (@) = f:iil Titpmma (P)COS(WT)dT (52)
where Tipnma) (1) is given by
Tipnna (D) = Cigney T Tigy (33)
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where a; . and bi(p,n,a)
(38) and (39).
Substituting (53) into (52) the following is obtained:

are independent of 7 given in

Ti
|ai(p,n,a) fTH cos(wt)dt +
—_—
qa(T3,Ti1,w)

[T zcos(wr)dt
Ti-1

gi(pn,n,a) ((‘)) = (54)

ipna)

ap (T, Ti-1,)
In order to compute (54) we compute two integrals

qq (T, Ti_1, ) as a direct integral as follows:

i

T sin(wt;)—sin(wti—1)
Ga(ti T, @) = [ snlomh@n) - (ss)

. cos(wt)dt =

and q,(t;, 7;_1, w) using integration by parts

o
| fTiL—1 tcos(wt)dt =

Tisin(wt)—7;—1sin(wti—1)

qp (ti tig, @) = ™ + (56)

cos(wty)—cos(wTi—1)
(IJZ

Substituting (56) and (55) into (54) we obtain the detailed
expression of Iipnme (w) as follows:

I sin(wT;)—-sin(wt;—1)

ipna w +
] (@) = |‘risin(a)ri)—‘ri,lsin(a)ri,l)+ (57)
ignnw - ) w
lpna) cos(wt;)—cos(wTi—1)
w2
or
[ai(p,n,at)+bi(p,n,a)ri]Sin(mri)
7}
Gitpnnay (@) = [9ipm.00 *Pi oy Ti=a]sin(@Ti-2) n (58)

w
cos(wt;)—cos(wTi—1)
Lpna) w?

Finally, substituting (58) into (51) we obtain the final
expression for PSD of the generalized VBOCZ2,ppq) oOF
GvBOC2 (0 (w) as follows

2
Eifl gi(np,n,a) ((‘))
2 Gy;p={2,4}
4p
+ Zi=2p+1 gi(np,n,a) (w)
Gp; p={4}

(59)

GVBocz(pnm) (w) =

Leaving the computation of G; and G, to the reader we

obtain
GyBoC2(ynna (@) = 2(Gs + G¢) (60)
where
Gs = Ziz:l Gis and Gc = Ziz:l Gic (61)
or
-2 . (w2T¢
| p—sm(T)
p={2,4}
—”szsin(%“)#’%’sin(%“)
Gg = ”={:’) =0 (62)

and
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—4pcos +4(1-p)cos

wTc(1-a) wTc(1+a)

[ 2p ] [ 2p ]
+2pcos[—wTC;17a)]+4(p—1)cos(mTTC)

+2(p—2)c05[@] +4(1—p)cos[%;7a)]

+4(2—p)cos[%§+a)]+(4p—7)cos(%rc)+4p— 1

p=(2,4}
_ wTc(5-a) _ wTc(5+a)
(12 Sp)cos[—zp ]+(8 3p)cos[—2p ]
_ wTc(3—a) _ w3T¢
+(3p 8)cos[—p ]+(3p 8)cos( - )

[mTCZ(7—az)]

W]Hu—w)cos

+(16—4p)cos[%;+‘")]

+(2p—8)cos[

+(4p—15)cos(%-rc)+(4p—9)cos(%rc)
Ge = o, (63)

Since, Gg = 0 for any values of p; hence, (60) becomes
GVBOCZ(pn,n,a) (w) = 2G¢ (64)
Now, let us compute the individual expressions of
GvBOC2(y ey (@) TOT Values of p = {2,4} based on (63) or (64).
First, for p = {2} from (63) or (64) we obtain
|—8cos{“’Tcil_a)}—4cos[wTCil+a)]
2 +4c05[@]+4c05(%&)
—4cos[—mrci37a)]+cos(w7-rc)+7

w23T,

(65)

GVBOCZ(Zn,n,a) (w) =

Equation (65) is identical in Appendix A of Chap. 7 of [5].
Second and finally, for p = {4} from (63) or (64) we obtain

—16cos[

wTc(1-a)] _12COS[wTC(1+a)]
s | I s

+8cos[—wTCil_a)] +12cos(mTTC)

