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For single radar tracking, Kalman filter (KF) can be used only when radar measurements have Gaussian white noises.
However, when systematic biases exist, application of KF for single radar tracking is not trivial. Furthermore, in the
existing radar network, the association (both measurement-to-measurement and measurement-to-track) problem and
the systematic biases removal are mixed together, which further complicates radar network data fusion. The key to
solving these problems is to find and apply a set of mathematical tools (quaternionic analysis) on the biased
measurements to directly enable the application of KF. This paper provides a detailed discussion of quaternionic
analysis that can be applied to solve this problem. Measurement frame (MF) is proposed where target states contain
radar systematic biases. It is proved that for stationary and first kind of mobile radar (installed on gyro-stabilized
platform) target kinematic model (TKM) in MF has the same form with that in East-North-Up (ENU) frame. And KF
can be used directly for the biased measurements to obtain the biased target track in the sense of minimum mean
square error (MMSE). However, for the second kind of mobile radars (rigidly connected and sways with platform), a
first-order approximation yields large errors therefore they (or second kind of mobile radars) cannot be applied well

when attitude biases are greater than 1°. This situation will be investigated and discussed further in future publications.

1. Introduction

Systematic errors are biases in measurement where the mean
of many separate measurements differs significantly from the
actual value of the measured attribute. All measurements are
prone to systematic errors, often of several different types
such as imperfect calibration of measurement instruments

(zero error), changes in the environment which interfere with

the measurement process and sometimes imperfect methods of
observation can be either constant error or percentage error
[1]. For example, distance measured by radar will be
systematically overestimated if the slight slowing down of the
waves in air is not accounted for.

Systematic biases (SBs) may also be present as the result of
an estimate based on a mathematical model or physical law

[1]. In radar registration, biases typically include: (1) offset



biases (OBs) such as range, gain of the range, azimuth, and
elevation biases, and (2) attitude biases (ABs) such as yaw,
pitch, and roll biases which are generated from accumulated
errors in Inertial Measurement Units (IMUs) of the Inertial
Navigation System (INS). All biases in measurements can
cause significant deviation of the estimated target locations
from the true locations. When biased measurements of
different radars are sent to fusion center to form Integrated
Situation Awareness Picture (ISAP), besides inaccurate target
location reports, ghost targets or miss targets always exist,
which are harmful to ISAP. In order to overcome the adverse
influences, many registration methods were proposed to run
before fusion [2]-[5].

Usually, the registration methods used raw measurements
to establish registration equation. However, these methods are
unpractical because the measurement pairs of the same target
cannot be found easily in the SB environment. Then, the
methods using local tracks (LTs) obtained from Kalman filter
(KF) are needed [2]-[5].

For KF, as shown in Figure 1(a), the measurement noises
must be zero-mean Gaussian white noises; however, for the
biased measurements, the “total” noises will be the sum of
random noises (RNs) and corresponding biases, and their
means will not be zeroes; hence, for biased measurements, KF
cannot be applied directly. In order to use KF, RNs should be
considered as the only outer noises, and the SBs are contained
in target states, as shown in Figure 1(b), we call this frame as
measurement frame (MF), where radar does not know that the
biases exist. Then the key issue left for KF is how to describe
target kinematic equation (TKE, specific mathematic
expression for target movement) in MF mathematically [6]-
[9]. As we all know, target kinematic models (TKMs, the type
of the target movement in space) such as constant velocity
(CV) / acceleration (CA) or coordinate turn (CT) etc., has
different mathematical expressions in ENU (inertial) frame
[6]-[9]. If true target coordinates (TTCs) in MF can be
expressed by the coordinates in ENU frame and radar SBs,
then, TKE in MF can be obtained by substituting these
relational expressions to TKE in ENU [6]-[9].

Intuitively, just as in the previous discussion in [2]-[5], the
relational expressions of TTCs between MF and ENU could
be obtained by using trigonometric functions according to the
geometry shown in Figure 2. In fact, this method does not
work because concise TTCs in ENU cannot be written out in

this way. However, quaternion can be used. All the rotations
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from ENU frame to MF caused by angular biases can be
expressed by corresponding unit quaternion. According to
quaternion operation rules, the total unit quaternion
expressing the effects of all the rotations can be written out
easily as a rotation matrix (RM) using corresponding
quaternion elements. As for the range biases, trigonometric
functions can be used. The great advantage here using
quaternion is that quaternion can express rotation of any
direction, however, for trigonometric functions, the angle only
defined referenced by three orthogonal axes as x, y, and z,
respectively. Unfortunately, for this compound rotation
(sequential rotates azimuth bias about z axis and elevation bias
about the line perpendicular to visual axis), its resultant
rotation axis can be in any direction [11]-[14], [17]-[45].

When TTCs relational expressions are obtained, all kinds
of TKMs in MF can be written out by substituting these
expressions to corresponding TKE in ENU frame. RM plays
a major role to determine whether the TKM in FM is the same
as that in ENU frame. The existence of nonlinear function in
terms of RM causes the changes of TKM in MF. If the terms
of RM has simpler form or the smaller magnitudes of
nonlinear variables in RM terms, the smaller changes of TKM
between MF and ENU. This applied for the stationary and the
first kind mobile radar (detailed description see Section 2.1)
situation well. This interesting result also manifests that, in
MF, KF can be used directly and completely the same as in
ENU frame as if no biases ever existed. Furthermore, it
manifests that target states and SBs are dependent, they cannot
be estimated separately by single radar itself.

However, unfortunately, for the second kind mobile radar,
the first-order approximation of the terms of RM have large
errors and complicated nonlinear functions which makes
TKM in FM quite different and difficult with that in ENU in
form. This situation will be investigated and discussed in
future publications based on discussion similar to the additive
dual quaternion error (ADQE) model and multiplicative dual
quaternion error (MDQE) model proposed by Wu et al. [45]
in 2006.

Since the stationary radar is a special case of the first kind
mobile radar when attitude biases are zeros and the second
kind mobile radar is a special case of the first kind when
attitude angles are zeros!, this relationship is applied to test the
correctness of the derivations in the article.
its

Quaternion method demonstrates superiority by

successfully and widely-used for strapdown inertial
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navigation system to estimate platform’s attitudes via Euler
Matrix Generation (EMG) Nagai et al. [22]. In this application,
the outputs of IMU sensors are angle or angle rate, so, it is
very convenient to use quaternion to express rotation [11]-[14],
[17]-[45]. As a state variable, many estimation methods were
developed and used for quaternion estimate such as
quaternion estimation (QUEST) by Psiaki [20], [21] which is
based on eigenvalue decomposition of the Solution of the
generalized quadratic program. The QUEST algorithm could
be used in context of the generalized eigenvalue problem in
[8] which could be a future topic for a future publication. Shin
[17] proposed a Quaternion-Based Unscented Kalman Filter
for the Integration of GPS and MEMS INS in 2004. For proper
modeling of the antenna locations relative to the center-of-
mass, star camera-based attitude quaternions describing the
orientation of the spacecraft body frame relative to the
celestial reference frame have been provided by the
TerraSAR-X/TanDEM-X flight

Montenbruck et al. [40] in 2011 have employed star camera

dynamics system.
based attitude quaternions describing the orientation of the
spacecraft body frame relative to the celestial reference frame
via the TerraSAR-X/TanDEM-X flight dynamics system.
Sooner or later quaternion method has found and will be
employed in future geolocation applications Progri [7]-[9]
2015, in robotics applications Bosse at al. [44], in
accelerometer- and magnetometer-triads Elkaim [28]-[30]
2000-2007, magnetometer applications by Rogers et al. [39]
in 2011 just to name a few. But even so, quaternion method is
seldom used for radar data processing. In fact, according to
the superiority of quaternion, it can be used well when radar
has angle/attitude biases or for mobile radar (radar installs on
mobile platform and the platform has attitude biases).

This paper is organized as follows: in Sect. 2, the relational
expressions of TTCs between ENU and MF are derived by
using quaternionic analysis, which include 2-D radar,
stationary and mobile 3-D radars. In Sect. 3, the biased TKE
are derived and the state estimation performance by using KF
directly for biased measurements is analyzed. Derivations and
results of simulated tracks in two different scenarios are
assessed in Sect. 4 which includes a maneuvering target and
(IMM). Finally, Sect. 5

summarizes the results of this study.

interacting multiple model

2. Quaternionic analysis of TTCs between MF
and ENU frame

In order to obtain the TKE in MF, it is necessary to first derive
the relational expressions of TTCs between MF and ENU. The
quaternionic analysis at present is the most reasonable way to
2 and 3, “biased

measurements” means measurements contaminated by SBs

achieve this objective. In Sects.
only and without considering RNs. Situations of 2-D,
stationary and mobile 3-D radar expressions are discussed,
respectively. For moving 3-D radar, two situations are
analyzed according to different radar installation methods [2].
The first kind, radar is installed on the gyro-stabilized
platform which can follow ENU [6], [7] frame; the second
kind, radar is installed directly on the platform and has the
same attitude angles with the platform.

For convenience of discussion, let r;, 8;, and &; represent
the true target range, azimuth, and elevation, respectively; 13,
0,,and ¢, represent the corresponding biased measurements.
SBs include the range bias, Ar, the gain of the range, k,,
azimuth bias, Af, and elevation bias, Ae, they can also be
called as OBs. The subscript # and b denote the true and biased

values, respectively.

2.1. Complex analysis for stationary 2-D radar

In 2-D plane, all the rotations are about the axis perpendicular
to the plane. The quaternion in this situation contains only one
angular variable. Since complex analysis are precursor to
quaternionic analysis it is useful to illustrate quaternionic
analysis via complex analysis in 2-D radar first to enable the
reader to see the evolution of the quaternionic analysis.

For 2-D radar, 2-D plane rectangular coordinates are
typically employed to describe the target coordinates. Let
x; = [x;, ;11 i = {t, b} represent true or biased coordinates,
respectively; and the superscript 1 denotes the matrix
transposition. Since the input variables for 2D radar are
sing;

{rb =1 +Ar+ k.1,
cos0;

0, =0, + A0
then the

% =70, and {0, = ||, ()

rectangular coordinates obtained from the
measurements can be written as

Xp = QX + AXy,
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FIGURE 1: Generation of local tracks of 3-D radar via: channel (a) complex analysis for bias-free; channel (b) quaternionic
analysis for biased measurements of stationary radar; channel (c) quaternionic analysis for biased measurements of mobile
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FIGURE 2: Quaternion components description: range,

azimuth, and elevation biases on radar measurement.

_ cosAf
—sinAf@

sinA@

gk A% = (Ar + k100, (2)
Equation (2)! demonstrates that the azimuth bias rotate

and all the range biases translate the target location, which

can been seen in Figure 2 xoy horizontal plane.

2.2. Quaternionic analysis for stationary 3-D radar

For 3-D radar situation, as shown in Figure 1(b), the
rotation caused by angle biases can be described by
quaternion'® [11]-[41] which denotes the rotation along
arbitrary axis in the space. And the translations caused by
the range biases can be calculated independently from
rotation conversions.

(a) Rotation conversion induced by the angle biases

Figure 2 illustrates the influences of the range, azimuth,

and elevation biases on radar measurements in ENU frame.

FIGURE 3: Conversion from the PF to ENU.

In Figure 2, radar locates at the origin o, the true target
is denoted by T, and T, denotes its measurement. Their
projections on the horizontal plane xoy are denoted as o,
and oy, respectively. The true azimuth and azimuth biases
are denoted as 2yoo; and £yoo,, respectively.

Typically, the true north corresponds to zero azimuth and
the clockwise direction represents the increment of 6 and
AB. The ghost location of the target under the influence of
the elevation bias is denoted by T' which locates in the
vertical plane 0,0T;; and T, denotes the ghost location
influenced by azimuth and elevation biases simultaneously.
The true elevation and elevation bias are denoted as
z0.0T; and £T,oT', respectively, and the up direction
represents their increments.

As shown in Figure 2, when the range biases are not
considered, the biased measurements can be obtained from
two sequential rotations around radar from TTCs. The first

is the rotation of the elevation bias Ae about the line
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perpendicular to 00, in xoy plane as denoted by §,,; the
second is the rotation of the azimuth bias A8 about z-axis
as denoted by §ag.

Since the first rotation is not about any axis of the ENU
frame, the quaternion can be used to represent the rotation;
typically, a quaternion or ¢ is composed of rotation axis 7
and rotation angle a as [18]

G = cos(a/2) +1sin(a/2) = qo + Xioy qil, (3)
where 7;, 7, and U3 represent x, y, and z coordinates,
respectively, and gq; are the corresponding vector

components of rotation axis 7

3 -

> _ Zi=14ili _ / 3 2

L= > Qsr = i=1 qi 5 (4)
Asr

cos(a/2) == sin(a/2) = 5 qoo = [T 07 (5)

qSTO’
According to the above analyses
Gas = cos(Ae/2) + (cosB,1; — sinb,1,)sin(Ae/2), (6a)

Gae = Aaeo + ([Gac123 = Gae12) (6b)
Gpe = cos(AB/2) — T3sin(A6/2), (7a)
dae = dneo + (Gag123 = Gnea)- (7b)

The total rotation vector can be obtained as follows

G = [dao = Gaco + dnerz ] FKaldac = qaso + daes] (82)
where X, v represents Hamilton [11], [12] (or Grassman

[42]) product”, given by [41], [42]