+4cosWTCUM)]—12cos[“’TC(3_a)]
| I s

[—wTCSm)] +9cos(mTTC)+15

—8cos
2 [wTC(S—a)] _4CDS[mTC(5+:1)]
s | I s

—8cos
+4cos[—wTCi3ia)]+4cos(%Tc)
—4cos[—wTC(77a)]
8

+cos(wTC)+7cos(mTTC)

GVBocz(mn,a) (w) = 2T, (66)

or

—16cos[

+8cos[2TEU70] 0o (2Te)

4 4

+4cos[mTC(“a)]—12cos[wTC(37a)]
I I s

—8c05[@]+16c05(w7n)+15
wTC(S—a)] _4CDS[mTC(5+:1)]

wTc(1-a)] _12COS[wTC(1+a)]
s | I s

N

—SCOS[

+4cos[—wTCi3ia)]+4cos(%Tc)

wTCS—a)]

—4cos[ +cos(wT,)

GVBocz(‘,nm) (w) = 7T, (67)

Equation (67) is identical in Appendix A of Chap. 7 of [5].
Equations (51) through (67) complete the proof of theorem

Definition 7, theorem 3 and corollaries 9 and 10 are the most
important definition, theorem, and corollaries of PSDs of the
generalized, VBOC2 (1, 1 o) (t), o Gypocs () .
VBOC2(a,1 — a) generalized PSD

continue  with

This concludes

definition and discussion; next, we
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VBOC2(a,1 — @) numerical results and one example as it
pertains to the GPS M-code [3]-[5], [8]-[10].

3  Numerical, Theoretical Results

Next, let us consider a VBOC2(a,1— a) example. In
coming up with an example it is important to know that
VBOC2(1,1,0)(t) = VBOC1(11,4)(t) ; hence, this is already
discussed in [1], [2]; i.e., VBOC2 (4 1 4=0.5)(t) is just as good
as VBOC1(114=05)(t) instead of BOC(qy(t) which is
currently proposed in GPS III L1C or L2C signals [11]-[15].

3.1 VBOC2(a,1— a) Examples

Now that we have developed this intellectual apparatus on
the profound meaning of ACF Rypocz () () and PSD
GvBoc2omna) (f) functions let us consider a more specific
example of VBOC2(;,,4)(t) and its corresponding ACF for
VBOC2(21,4)(t) 0r Rypoca, , 4 (T)-

Corollary 11: From definition 1, VBOC2 (31 4(t) is simply

VBOC2(meyn=1,0)(t) = VBOC2(mepn=1.0)(t £ 2T5)  (68)
and the relation between Tg and T, is given by
AT, =T, (68a)
hence,
VBOC2(m=zn=1,a)(t) = VBOC2(mepn=1a)(t £ 0.5T.)  (69)

Corollary 12: From definition 2 VBOC2(y=pn=1,)(t)

waveform is an odd function for all values of —oo0 < t < o0.
VBOC2(m=2n=1,a)(t) = =VBOC2 (=3 n=1,0)(—t) ~ (70)

Corollary 13: From definition 3 VBOC2(y=pn=1,)(t)
waveform is a periodic function with period T, for all values
of m evenand t —oo <t < o0,

VBOCZ(mZZJn:La)(t) = VBOCZ(mZZJn:La)(t +T) (71)

Corollary 14: From definition 4: The odd/even sub-carrier
period of VBOC2 (=2 n=1,4)(t) is the superposition of two
pulses: a rising pulse and a falling pulse with amplitude/pulse
widths, +1/w, or +1/wy —-1/w,

respectively, or a falling pulse and a rising pulse

and —1/w; or

amplitude/pulse widths —1/wy or —1/w, and +1/w, or
+1/wy respectively that satisfy the following

w, = 05Ty(1+ @) = 0522 (72
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ACF Q Ch: VBOC111(2,1,0.5) vs I Ch: VBOC1I1(2,1,0.5) Q Ch: VBOC2Q1(2,1,0.4) vs BOC(2,1) PIGS
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FIGURE 1: ACF of VBOC2;nn04)(t) on Q channel vs.
VBOC1(3nn05)(t) on I channel and VBOC2 ;5 50.4)(t)
BOC (35, (t) on Q channel.
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FIGURE 2: PSD of VBOC2(;nn04)(t) on Q channel vs.
VBOC1(nn05)(t) on I channel and VBOC2 (;10.4)(t) Vs.
BOC (35, (t) on Q channel.