> _ |9ae09a60 — Gae1z * Gros + qacoGnos v (8b)
+qn00Gac1z + Gaciz X Gaos ’
or
G = GaoKulac(= @0 +Thradd,  (80)
and
~ _ A6 ~ _ Ae
qo = cos( 6= 7) cos (As = 7), (8d)
qo1 = cosABsinAe, (8e)
o, = SinABsinAe, (8f)
g1 = q01€0S0; — qo,Sinby, (8g)
42 = —qo15in6; — qo, 080, (8h)
q; = —sinABcosAe. (81)

According to the operational rules of quaternion [18], in
the ENU frame, the relational expression between the true
target location X, = [x, y,,2]T and the location obtained
from the biased measurement (without considering the
range biases) X}, = [x},V},z,]T can be written as

X, =M-x, (9a)
where M is the quaternion component rotation matrix
from ENU to MF conversion (Appendix A for its inverse)
and is given by Gebre-Egziabher et al. [28] in 2000, Farrell
[25] in 2005 for example and others,

a+ai—a5—a5  2(9192 — 9o43) 2(q193 + 9042)
M=| 2(q19; +q093) 46 —af+a5—a5 2(4295 — 90q1) |, (9b)
2(q193 — 9092) 20293 + q001) a6 — 91 — a5+ a3

or in detailed components substituting (8a) into (9a) and (9b), (9a) can be written as

sin(8, = 8, — A0) sinf, [cos Ae — 1] + cosAO  sind, cosAe cos B, — cosysing, —sin 6,sinAe l

myq
r_ — cosAecos 8, sin 8, — sin 8, cosf,,
Xy = M=
ma1
sinf,sinAe
N st
msq

All the elements of M in (10) are further employed in
Appendix A. The correctness of the derivation of M can be
easily testified by substitute polar coordinates of X; and X,
into (9a). Quaternions have had a revival since the late 20th
century, primarily due to their utility in describing spatial
rotations. The representations of rotations by quaternions are
more compact and quicker to compute than the
representations by matrices. Hence, the summary formula (10)
is a lot easier to understand its derivations via quaternions
than via conventional vector or matrix algebra [11].

Moreover, the inverse of M can be written as M™1, whose

mi2 miys3
cos@,cosAecosl), +sin Bysinf,,  —cosf,sinAe
ma2 ma3
cosf,sinAe cosAe
mszz msz3
x:(10)

elements are derived in Appendix A.

(b) Translation induced by the range biases

When all OBs are considered, the biased target rectangular
coordinates X, = [x}, ¥y, Z,]T can be obtained by using

biased measurements as (see Figure 2)

Xp = 1psinfycosg, (Tp, =713 + Ar + k.1
{yb = 1,cos0,cosey, { 0, =6,+ A0 (11)
Z, =1, sin g, &p =& + Ac
Substituting (9a) and (10) into (11), we have
X, = (X, = Mx,) + Ax, (12a)

where



sinf@jcosg,,
Ax = [Ar + k1] [cos@bcosebl. (12b)
sing,,
Equation (12) is analytical which manifests that all the
angle biases make TTCs rotate and the range biases make
TTCs translate.

2.3. Quaternionic analysis for mobile 3-D radar

As discussed in [4], two different situations ((a) Radar
installed on the gyro-stabilized platform, and (b) Radar
installed on the platform directly) are discussed respectively.

(a) Radar installed on the gyro-stabilized platform [4]

In this situation, as shown in Figure 1(c), 3-D radar is
installed on the gyro-stabilized platform, which can steadily
follow ENU frame through IMU and the servo-system of the
platform. However, a set of Euler angles exist between the
axis of the gyro-stabilized platform frame (PF) and the ENU
frame which are usually called as attitude biases (ABs) and
they include the yaw bias A¢, pitch bias An, and roll bias
AP.

As shown in Figure 3, the PF has the same origin with ENU,
the axes of PF can be denoted as x,, ¥, and z,, respectively.
The transformation of the target coordinates from PF to ENU
is accomplished by first rotating about the y,-axis by the roll
angle Ay, then rotating about the intermediate x,-axis by the
pitch angle An, and rotating about the final z,-axis by the
yaw angle A¢. The axes drawn in dashed lines are the
intermediate axes. Customarily, the polarity definitions of
A¢ and Ay abide by the left-hand rule, and An abides by
the right-hand rule.

Similarly to (6a) and (7a), the quaternion representation for

attitude biases can be written as:

Gay = cos(Ap/2) — T,sin(Ay/2), (13a)
Gan = cos(An/2) + 1;sin(An/2), (13b)
Gagp = cos(Ap/2) — T3sin(Ad/2), (13¢)

The resultant rotation quaternion from ENU to MF can be
written as:

Genvemr = ﬁ*mﬁA (14)

da = ﬁ(—Alﬂ)*ﬂﬂﬁ(—An)*HEi(—A(ﬁ) (14a)

Substitute (6a), (7a), and (13a)~(13c) into (14a), similar to

(9b), the first-order approximation of the first kind mobile

radar quaternion component RM from ENU to MF

conversion Mgy can be written as:
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1 AB — Ap AP — sinf,Ae
M, =~ | A¢p—A6 1 An — cosB,.Ag|(15)
sinf,Ae — A cosf,As — An 1

Analogous to (12a), the relational expression in this

situation can be written as:

True attitude angles Biased attitude
of platform OBs angles from INS
v v v
Quaternionic| |Quaternionic| |Quaternionic
analysis analysis analysis
TTCs in L TTCs L TCs in ¢ TCs in
e TS o TG oo T

FIGURE 4 Flow chart of TTCs from ENU to MF of the second

kind of mobile radar.

Xp = Mqlxt + qul’ (163.)
where
sing, ,cose,
qul = [AT‘ + krT't] Cosgpibcossp,b ) (16b)

singy, 5,

the subscript “p_b” represents biased measurement from
platform frame.

In reference [2], the equivalent offset bias expressions
caused by platform attitude biases were derived, these
equivalent offset biases can be merged into radar offset biases,
then the resultant offset biases are substituted into stationary
radar relational expressions obtained by quaternion analysis
above, and this is the alternative method for obtaining
relational expressions for the first mobile radars.

For mobile radar, the ABs can be converted to radar
measurement errors such as the range error Ar,, azimuth error
AG. , and elevation error Ag., respectively, with the
expressions of [2]

Ar, = 0+ o(Ag, An, AY), 17)

A, = —A¢ + yezebp-xezedn o(Ap, An, AY), (18)

2.2
Xttt

A, = ZBYXDN 4 o (A, A, ), (19)
xi+yi
where X, = [x;,y;,2]T denotes TTCs in the PF where no
OBs are considered.
Substituting (17)-(19) into (12), the relational expression
of the target location for the first kind of mobile radar can be
written as

Xp = Mlxt + AXl, (208.)
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sinf;cose/

Ax, = Ar,; |cosf/cosg;|, (20b)
sing{

Aryy = Ar + komy
0 =06, =0,+ A0, (20c)

gl =¢, =& + A€
where M; = M,; which represents the quaternion
components RM. M; can also be obtained by substituting
AB and As in M of (10) with A8' and Ag', respectively.

And

DO = NG — Ap + LEBYTXZAN o Ap Ap, AY), (21)

xg+yg
A’ = Ae + YYD 4 6 (Ap, An, Ap).  (22)
xf+yt
(b) Radar installed on the platform directly
For this kind of mobile radars, they are installed directly
on the platform and sway with the platform simultaneously
with the same attitude angles. Radar measurement, in this
situation, should be rectified by the biased attitude angles
obtained from INS. The flow char of TTCs from ENU to MF
is given in Figure 4. The conversion from PF to ENU is the
same with the first kind of mobile radar as shown in Figure 3,
the only difference is to substitute ABs in Figure 3 with true
attitude angles.
Quaternion representation of rotation angles in Figure 4
can be written as:
Gy = cos(W/2) — Lsin(W/2),  (23a)
Gn = cos(n/2) + 1;sin(n/2), (23b)
dp = cos(p/2) —Lsin(@/2),  (23c)
where i =i, ori, (i=1v,n,¢), and i, represents biased
angles given by INS, thatis i, = i; + Ai.
According to Figure 4, the resultant rotation quaternion can

be written as:
(_jENUZMF = Eib*]}uﬁ*uﬂqt (24)

Gy = Ge-gpy Kulnpy KulGi—y,y  (24)

G = Gy, Ky, Kudy, (24b)
Using (9b), the first-order approximation of the RM of
quaternion Ggzyyur can be derived as:
_ Mg My, MMys
M, = |-mMy, My My, (252)
—Myz —Mpz Mg3
where

My = Myy = Mgz = 1, (25b)

. —A¢ + AyYsinn, + ABcosncosy,
™2 = |_Aesinn,sing, + Aesimp,cosn,cosf,’ (25¢)
—Ansing, + Aycosn,cos¢p, — ABsiny,sing,
—Agcosn;cos¢p,sind, — ABsinn,cosy.cosg;
+Aesing,cosy,cosb, ’
—Agsinn,siny,cosf,.cosg,

my3 =

(25d)

Ancos¢, + AYcosn,sing, + ABcos¢,siny,
—Agcosycosf.cos¢p, — ABcosy,sinn,sing;
—Aesing,cosn,;sinf,
—Agsinn,siny,sing,cosf,

Myz = . (25¢)

The approximation of M, can be proved by special cases
as shown in Appendix D.

The relational expression in this situation can be written as:

X, = M,x, + A%,, (26a)
where
sin6, ,cose, 5
A%, = Typopny p AT + ky1y] [COSOp ,COSEY b |. (26b)
sing,, 5

Tp2eny_p» can be calculated from quaternion qp of (24a)
or from equation (35).

Similar to the indirect method for the first kind of mobile
radar, the second method using first-order approximate
quaternion calculations step by step will be given as follows:

Assuming that the true yaw ¢;, pitch 7, and roll ¥, of
the platform are known, the conversion from ENU frame to
PF can be described by three sequential rotation
transformations. The roll/pitch/yaw angle rotation matrices
representing each transformation can be written respectively
as [4]

cosyp, 0 siny,]
Ty, [ 0 1 0 |, (27a)
—siny, 0 cosy,l
1 0 0
T, = [0 cosp, sinng|, (27b)
0 —sinn; cosn.l
cos¢p, —sing; 0]
Ty, = [sinqﬁt cos¢p, 0] (27¢)
0 0 11

TTCs in the PF can be denoted as

1.
Xpt = [0 Vp o Zpe] =Ty, Ty T X, (28)
N——————
=TENU2p_t
where Tgyyzp ¢ denotes the quaternion components rotation

matrix" from the ENU frame to the PF, it can also be
obtained from g, of (24b), and
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cosycosg, — siny,sinn,sing,  —cosy,sing, — cos¢,sinn,sinyY, cosn,sinyY,
t11 t12 t13
_ cosn,sing, COS7:COSP; sinn,
Tenvzpe = — = —t — (29)
t21 ta22 t23
—siny,cos¢; — cosy,sinn,sing,  siny,sing, — cosy,sinn,cosp,  cosyp.cosn;
t31 t32 t33
: ! !
. sinf) ,cose, 1 (Arye = Ar + k,1;
S ’ ! [
s Ax, = Ary, |cosy cosep [, { Op, = Opc + A0 (32D)
Quaternionic . ;.
analysis sméy . &y = Ept +Ae
: X First-order : ; .
TKEin |,z ,/ TKEin approximate Approximate| | Error analysis for where M, denotes the RM which has the same form as the
ENU MF ‘ TKE in MF | |Approximate TKE

FIGURE 5: Flow chat for quaternionic analysis of the TKM in MF.
According to (28), the true target azimuth in PF can be

obtained as

6, = atan (M) = atan [—xtt11+ytt12+ztt13]. (30)
Yp_t Xtl21+Yelaa+2Z¢tz3
The true target elevation in PF can be obtained as
— agin [ 22t
&p_¢ = asin (rp_t)’ (31a)

where

o= %2 YRz = xE +yi+zE, (31b)

Tp

quaternion components rotation matrix M in (10). The only
difference between two matrices is that 6, ; is substituted for
0, in M,. The difference between X, ;, and X,  is that the
former contains radar OBs and the latter has no OBs.
Substituting (28) into (32a), (32a) can be written further as
Xpp = (M Tpnyzp ¢ = My)X, + AX,. (33)
The measurements here are usually rectified by the attitude
angles provided by INS. These attitude angles are biased
which include yaw angle ¢,, pitch angle 7;, and roll angle
Yy, RNs in these attitude measurements are not considered
for simplicity. The rectified target coordinates in ENU frame

can be written as

Zp ¢ = Xptzq + Yelsy + Zilss. (31c) Xp = [%p, ¥, 261" = Tp2enu pXp b (34)
On the analogy of (12a) which is derived for the stationary where
radar, the relational expression of the target coordinates for + bt ot
. . . = TENUZp,b = T¢anbT¢b
the second kind of mobile radar can be written as Tp2enu ot ot 4 ~ , (39
~ (Ty, Ty, Ty, = Tinyzpe)(A=1+A4)
Xp_b
Xpp = [Ypb| = MpXx, ¢ + AX, (32a) which denotes the quaternion component rotation matrix
“pb from PF to ENU frame by using biased navigation
information, and A is given by
0 siny, An + cosnycosy,Ag —sinn,Ap — Ay
A = | —siny, An — cosn,cosy, Adp 0 —cosy,An + cosn,siny,Ap|.  (36)
sinn,A¢ + AP cosy,An — cosnysiny, A¢ 0
For detailed derivations of the quaternion component X, = M,x, + Tp2enu_p2X,. (40)

rotation matrix from PF to ENU (35) see Appendix BYii,
Substituting (33), (35), and (36) into (34), the relational
expression between TTCs and the biased coordinates in the
ENU frame can be obtained as
Xp = Tinuap e BM; Tenyap X + Tonuzp (AOX,. (37)
According to (35), we can obtain that
(38)
Comparing (37) with (26a), it is obvious that the two first-

— AT-1
TENUZp?t - ATENUZp_t'

order approximate matrices:
l\712 = TpZENU,bMZZTEI\}UZp_t- (39)
Substituting (38) and (39) into (37), another form of (37)

can be written as

Equation (40) can be tested by special cases as shown in
Appendix D. Usually, TKE in ENU frame can be written easily,
then (37) or (39) is substituted to it, and the analytical

expression of TKE in MF can be obtained.