wy = 05T,(1 F a) = 0.5 5% (73)
0<w,<05T, or 0.5T, <w;=T,; 0<a<1 (73a)
Hence, the waveform VBOC24;=3n=14)(t) can be
obtained as
i A CRUS T GRS
VBOC2p 0 = ©°% (74)
+X%=-w [ow(tp Wf) = Pw, (t2, Wr)]
q: even
where
t; =t — 0.5w, — qTy (75)
t, =t —0.5wf —w. — qT; (76)

and p,, (t — ty,w) is a unit rectangular pulse function with
width w centered at t, with amplitude +1.

It is straightforward to show that VBOC2 (= n=1a)(t)
obeys theorem 1 of [1]; i.e., for VBOC2(n=pn=1a)(t) 0 <

a<l.

4 For ease of analysis we will assume that the + for w,. and — for wy.
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The ACF for VBOC2; 1 ¢)(t) is defined as Rypoca 21 (1)
given by definition 25: in Chap. 7 in [5] (full convolution for
m even), which, for 0 < a < 1/3, is given by

Z, 0< 7] =0
20 —1 + ﬂ' T(1-a) < |T| < T(1+a)
T, 4 4
-2+ 5|‘r|, T.(1+a) < |T| < T.(1-a)
T, 4 2
RvBoc20 0D = | —q + |Ti|_ _Tc(lz_“) <1l 5% (77)
2—a - Ty LC2D
Te 2 4
H_q, X9 ogcr,
T, 4
0, lt| = T, = 4T,
andfor 1/3<a <1
, 0< ] gD
20— 1 + E, T(1-a) < |T| < T.(1-a)
T, 4 2
1 _M' T(1-a) <l < T.(1+a)
T, 2
Rvgocagae( = | —a+ lTil —Tc(l:a) <t S% (78)
2—g - Loy <G
Te 2 4
b_q, 89 oy<r,
T, 4
0, ltl = T, = 4T,

Corollary 15: Prove that the ACFs of VBOC2(y,4)(t)
given by (77) and (78) will result in the BOC(;1y(t) for a =0
as indicated in corollary 1 and BOC( 1)(t) for a =1 as
indicated in corollary 2.

Proof of corollary 15: The proof of corollary 15 is
straightforward. First, we substitute values of ¢ = 0 in (77)
and we get RyBoc2mmnazo) () = Rpocznm (1) as indicated in
corollary 1 of VBOC2 (31 4(1).

T,
1-20 e skar
-2+ M, T < |T| < T
T, 4 2
3t T 3T,
12—, ==<Itl=s=
RVBOCZ(Zn,n'azo) () = T; 2 I7| 4 (79)
Mg, <<,
T, 4
0, [t| = T,
RBOC(ZM) )

Second, we substitute values of & =1 in (78) and we get
RVBocz(ZnM= 5 () = RBOC(nn) (1) as indicated in corollary 2

Of VBOCZ(Z,].,(X) (t).

1= <k
T, 2
148 o<t
RyBOC2 (o maer) () = ., 27T ¢ (80)
0, 7| = T,
R BOC(nn) @

Equations (79) and (80) complete the proof of corollary 15.
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Corollary 16: Finally, the PSD of VBOC2(;1q)(t) or
GyBOC2 (4 4 (@) 1s given by

|4—16cos[

+8cos[—wTC(21_a)]+8cos(wTTc)

wTc(1-a)] _8COS[wTC(1+a)]
P I a

—8cos[@]+2cos(wn)