3. Quaternionic analysis of the TKM in MF

TKE
displacement. Usually in radar tracking field, TKE belongs to

is the mathematic expression for target spatial

Newton’s laws of motion which can be described as a
polynomial with time as variable. TKEs as CV model (n = 1),

CA model (n=2) can be expressed by using summation



Journal of Geolocation, Geo-information, and Geo-intelligence

notation as: Y.i-, a;t'. For two polynomials which have the
same terms and term numbers, even the coefficients are
different (because of different initial values), we call them
belong to the same TKM. *

Proposition. If the distance of biased measurements of the
same target at any two successive observation instances
change little compared with the range, then the TKM in MF is
the same as that in ENU frame.

Proof: For the sake of simplicity of analysis, a stationary 3-
D radar and a target with CV model are considered in the paper.
The flow chat for quaternionic analysis is shown in Figure 5.
Assuming that TTCs in ENU frame (inertial coordinates
system) at the observation instant k can be denoted by the
vector X, (k) = [x,(k), y,(k), z,(k)]T, then, the TKE can be
written as

X, (k + 1) = x,(k) + Tv, (k) + Za,(k), (41)

2
where v,(k) = [y ((K), v, (k) v, (k)]" denotes the true

target velocity in ENU frame of the x, y, and z coordinates,

respectively.

denotes the

a,(k) = [ay  (k), ay (k), a, (1]

corresponding acceleration vector. Each acceleration is
assumed to be zero-mean Gaussian white noise. 7 denotes the
scanning period of radar.
According to (12a), the target coordinates under the
influences of SBs can be written as
Xp(k+1) =Mk + Dx(k+ 1)+ Ax(k+ 1), (42a)
x: (k) = M~ (k) [x, (k) — Ax(k)], (42b)
where if we assume that the vector m(k) is given by
sinfy, (k) cose, (k)
m(k) = |cosB,(k)cose, (k)
sing,, (k)

(43a)

then Ax(k) can be further written as

Ax(k) = [k, 1. (k) + Ar]m(k)
Substituting (41) into (42a), we have
X,k + 1) = M(k + DM~ 1(k)x, (k)
+TM(k + 1)v,(k) + 0.5T*M(k + 1)a,(k)
+Ax(k + 1) — M(k + DM (k)Ax(k). (44)

Omitting the higher-order terms and minor error terms

(43b)

caused by SBs, (44) can be expanded and approximated as:

x, (k + 1) = X, () + Tvp (k) + T a, (), (45a)

where v,a, (k) = [v, ay p(k);v,a, p(k);v,a, (k)]T

v,a, (k) = M(k + 1v,a. (k). (45b)

The detailed derivations and analyses of (45a) can be seen
in Appendix C. Though, in (45a), v, (k) varys with 8, (k +
1), Equation (C15) and (C16) in Appendix C proves that
v, (k) approximate to be constant. And (45a) shows that the
approximate TKM in MF is still a constant velocity model,
which is the same with that in ENU frame. Since the proof of
the Proposition is based on the target states of two successive
observation instances, and has no special request for the TKM
between the observation instances, this result can be extended
to other kinematic forms such as CA or CT models etc.

It should be noted that (45a) is an equation, and the
prerequisite for the approximation is that the target
displacement between two successive observation instances is
much smaller (an order of magnitude or more) than the target
range. Fortunately, this prerequisite is usually satisfied.

According to the analyses above, the key factor determining
the type of TKM in MF is RM. The existence of nonlinear
function in terms of RM causes the changes of TKM in MF. If
the terms of RM are all constants, it is obvious that TKM in
MF is completely the same with that in ENU. In another word,
with simpler form or the smaller magnitudes of nonlinear
variables in RM terms, the smaller changes of TKM between
MF and ENU. Comparing (12), (16), and (25), The Proposition
can be applied well for stationary and the first kind of mobile
radar, as for the second kind of mobile radar, only when the
variables in (25) are small enough or change slowly, the
Proposition can be applied.

Inference: KF can be used directly for the biased
measurements just like the measurements only contain RNs.
The estimate results of both situations are minimum mean
the

estimation results of the biased measurements contain the

square error (MMSE) estimations, however, state
influences of SBs.

In fact, the inference can be inferred from proposition
directly without any proof. The following is also an
exemplification of CV model.

When we analyze the estimation performances using KF, the
biased measurements in this section mean that the
measurements contain both SBs and random measurement
noises. Taking CV model for example, the state vector in MF

can be selected as u, (k) and is given by

Uyp (k) .
(0 = [0, wy () = [P 12 60y 23 40
Uz (k) -
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According to the proposition, and omitting the minor terms,

the state equation in MF can be obtained by rearranging (45a)

as
u, (k + 1) = Fu, (k) + Ga, (k), (472)
where
F = diag([F,, F;,F,]), G = diag([G;, Gy, G,]), (47b)
1T _ [0.5T2
oy TP e

where B = diag(A) denotes the elements of A are on the
main diagonal of square matrix B.
Since the “biased” target states include SBs, the
measurement equations in MF can be written as
r(l) = \xZ(k) + y2(k) + 22 (k) + 8,(k),  (48a)
6 (k) = atan[x, (k)/yy (k)] + 8o(k), ~ (48b)

e(k) = atan|z, (k) /\/xZ () + Y ()| + 8.(k). (48¢)

Equations (47a) and (48a) ~ (48c) constitute the dynamic
equations for the “biased” system, and they have the same
form as bias free system. So, the state estimation method and
correlation method for the “biased” single sensor system share
the same theory and performances with no biases system.

When the “biased” state estimations are obtained, it is quite
natural to compute TTCs and SBs by using (12a), however, it
is obvious that the solutions are not unique. Combined with
proposition, this result manifests that for single radar, SBs are
dependent with the target states, they cannot be estimated
separately, and only the “biased” state estimations can be
obtained. In view of this, the successful registration methods
usually use two radars’ simultaneous measurements of the
same target to establish the registration equations where TTCs
contained in both radars’ measurements can be eliminated and

only SBs can be remained, so, the equations are observable.

4. Experimental results

In this section, three experiments will be presented to testify
the proposition and the inference, respectively. For the first
experiment, the proposition is exemplified by a typical
scenario where we assume that a stationary 3-D radar and a
mobile platform locates at the same place, the origin; a target

is moving with constant speed and has no process noises (zero
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accelerations).

The initial state of the target is [90 km, -80 m/
5,90 km,—30 m/s,5 km,1 m/s]. In the state vector, the
variables denote x-coordinate, x-velocity, y-coordinate, y-
velocity, z-coordinate, and z-velocity, respectively. Radar has
no measurement noises and its OBs are Ar = 300m, k, =
0.01, and A8 = Ae = 2°, respectively. Figure 6 gives the
errors between the approximate target kinematic model (45a)
and the exact model (44) in measurement frame.

In the second experiment, the inference is tested in a
simulated scenario where a common track is generated for two
stationary 3-D radars (named A and B, respectively) which
located at the same place, the origin. Both radars have the same
performances, the standard deviations of radars are o,; =
50 m and gy; = g,; = 0.5° (i € {4, B}), respectively.

For each observation instance, both radars have the same
measurement noises, the only difference is that radar B has the
same OBs with those in experiment 1, and radar A has no
biases at all. The target moves in the horizontal plane with
three different models as CV (model 1), left/right CT (model
2/3). The initial state of the target is [70 km, -100 m/
s,50 km,100m/s, 5 km, 0 m/s]. The standard deviations of
the target are set to o, =0, = 1m/s*, g, = 0.1m/s?,
respectively. Both radars are synchronous and the sampling
interval is T = 1s. Two hundred scans of the target are
simulated and the number of Monte-Carlo runs is one hundred.
For each run, the target moves to left CT from approximately
51 to 70s, and to the right CT from approximately 131 to 150s,
and CV in the remaining time periods (see Figure 7(a)). The
angular velocity of CT is 3°/s. The common initialization
method and Interactive Multiple Model (IMM)* are used for
both radars. The model transition probability of IMM [43] is
set to

0.9 0.05 0.05
P; = [0.1 0.8 0.1 l
0.05 0.15 0.8

The initial probability of the model is set to u=
[0.3,0.3,0.4]. The simulation results of experiment 2 are given
in Figure 7. In order to testify the correctness of (25a), the
results of a special casesas p =n =1 =A¢p = An = Ay =
0° for the second kind of mobile radar are given

simultaneously for experiment 1 and 2 respectively.
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FIGURE 6: Errors of approximate kinematic model in measurement frame for stationary 3-D radar. (a) location errors; (b) velocity
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The third experiment is based on the second experiment
scenario, the difference is that radar belongs to the second
kind of mobile radar. The platform attitudes make simple
harmonic motions at origin with 20 s motion periods, all the
magnitudes of attitude angles are same as 10°. The initial
attitude angles are random generated. Two situations are
tested respectively as: (1) A¢p = (0°~5°), Anp = Ay = 0°;
(2) An = (0°~5°), A¢p = A = 0°. Figure 8 depicts the
steady-state (at time instance 200 s) Root Mean Square Error
(RMSE) curves versus varying attitude biases.

The location and velocity errors between (45a) and (44)
are given in Figure 6(a) and Figure 6(b), respectively. The
solid, dashed, and dotted lines represent stationary, first kind
and second kind of mobile radars, respectively. For the
second kind of mobile radar, the errors will be bigger with
shorter platform attitude harmonic period. Simulation results
manifest that the errors are small and the proposition can be
applied well.

The RMSE of the target state estimations for biased and
bias free measurements using the same filter are given in
Figure 7. Figure 7(b) represents the location estimations and
Figure 7(c) represents the velocity estimations. The solid
lines (using subscript # in the legend) represent the RMSEs
of no biased location estimation of radar A, and the dashed
lines (using subscript b in the legend) represent the biased
estimations of radar B.

In the calculations of the RMSE for the biased
measurement, the “true” target states are the states obtained
from (12). Figure 7 shows that the corresponding curves of
radar A and B measurements are almost coinciding, which
proves the inference.

Figure 8 manifests that for the second kind of mobile radar,

the usage of first-order approximation makes quaternion
method have big errors. Furthermore, more than nine
variables included in RM terms which complicate the
analyses of TKM in MF, for length limitation, the detailed
error analyses of this kind of mobile radar will be made in
the future [45].

5. Conclusions

In this paper, it is proved that the biased measurements
(contain radar systematic biases and random noises
simultaneously) can be used directly as the inputs of Kalman
filter to obtain the “biased” target track. And the “biased”
track is in the sense of MMSE. Here, “biased” means that the
estimates contain the influences of all the systematic biases.
This result applies for any form of target kinematic model
with the prerequisite that the target displacements between
two successive observation instances are much smaller (an
order of magnitude or more) compared with its range.
Fortunately, this prerequisite is usually satisfied. The
conclusion above provide theory basis for all the registration
methods using local tracks. And also tell us that for single
radar, all the data processing methods such as track initiation,
association, and tracking et al. which are usually used for
bias free sensors can be used in the same way for biased
sensors just as no biases existing.

It should be noted that for the second kind mobile radar
(rigidly connected and sways with platform), the first-order
approximate rotation matrix has large errors and complicated
nonlinear functions which makes it difficult to apply the
proposed model without further investigation, modification,

and analysis.
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Another contribution of this paper is the introduction of
quaternionic analysis to radar data processing field. The
convenient angular rotation operation of quaternion is offer

as a useful mathematic tool for radar data processing.
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Appendix A: Quaternion component rotation
matrix M conversion from ENU to MF

In (10) the elements of the quaternion component RM M are
computed.

The inverse of M can be written as

-1 -1 -1
myy Myz; My3
1|1 -1 -1
M™ =|m;; m3 mys|, (A2a)
-1 -1 -1
Mmzy Mz M3z
cosAfcos?0, + cosAecosAbsin?6,
mii = +c0s0,sinAfsing, , (A2b)

—cosAecosf,sinAfsing,,

—sinAfsin?6, — cosAesinAfcos?6,
miz = —cosAfcosh,sind, , (A2¢)
+cosAgcosABcosby,sind,

mi3 = sin G,sinAe, (A2d)
sinAfcos?8, + cosAesinAfd
1 —cosAesinAfcos?6,
my; = A2
21 —cos8,cosAfsing,, (Ae)
+cosAgcosABsinb,cosb,
cosAfsin?8, + cosAscosAfcos?0,
myy = —sinAfcosf,sind, , (A2
+cosAgsinAfcosb,sinb,,
mz+ = cosf,sinAe, (A2g)
m3i = —sin@psinAg, (A2h)
m3; = —cosf,sinAe, (A2i)
m31 = cosAe. (A2))
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Appendix B: Quaternion component rotation
matrix conversion from PF to ENU