GVBocz(z,m) (w) = @?T, (81)
After some simplifications it can be shown that
~_ tan? (ch) sin? (w—TC) =
W2T, 8 2
GVBoc2(2,1,a=n) () = 1 AN (82)
o tan ( 5 )sm QwTy)

as indicated in corollary 1 as depicted in Figs. 42 and 90 of [6],
also
AT . 4 (T _
(w_,[,c)z sin ( 2 ) =
GVBocz(2,1,a=1)(f) = Tcsincz(ch)tanz (@) =
GBOC(Ll)(f)

as indicated in corollary 2 as depicted in Figs. 42, 90 of [6].
the ACF of VBOC2;14=04)(t)
TVBOC2 (31, 4m0.4) (r) is shown with solid green has lower
secondary peaks than the ACF of VBOC1(;;4=05)(t) or
rVBOCl(z,La:o.S)(T) in dotted red; hence, VBOC2 (3 4=0.4)(t)
should
VBOC1(3,1,4=05)(t) or the proposed replacement of the GPS
IIT M-code on both L1 and L2 frequencies [1], [2], [4], [5]. In
the PSD of VBOC2(;;4=04)(t)
TVBOC2 (31, 4m0.4) () is illustrated with solid green has lower
secondary peaks than the ACF of BOC(;)(t) or TBOC(5 1) (0)
in dotted red; hence, VBOC2 (31 4=0.4)(t) should offer better
interference protection than BOC(;1)(t) or GPS M-code [3]-
(5], [8]-[10].

Similarly, in Figure 2 the PSD of VBOC2(; 1 q=0.4)(t) or
GVBOC2 (51 qeoa) () is depicted with solid green is quasi-flatter
and wider than the PSD of VBOC1(yq4=05)(t) or
GyBOC1 (51 geos) () 1n dotted red; hence, VBOC2 3,1,4=0.4)(t)
should
VBOC1(3,1,4=05)(t) or the proposed replacement of the GPS
IIT M-code on both L1 and L2 frequencies [1], [2], [4], [5].

In Figure 2 also the PSD of VBOC2(;14=05)(t) or
GyBOC2(1 qm0) (f) is displayed with solid green is quasi-flatter
and wider than the PSD of BOC(,)(t) or GBOC(le)(f) in
dotted red; hence, VBOC2(;4=0.4)(t) should offer better
interference protection than BOC(;1)(t) or GPS M-code [3]-

(51, [8]-[10].

(83)

In Figure 1 or

offer  better interference  protection than

Figure 1 also or

offer  better interference  protection than
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Interference with the current GPS L1 BPSK is avoided by
having PSD of VBOC2 (31 4=0.4)(t) orthogonal with the PSD

of GPS L1 BPSK signal [5].

This completes the detailed discussion on VBOC2(a,1 — a)

ACFs and PSDs which contains seven definitions, four

theorems, and sixteen corollaries.
The VBOC2(a,1—a)

optimization theorems are provided in [3].

continuity  theorems

VBOC1(a) [1], [2] and VBOC2(a,1 — a) [3] results are

provided in the companion manuscript given here as a reference

[4].

4 Conclusions

This paper is the first complete discussion on pure signal

design for the first generation VBOC2(a,1 — ) generalized

multidimensional geolocation modulation waveforms.

Contrast the results of this paper with previous signal design
methodologies, this paper offers for the first time a complete
pure signal design methodology subject to both signal design

and optimization parameter a and generalized signal design

and optimization parameter p.

Signal parameters a and p not only define the waveform
VBOC2(a,1 — a) and generalized ACFs and PSDs but they

also play a very important role in the optimization of

VBOC2(a,1 — @) generalized ACFs

computational

and PSDs.
technique offers
description of the and PSDs
VBOC2(a,1 — a) as functions of both @ and p.

generalized ACFs

In the paper it is argued that the selection of BOC(10,5) (or
the military code or M-Code) on both GPS L1 and L2
frequencies is entirely arbitrary because BOC modulation is a
special case of VBOC2(a,1 — a) for « = 0 or a = 1; hence,
all the current state-of-the-art GNSS waveforms exhibit sub-

optimal signal design performance even at the end-user when

generalized global objective functions are applied.

The above is based on a discussion of VBOC2(a,1 — a)
pure signal optimization in [1]: (1) the criteria for validating the
closed form expression of the generalized ACF of
VBOC2(a,1 — a) known as a set of continuity theorems; and
(2) the criteria for selecting the optimum 0 < a < 1 based on

a set of criteria known as optimization theorems regardless of

generalized parameter p (or subcarrier frequency).

a unique and original
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