T,

p2ENU_b 10 (35) can be written as

Tp2enup = T;rNUZp_b = TquTJbTvtb’ (B

where
cos(¢p; + Ap) sin(¢; + Ap) 0]
T} = [—sin(qﬁt +A¢) cos(p, +Ap) 0], (B2)
0 0 1.
1 0 0
T, = [O cos(n, +An) —sin(n, + An)|[, (B3)
0 sin(n, +4n) cos(n, + An) |
cos(P; +AY) 0 —sin(y, + AY)
T, = [ 0 1 0 . (B4)
sin(y; + AY) 0  cos(y; + AY)

Using the first-order Taylor series expansion about the true

attitude angles, (B2)-(B4) can be approximated as

T) ~T) + (Tg,)’|¢=¢tA¢, (B5)

. [—sind),t cosp, O
(T )’| = |[—cos¢, —sing Ol
o)1, ¢ t >
b=¢¢ 0 0 0
0 1 0 0 0 O
=T, -1 0 o[-0 0 o (B6)
0 0 1 0 0 1

T, ~ T} + (T} )’ln:ntA”’ (B7)

0 0 0
(th)] _ =[O —sinn, —cosml
=10 cosp, —siny,
1 0 O 1 0 O
=T/ [0 0 —1]—[0 0 of (BS)
0 1 0 0 0 O

Ty, ~ Ty + (T))],_, 8%, (B9

—siny; 0 —cosy,
T} ) =] o 0 0
.- | 0
cosy, O siny,
0 0 -1 [0 0 ©
=T, [0 1 o|-]|0o 1 o] (BIO
10 0 0 0 0

Substituting (B5)-(B10) into (B1), and omitting the

higher-order terms, we can obtain
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T ~
TENUZp_b ~

TpZENU_b =

(T;t + (Tg)’|¢=¢:A¢) (T’;rt + (T’;r),|n=n:An) (T‘Zt * (TL)’L/FI/J:Aw) -

= TE_A}UZp,tK (B11)

T3.T4, T, + T3, (T3], _, Ty, An + (T;)’|¢:¢tTJtTIZtA¢ + T;tT,;ft(TJ,)’|¢=th¢

Equation (B11) manifests the relational expression between
the true RM and the biased RM from PF to the ENU frame.

Appendix C: Quaternionic analysis of the
linearized biased TKM

Since the biases A9 and Ae are usually on the order of 1072
(rad) (e.g. AG = 2° = 0.035rad), the first-order Maclaurin
series expansion about them can be used to analyze the model.

In view of this, according to (10) and (A2a), we can obtain

0 1 0
[—1 0 0[A6+
0 0 O
M) ~1+1r ¢ 0 —sing, (k)] - (Cla)
0 0 —cosf, (k)| Ae
sinf, (k) cosf,(k) 0
AM(k)
M~1(k) ~ I — AM(k), (C1b)

where I denotes the corresponding unit matrix. We find
M(k + DM~ 1(k)
=~ [I+AM(k + DI - AM(k)] = I+ A(k + 1), (C2)

where
0 0 MLk+1)
Ak+1) = 0 0 Ay (k +1)|, (C3a)
“Lk+1) —Ak+1) 0

A1k + 1) = {—sin[6, (k + 1)] + sin[6, (k)]}Ae
A,(k + 1) = {—cos[0,(k + 1)] + cos[0, (k)]}Ae
According to (42a),
xp(k + 1) —x, (k)
_ Mk + Dx.(k+ 1) — M(k)x, (k)
B +Ax(k + 1) — Ax(k)
_ Mk + D[x(k +1) — Mk + DM(k)x. (k)]
B +Ax(k + 1) — Ax(k)
Substituting (Cla)-(C3a) into (44), (C4)
approximated as,
xp(k + 1) —x, (k)
_M(k+ D[x,(k + 1) = (I— Ak + 1))x, (k)]
- +Ax(k + 1) — Ax(k)
_ Mk + D[x (k+1) —x.(k) + Ak + Dx. (k)]
B +Ax(k + 1) — Ax(k)

_ M(k + 1)[Tv,(k) + 0.5T?%a,(k)] +
" M(k + DAk + Dx, (k) + Ax(k + 1) — Ax(k

. (C3b)

.(C4)

can be

) (€

If the approximate kinematic equation (C5) has the same
form with (41) which is the true TKE in ENU, or (C5) can be
approximated to (41), then the proposition can be proved.

Let

x(k) = Ak + Dx (k). (Co)

Substituting (C3a) into (C6), each term of the vector y (k)

can be written respectively as

_ ) xpler)
Xx(k) = Ae [rb(k) cos[ep (k)]  rp(k+1) cos[sb(k+1)]] Zt (k)’
12 ()| < | (k + 1) — x5, (K| (C7)
_ yp(k) yp(k+1)
Xy(k) =Ae [‘rb(k) cos[ep(k)]  rp(k+1)cosep(k+1) Zt(k)’
Lty ()| < 1y (k + 1) =y, (R, (C8)
_ xp(k +1) xp (k)
Xzx(k) = A [rb (k+ Dcosey(k +1) 1,(k) cos &, (k) xe(k)
_ yp(k +1) vy (k)
Xzy(k) = e [rb(k + 1D cos[ey(k + D] 1p(k) cos[sb(k)]] ye(k)

2,00 = 2,00 + 1, (1)
()| < |xp(k + 1) = x, ()| + |y (k + 1) — yp (). (C9)

Since M(k + 1) is a unit RM, then, in (C5)

M(k + DAk + 1)x, (k) << xp,(k + 1) —x,, (k). (C10)

Here A << B denotes that the elements in vector A are far
less than the corresponding elements in vector B.

Similar, according to (38b)

Ax(k + 1) — Ax(k) =
kylre(k + Dm(k + 1) — r.(k)m(k)]
+Arim(k + 1) — m(k)]
&KL xp(k + 1) — x4, (k). (C11)

According to (C10) and (Cl11), (C4) can be written
approximately as,

x,(k + 1) = x,(k) + Tv, (k) + 0.5T2a,(k), (C12)
where
v,a, (k) = M(k + 1)v,a.(k), (C13)

Equation (C12) has the same form with (41), which proves
the proposition.

In order to prove the proposition in another perspective, we
will prove below that the biased velocity variables keep
invariant. In view of this, according to (C13) and (Cla), the
variation of the “biased” velocity between two successive
observation instances can be written as
Av, (k) = vy (k) —vp(k — 1)
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_ve(k) = ve(k — 1) + AM(k + 1)v, (k)

—AM() v, (k — 1) (C14)
Similarly to (C6)~(C9), we have
AM(k + 1)v, (k) — AM(k)v,(k — 1)
&KL v (k) —vi(k—1). (C15)

The result of v,(k) — v.(k — 1) of the right hand side of
(C14) is the variation of the “biased” velocity caused by the
“biased” acceleration. And the result of AM(k + 1)v.(k) —
AM(k)v,(k — 1) is caused by SBs which is “abnormal and
redundant” for the variation of the velocity, however, it is small
in magnitude and can be omitted. This manifests that the
influences of SBs on the target velocities almost keep invariant
and the “biased” TKM is approximately a CV model.

According to (10) and (A2a), the elements of the quaternion
RM M and its inverse matrix are both infinitely differentiable
functions. Since A@ and Ae are usually on the order of 1072
[rad], the Taylor series for these elements are convergent, and
their second-order remainders are much smaller than their
corresponding first-order terms. According to theorem of
Taylor's mean, for the first-order approximation model, the
effects of SBs on the variations of the target velocities are very
small and can be omitted, as for the even smaller higher-order
terms, their effects can also be omitted or viewed as minor
process noises.

In all, though the “biased” target locations, velocities, and
accelerations are different from the true situation, when the
measurements of the target at any two successive observation
instances change small compared with the range, the TKM in

MF approximates to the same as that in the ENU frame.

Appendix D: Special cases of quaternionic
analysis

In (25) if we set n; = P, = ¢, = 0 and 6, # 0 we have

My =My = Mgz =1 (Dla)
my, = A0 — A (D1b)
my3 = AY — Aesinb, (D1c)
My = An — Ascosg, (D1d)
It appears that this result is the same as (15)
1 AB — Ap AY — sinf Ae
M, =| A¢—A6 1 An — cosf.As| (D2)
sinf;As — Ay  cosf,As — An 1

According to Appendix A, in (10) M can be first-order
approximated as M:

fii;, = sin @, sinfy[cos Ae — 1] + cosAf ~ 1,  (D3a)
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iy, = sinB, cosAe cos 8, — cosf,sind, ~ sinf, cos §, —
(D3b)
(D3c¢)

m,, = cosAecos 6, sin 8, — sin 8,cosf), ~
cos ), sin B, — sin 6, cosf, = —sinAf ~ —Af, (D3d)

m,, = cosf,cosAecosh,, +sin 0,sind, =~ cosb,cosly, +

cos6,sinf, = sinAf ~ Af,

My3 = —sin 6, sinAe = —sin 6, A¢,

sin B,sinf, = cosAf =~ 1, (D3e)
M,z = —cosf,sinAe = —cosf,As, (D3f)
fii3; = sinf,sinAe =~ sinf,As, (D3g)
fil3, = cos B,sinAe = cos B,Ae,  (D3h)
M35 = cos Ae = 1, (D3i)
In (D2), if we set A¢p = An = Ap = 0 we have
M, ~ M (D4)

For special cases, we have (D2) and (D4), which exemplifies
the correctness of (15) and (25).
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et al. [32]. We believe it is incorrect to use @ to denote quaternion product
or multiplication or spectrum convolution as this symbol is used to denote
Kronecker product [46] or Tensor product [12]. Shin [17] (which is the same
author Shin et al. [31] which used @ in [31]) uses * to denote the
quaternion product which is a symbol used for Hodge star operator [47] by
most scholars. Stuart [36] uses just - product to denote quaternion product
which is a symbol used for vector dot product. Bosse et al. [44] uses @ to
denote a quaternion product. This is the symbol used for N-ary circled plus
operator or Kronecker sum [46]. Moreover, most references do not even
mention the word Hamilton product [11], with the exception of one reference
which uses the word Grassman [42]. While we do not know why this an
ongoing issue in the literature because other authors do not even use any
symbol at all or might use other symbols, one thing is clear that most of
authors are not even clear as to the correct name and use of the quaternion
product or multiplication operator. However, we believe that both the symbol
*y [12] and the word Hamilton [11] might be the correct use to denote
quaternion product or multiplication because X is used for vector product
and quaternion is a generalized form of a vector; hence, %y =- + Xy will
denote a generalized form of vector addition, dot product, and vector product
that of quaternion or Hamilton product or multiplication.

v A feature of quaternions is that multiplication of two quaternions is
noncommutative (or anti-commutative) in contrast to the multiplication of
two complex numbers which is commutative; however, both are associative
and left/right distributive over addition. Hamilton defined a quaternion as the
quotient of two directed lines in a three-dimensional space or equivalently as
the quotient of two vectors (For more information please visit [11]).

Vi Hamilton product is a generalized form of a vector product because in (8b)
if we assume Qa0 = qago =0 and §ag, orthogonal with Gags or
Gas12Gagz = 0 -then the Hamilton product is equal to the vector product
4 = Gaer2 X Gaos  OF 4= Gaer2*udaos = Gac12 X Gags Or the vector
product is a special case of the Hamilton product which is another reason why
it is more appropriate to use -+ Xy to denote a Hamilton product.
Furthermore if we also assume that Garo = Gago = qa and Gag12 = Gags =
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Gs then

co-linear with  Gpg3 then

instead.

Vi Since no transition exist and rotations are about rectangular axes here, this
rotation matrix can be called as quaternion components matrix even it is not
obtained by quaternion method. However, traditionally, it is better to call this

as a rotation matrix.

Vil One might use a more elegant, compact form via tensor notation as
discussed in “Historical impact on physics” paragraphin [11]. A quaternion can
be represented as the sum of a scalar and a vector. It can also be represented
as the product of its tensor and its versor. Each quaternion has a tensor, which
is @ measure of its magnitude (in the same way as the length of a vector is a
measure of a vectors magnitude). When a quaternion is defined as the
quotient of two vectors, its tensor is the ratio of the lengths of these vectors.
A versor is a quaternion with a tensor of 1. Alternatively, a versor can be

defined as the quotient of two equal-length vectors [13].

X The noncommutativity of multiplication has some

can have more distinct solutions than the degree of the polynomial [11].

* The IMM is an estimator which can either be used by multiple hypothesis
tracker (MHT) or Joint Probabilistic Data Association Filter (JPDAF). IMM uses
two or more Kalman filters which run in parallel, each using a different model
for target motion or errors. The IMM forms an optimal weighted sum of the
output of all the filters and is able to rapidly adjust to target maneuvers. While
MHT or JPDAF handles the association and track maintenance, an IMM helps

MHT or JPDAF in obtaining a filtered estimate of the target position.

4 = qaco9a00 — Gaerz * Gaos + Ancoaos + dasodaciz + Gacrz X
Gaoz = 2G,. This shows that the Hamilton product of a quaternion with itself

is twice that quaternion hence Hamilton product is also a generalized form of
a vector sum. Furthermore, if we assume that qac.o = qago = 0 and Gaer2
4 = qaco9a60 — a1z * Gaos + QacoGass +
da60Gae1z t Gaerz X Gaos = —Gac1z * Gas3; hence, the Hamilton product is a
generalized form of a dot product. Hence, a Hamilton product symbol should
be able to use all these symbols %y and nothing more or less. Until that
symbol is created, we will propose to use >y to denote a Hamilton product

unexpected
consequences, among them that polynomial equations over the quaternions
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